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OPERATIONS OF INTUITIONISTIC FUZZY
IDEALS/FILTERS IN LATTICES

KuL Hur, Su Youn Jang, Young Bag JunN

Abstract. The notion of intuitionistic fuzzy convex sublattices is
introduced, and its characterization is given. Natural equivalence
relations on the set of all intuitionistic fuzzy ideals/filters of a lattice
are investigated. Operations on intuitionistic fuzzy sets of a lattice
is introduced. Some results of intuitionistic fuzzy ideals/filters un-
der these operations are provided. Using these operations, charac-

terizations of intuitionistic fuzzy ideals/filters are given.

1. Introduction

Yon and Kim [6] introduced the notion of intuitionistic fuzzy sublat-
tices and intuitionistic fuzzy ideals/filters in a lattice, and then investi-
gated their properties. Hur et al. [5] discussed the relationship between
intuitionistic fuzzy ideals and intuitionistic fuzzy congruences on a dis-
tributive lattice, and they proved that the lattice of intuitionistic fuzzy
ideals is isomorphic to the lattice of intuitionistic fuzzy congruences on
a generalized Boolean algebra. They also obtained a necessary and suf-
ficient condition for an intuitionistic fuzzy ideal on the direct sum of
lattices to be representable as a direct sum of intuitionistic fuzzy ideals
on each lattice. In this paper, we introduce the notion of intuitionistic
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fuzzy convex sublattices, and give its characterizations. We investi-
gate natural equivalence relations on the set of all intuitionistic fuzzy
ideals/filters of a lattice. We also introduce operations on intuitionistic
fuzzy sets of a lattice, and we provide some results of intuitionistic fuzzy
ideals/filters under these operations. Using these operations, we give

characterizations of intuitionistic fuzzy ideals/filters.

2. Preliminaries

A mapping p: L — [0, 1], where L is an arbitrary non-empty set, is
called a fuzzy setin L. The complement of u, denoted by [, is the fuzzy
set in L given by f(z) =1 — p(z) for all z € L. Let 0 and 1 be fuzzy
sets in L defined by 0(x) = 0 and 1(z) =1 for all « € L. For any fuzzy

set 4 in L and any t € [0, 1] we define two sets
Upst) ={z € L|p(x) >t} and L(ut)={z € L|p(z) <t}

which are called an upper and lower t-level cut of p and can be used
to the characterization of . Let pq and 4 be two functions from L to
[0, 1] such that

(Vz € L) (0 < palz) +yalz) < 1).

By the original definition of Atanassov in [4], an intuitionistic fuzzy set
is an object of the form: A = {(z, ua(x),va(x) | z € X}. We consider it
in a form of an ordered triple: A = (L, ua,v4) where L, 14 and y4 are
as above. Let 0. = (L,0,1) and 1. = (L,1,0) be intuitionistic fuzzy

sets in L.

Definition 2.1. [5, 6] An IFS A = (L,u4,74) in a lattice L =

(L,+,-) is called an intuitionistic fuzzy sublattice of L if it satisfies:
(Vz,y € L) (palz +y) A palz - y) = palz) A paly)),

(Ve,y € L) (valz +y) Vya(z - y) < valz)Vyaly)).
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Definition 2.2. [5, 6] An IFS A = (L,u4,7v4) in a lattice L =
(L,+,-) is called an intuitionistic fuzzy filter of L if it satisfies:
o A= (L,pa,v4) is an intuitionistic fuzzy sublattice of L,
o A= (L,j1a,7v4) is intuitionistic monotonic, i.e., pa(z) < pa(y)
and va(x) > va(y) whenever z < y.

Definition 2.3. [5, 6] An IFS A = (L,pa,7v4) in a lattice L =
(L,+,-) is called an intuitionistic fuzzy ideal of L if it satisfies:
o A= (L,pua,v4) is an intuitionistic fuzzy sublattice of L,

e A = (L ua,v4) Is intuitionistic antimonotonic, i.e., pa(x) >

pa(y) and v4(x) < vya(y) whenever z < y.

3. Intuitionistic fuzzy sublattices/ideals/filters

In what follows, let L denote a lattice unless otherwise specified. We

first give an example of intuitionistic fuzzy sublattice.

Example 3.1. Let N be the set of natural numbers and let L be the
set consisting of the empty set ), N and the set of all the singletons of
N, that is,

L={0,N}U{{n}|neN}.
Then L is a lattice under the ordering of set inclusion with @ as its least
element and N the greatest element (see [1]). Consider all the finite

sublattices of L of the form

o Ly :={0,N},

o Lp:={0,N}U{{i} |i<n—1}, foreachn € Nand n > 2.
Define an IFS A = (L, pa,v4) in L as follows:

1 if z € Ly,
palz) =9 ; .
s ifrzely~Lpy, forn>2

0 if ze Ly,
va(z) = .
o, f x€Ly,~Lyyq, forn>2
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where a,, € [0, 1] with a, + % < 1. Then A = (L, p14,74) is an intuition-

istic fuzzy sublattice of L.

Proposition 3.2. Let A = (L,us,v4) be an IFS in L. Then the

following are equivalent:

(i) (Ve,y € L) (x <y = pa(z) > paly), valz) < valy)).
(i) (Va,y € L) (palz-y) > pale)Vea(y), valz-y) < valz) Avaly)).
(iti) (Vz,y € L) (palz +y) < pal@) A paly), valz +y) > valz) v

v4(y))-

Proor. Assume that (i) is valid. For any =,y € L, we have z -y < x
and z-y < y. It follows from (i) that pa(z-y) > pa(z), valz y) < ya(z),
palr - y) = pa(y), va(@ - y) < valy) so that pa(z-y) > palz) v paly)
and ya(z - y) < v4(z) Avaly). Now for any 2,y € L, weget z < x +y
and y < 2+y. Using (i), we have pa(z) = pa(@ +y), va(2) <yalz+y),
pa(y) > palz+y), valy) < valz+y). Hence pa(z+y) < palz) Apaly)
and y4(z+y) > va(x)Vya(y). Therefore (ii) and (iii) are valid. Suppose
that (ii) is true and let z,y € L be such that z < 3. Then z -y = z,
and so p1a(@) = pa(z - y) > pale) vV paly), valz) = yale - y) < yalz) A
valy). Therefore pa(z) > pa(y) and va(z) < va(y), and thus (i) is
true. Finally assume that (iii) holds and let z,y € L be such that
v <y. Then z +y =y, and so paly) = palz +y) < palz) A paly),
valy) = valr +y) 2 va(z) V va(y). It follows that pa(y) < pa(z) and
v4(y) > va(z). This completes the proof. a

Dually, we have

Proposition 3.3. Let A = (L,pu4,v4) be an IFS in L. Then the
following assertions are equivalent:
(i) (Vzye L) (@ <y = palz) < paly), valz) = valy).
(if) (Vo,y € L) (palz-y) < pa(@)Apa(y), yalz y) > valz) Vyay)).
(i) (Vz,y € L) (palz +y) 2 pa(z)V paly), 7alz +y) < yale) A
Y4(y))-
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Theorem 3.4. An intuitionistic fuzzy sublattice A = (L, jta,vA)
of L is an intuitionistic fuzzy ideal (resp. filter) of L if and only if
A = (L,pua,va) satisfies any one of the conditions in Proposition 3.2
(resp. Proposition 3.3).

PRrooF. Straightforward. O

Let A = (L, pa,v4) beanIFSin L andlet o, 8 € [0,1] witha+ 3 < 1.
Then the set

L(X’ﬁ) = {z € L|pa(x) 2 a, valr) < B}
is called an (a, 3)-level subset of A= (L, pua,vA)-

Theorem 3.5. Let A = (L,p4,v4) be an intuitionistic fuzzy ideal
(resp. filter) of L. Then Lff‘ﬁ) is an ideal (resp. filter) of L for every
(a,B) € Im(pa) x Im(ya4) with o+ < 1.

PROOF. Let z,y € L(A“»ﬁ). Then pal(z) > a, ya(z) < 8, paly) > o,
v4(y) < B which imply that

pale +y) Apalz-y) > pale) Apaly) 2 «a,

valz+y) Vyalz - y) <val@) vVyaly) <8
Thus z+y,z-y € Lff’ﬁ), that is, Lgf’ﬁ) is a sublattice of L. Let x € L and
y € Lf’ﬁ) be such that z < y (resp. y < x). Then pa(z) > paly) 2 a
and y4(z) < va(y) < B. It follows that = € L(X”B) so that Lff’ﬁ) is an

ideal (resp. filter) of L. |

Theorem 3.6. Let A = (L, jua,v4) be an IFS in L such that L'y
is an ideal (resp. filter) of L for every (o, 8) € Im(ua) x Im(va) with
a+ 3 <1. Then A = (L,ua,v4) Is an intuitionistic fuzzy ideal (resp.
filter) of L.

PROOF. Let z,y € L and let A(z) = (a1,61) and A(y) = (a2, B2),

ie., pa(z) = a1, valz) = 1, naly) = a2, va(y) = P2 Then z € Lffl’ﬂl)

and y € sz’ﬁi’). We may assume that (a1, 61) < (a2, f2), ie., a1 < ap
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and 31 > f; without loss of generality. It follows that L%QZ’BZ) - Lif”‘ﬁl)

so that z,y € L(Aa"ﬁl). Since L(Aalﬁl) is a sublattice of L, we have z+y €

Lff”’ﬁl) and x -y € Lsfl’ﬁl). Thus

pa(@+y) Apa(z y) = o1 = a1 Ao = palx) A paly),

a@+y)Vyalz-y) <P =5 v B2 =va(w) Vyaly),
which shows that A = (L,p4,74) is an intuitionistic fuzzy sublattice
of L. Let z,y € L be such that z < y (resp. y < z). Assume that
pia(z) < paly) and ya(z) > yaly) and let aq == H(pa(z) + pa(y))
and By = 5(v4(2) +7a(y)). Then pa(z) < ag < pa(y) and ya(z) >
Bo > valy). It follows that y € Lglo'ﬁo) and x ¢ qua”’ﬁo). This is a

contradiction. Hence we have the following three cases:

o pa(@) 2 paly), valz) > valy),

o pa(@) < paly) valr) < valy),

o pa(x) 2 paly). valz) < valy).
If the first case is valid, then y € Li{t"(y)’ﬁl) and z ¢ L;“A(y)’ﬁl) for every
B € (0,1} with v4(y) < 1 < va(zx). This is a contradiction. Similarly
the second case induces a contradiction, and thercfore the third case

only is valid. This completes the proof. O

Definition 3.7. Let A = (L, u4,v4) be an intuitionistic fuzzy sub-
lattice of L. Then A = (L, pua,v4) is said to be an intuitionistic fuzzy

convez if for every interval [a,b] C L, we have
(Vz € [a,0]) (ralz) = pala) A pa(d), va(z) < vala) Vyald)).

Proposition 3.8. Every intuitionistic fuzzy ideal/filter is an intu-

itionistic fuzzy convex sublattice.
ProoF. Straightforward. O

Theorem 3.9. Let A = (L, u4,v4) be an intuitionistic fuzzy sublat-

ticeof L. Then A = (L, ua,v4) is intuitionistic fuzzy convex if and only
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if for every (a, ) € Tm(pa) x Im(va) with a + 8 < 1, the (a, B)-level

subset Lff‘ﬁ) is a convex sublattice of L.

PROOF. Suppose A = (L,pa,va) is an intuitionistic fuzzy convex
sublattice of L and let [a,b] be any interval contained in Lgyﬂ) where
(o, B) € Im(p14) X Im(vy) with o+ 5 < L. Then pa(a) > a, vala) < B,

1a(d) > a, ya(b) < B, which imply that
pala) A pa(d) > a, vala) Vyalb) < 5.

Since A = (L, pua,v4) is intuitionistic fuzzy convex, it follows that

na(@) > pala) A pa®) 2 @, valx) <vala) Vyalb) < 6

for all z € [a,b] so that x € L(f’g). Since L(f"ﬁ) is a sublattice of L (see

Theorem 3.5), we conclude that Lfﬂ) is a convex sublattice of L.
Conversely assume that L(:’ﬁ ) is a convex sublattice of L for every
(a, 8) € Tm(pa) x Im(ya) with a+3 < 1. Let [a,b] be any interval of L.
If we set ja(a) A pa(b) = « and va(a) Vya(b) = 0, then a € Lff’ﬁ) and
b e L(AO"’B). Since LE?"B) is a convex sublattice of L, we have z € LEE’B)

for all z € [a,b]. Thus

pa(z) > a = pala) A pad), va(z) <8 =~vala) Vya(b)

for all € [a,b]. Since A = (L,pa,7v4) is an intuitionistic fuzzy sub-
lattice of L (see Theorem 3.6), we conclude that A = (L,pa,va) is an

intuitionistic fuzzy convex sublattice of L. O

Theorem 3.10. Let {A; = (L,pa;,v4,) | © € A} be a family of
intuitionistic fuzzy convex sublattices of L. Then NA; = (L, tna,, 1nA;)

is an intuitionistic fuzzy convex sublattice of L.

PROOF. Obviously NA; = (L, una,, Yn4,) is an intuitionistic fuzzy
sublattice of L. Let [a, b] be any interval in L. Then

pina, (2) = Apa, () > Aia,(a) A pa, (b)]
= (Apa, (@) A (Apa,(B) = pna, (@) A pna,(b),
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VA, ( ) = Vya, () < Viya,(a) vV va, ()]
= (Vya;(a)) V (V74,(0) = 74, (@) V ya4,(b)

for all € [a,b]. Thus NA; = (L, una,,vn4,) is an intuitionistic fuzzy

/

convex sublattice of L. O

Theorem 3.11. If A = (L, pua,v4) Is an intuaitionistic fuzzy ideal
(vesp. filter) of L, then the upper a-level cut U(us;a) of iy and the
lower a-level cut L{~yva;a) of v4 are ideals (vesp. filters) of L for every
a € Im(pa) NIm(ya) M[0,0.5)].

Proor. Let a € Im(ua) MIm(v4) N[0,0.5] and let x,y € U(pa; )
(resp. &,y € L{va;@)). Then pa(z) > o and pa(y) > o (resp. ya(z) <

a and v4(y) < «), and so
palz +y) Apalz - y) 2 pale) Apaly) 2 o

(resp. ya(z +y) Vyalr y) < valz) Vyaly) < a).
Thus x+y,z-y € U{pa:a) (resp. a4y, 2y € L{ya;a)), and so U(pa; a)
(vesp. L(va;)) is a sublattice of L. Now let z € L and y € U{z4; @) be
such that @ < y. Then pa(x) > paly) > a and so x € U(pa; «). Finally
let z € L(ya; ) and y € L be such that 2 <y. Then v4(z) < y4(y) < «

and therefore x € L(v4;«a). This completes the proof. a

Theorem 3.12. If A = {(L,pua,v4) is an IFS in L such that the
nonempty sets U(pa;«r) and L(ya; a) are ideals (resp. filters) of L for
all o € [0,0.5], then A = (L, ua, va) is an intuitionistic fuzzy ideal (resp.
filter) of L.

PROOF. Forany « € [0,0.5), assume that U(zeq; ) # @ and L(vya; ) #
() are ideals (resp. filters) of L. Let z,y € L. We put a; := pa(z) Apa(y)
and ag := ya(2) Vyaly). Then z,y € U(pa; 1) N L(ya; az), which im-
plies that z +y, 2 -y € U(pa;a1) N L(y.4; ovg) so that

pa(x +y) A pa(@-y) 2 ar = palz) Apaly),
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valz +y) Vyalz-y) < ar =va(z) Vyaly).

Let x,y € L be such that z < y. If pa(z) < paly) (vesp. pa(z) >
ra(y)), then pa(z) < ag < paly) (resp. pa(z) > aq > paly)) for
some a3 € (0,0.5) (resp. a4 € (0,0.5)). Hence y € U(ua;a3) and
r & Ulpa;asz) (resp. y € U(pa;aq) and x ¢ U(pa;aq)). This is a
contradiction. Assume that y4(x) > va(y) (resp. ~va(z) < va(y)).
Then there exists 1 € (0,0.5) (resp. f2 € (0,0.5)) such that v4(z) >
Br > valy) (resp. va(z) < fBa < valy)). It follows that y € L(va;f1)
and x ¢ L(va;51) (vesp. y € L(va;02) and ¢ L(va;52)), a contra-
diction. Hence v4(x) < va(y) (resp. va(z) > va(y)). Consequently,
A= (L,pa,7v4) is an intuitionistic fuzzy ideal (resp. filter) of L. a

Corollary 3.13. Let K be an ideal (resp. filter) of L. If fuzzy sets
ia and v4 in L are defined by

() ag ifze K, (x) Gy HrekK,
xr) .= xTr) =
i oy fzel\K, B ifrel\K,

where 0 < a1 < g, 0 < Gy < By and a; + 3; < 1 fort = 0,1, then
A = (L,pua,va) is an intuitionistic fuzzy ideal (resp. filter) of L and
Ulpas ag) = K = L(ya; fo)-

Theorem 3.14. Let Q be a nonempty finite subset of [0,0.5]. If
{K4 | a € Q} is a collection of ideals (resp. filters) of L such that
(i) L= U Ka,

(ii) (Va,aﬁeg Q) (a> 8 & Ko C Kp),

then an IFS A = (L, ua,7v4) in L defined by pa(z) = \{a € Q| z €
K.} and v4(z) = N{a € Q | z € K4} Is an intuitionistic fuzzy ideal
(resp. filter) of L.

PRrROOF. According to Theorem 3.12, it is sufficient to show that the
nonempty sets U(ua; ) and L(va;3) are ideals (resp. filters) of L,
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where o + 3 < 1. We show that U(u; ) = K,. Note that

reU(pasa) <= palz) > a
= V{6eQ|zeKs}>a
= 30 €N, T Ks,, dp >
< v €K, (since K5, C K,).

Thus U(pa; @) = K,. Now, we prove that L(vya; 8) # 0 is an ideal (resp.
filter) of L. We have

€ L(va; B) <= valz) <P
<~ NdeQlzeKsp <4
<= €N, z € K, 60 <0

<= ze |J Ks
§<p

and hence L(v4;3) = |J Ks, which is an ideal (resp. filter) of L. This
8<B
completes the proof. a

4. Relations

Let o € [0, 1] be fixed and let IFI(L) (resp. IFF(L)) be the family of
all intuitionistic fuzzy ideals (resp. filters) of L. For any A = (L, 4, v4)
and B = (L, ug,vg) from IFI(L) (resp. IFF (L)) we define two binary
relations 4% and £* on IFI(L) (resp. IFF(L))} as follows:

(A,B) € 4% <= U(pa; @) = Ulpup; @)

and

(A,B) € £% &= L(va;a) = L(yp; «).
These two relations 4* and £* are equivalence relations. Hence IFI(L)
(resp. IFF(L)) can be divided into the equivalence classes of 1% and
£2, denoted by [A]ye and [A] g for any A = (L, pa,va) € IFI(L) (resp.
IFF(L)), respectively. The corresponding quotient sets will be denoted
by IFI(L)/4* and IFI(L)/£*, (vesp. IFF(L)/4* and IFF(L)/£%),

respectively.
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For the family (L) (resp. F'(L)) of all ideals (resp. filters) of L we
define two maps U, and L, from IFI(L) (resp. IFF(L)) to I(L)U {0}
(resp. F(L)U{0}) by putting

Un(A) =U(pa;a) and La(A) = L(vya; @)

for each A = (L, pua,v4) € IFI(L) (resp. IFF(L)).

It is not difficult to see that these maps are well-defined.
Lemma 4.1. For any « € (0,1) the maps U, and L, are surjective.

Proor. Note that 0. = (L,0,1) € IFI(L) (resp. IFF(L)) and
Ua(0.) = Lo(0.) = 0 for any a € (0,1). Moreover for any K € I(L)
(resp. F(L)) we have K. = (L,xyx,Xx) € IFI(L) (resp. IFF(L)),
Ul (K.) =U(xy; ) = K and Lo(K.) = L(xy;a) = K. Hence U, and

L, are surjective. O

Theorem 4.2. For any « € (0,1) thesets IFI(L)/U4* and IFI(L)/£*
are equipotent to (L) U {0}.

PROOF. Let a € (0,1). Putting U ([A]ge) = Ua(A) and L%([A]es) =
La(A) for any A = (ua,va) € IFI(L), we obtain two maps

Ut TFI(L)/U® — I(L)U {0} and L% :IFI(L)/£% — I(L) U {0).

If U(pa; o) = U(up; «) and L(va; o) = L{7yp; «) for some A = (pa,v4)
and B = (ug,vpg) from IFI(L) (resp. IFF (L)), then (A, B) € {* and
(A, B) € £%, whence [A]ye = [Blye and [A]ge = [B]ge, which means
that U} and L}, are injective.

To show that the maps U and L7 are surjective, let K € I(L). Then
for K. = (X Xy ) € IFI(L) we have UL([K<y=) = U(xg; ) = K and
Li([K)ga) = L(Xy; ) = K. Also 0. = (L,0,1) € IFI(L). Moreover
U ([0 ]ye) = U(0; @) = 0 and LE([0-]ge) = L(1; ) = 0. Hence U; and

L7, are surjective. g

Similarly, we have
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Theorem 4.3. Forany o € (0,1) thesets [FF(L)/3* and IFF(L)/ £~
are equipotent to F(L) U {0}.

Now for any « € [0, 1] we define a new relation R on IFI(L) (resp.
IFF(L)) by putting:

(4, B) € R <= U(pa; o) N L(va; ) = U(up; o) 0 L{yg; a),

where A = (L,p4,v4) and B = (L,up,vg) . Obviously R is an

equivalence relation.

Lemma 4.4. The map I, : IFI(L) — I(L) U {0} defined by
Io(A) = Upa; o) N L{vas a),
where A = (L, jua,7v4), is surjective for any o € (0,1).

Proor. If @ € (0,1) is fixed, then for 0. = (L,0,1) € IFI(L) we
have

I,(0.) =U(0;a) N L(L; ) = 0,

and for any K € I(L) there exists K.. = (L,x,,X,) € IFI(L) such
that 1o (K.) = U(xg;a) N L(x,; o) = K. O

Similarly, we get
Lemma 4.5. The map F,: IFF(L) — F(L)U {0} defined by
Fo(A) = U(pasa) N L(vas a),
where A = (L, pa,7v4), Is surjective for any o € (0,1).

Theorem 4.6. For any a € (0,1) the quotient set IFI(L)/R® is
equipotent to I(L) U {(}.

ProoF. Let I} : IFI(L)/R* — I(L) U {0}, where @ € (0,1), be
defined by the formula:

I ([Alge) = Io(A) for each [A]lme € IFI(L)/R".
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If I*([Alqe) = [3([Bloe) for some [Alpe, [Blme € IFI(L)/R*, then

U(pa; @) N L(ya; o) = Uup;a) N L(ve; o),

which implies (4, B) € |® and, in the consequence, [A]pe = [Blxe.
Thus I* is injective. It is also onto because I:(0.) = I,(0.) = 0 for
0. = (L,0,1) € IFI(L), and I}(K.) = Io(K) = K for K € I(L) and
Koo = (L, Xx, Xx) € IFI(L). O

Similarly, we obtain

Theorem 4.7. For any o € (0,1) the quotient set IFF(L)/R is
equipotent to F(L) U {0}.

5. Operations on intuitionistic fuzzy ideals/filters

Definition 5.1. Let A = (L, ua,va) and B = (L, up,vp) be IFSs in
L. We define operations A+ B = (L, pa+B,74+B), A-B = (L,pua-B,vA-B)»
A® B = (L, pags, vasn), and A© B = (L, paop, YaoB), respectively,

as follows:
o parp(2) = :\z/+, walz) A ps()l,  va+B(z) = 7:/I\+ [va(z) Vv
v8(Y)],
o uap(z) = v U{MA(JU) ApB(®)], vaB(z) = A valz) vV sy,
o nags(z) = <'v+ pa@) A ps), vaen(z) = A [a@) Vv
’YB(:‘/)L ) )
® aeB(2) = \/< [a(@)ApsW)], YaoB(2) = /\< [va(z)Vys(y)]-

Note that Definition 5.1 implies that A C A+A, A C A-A, A C ADA,
AC A®A, A+B C A®B, and A-B C A®B. Moreover if L is distributive
then ABC A+Band AOBC A-B for all IFSs A = (L, pa,v4)
and B = (L,up,vs) in L.

Lemma 5.2. Let A = (L,pua,v4) and B = (L, pup,vp) be IFSs in
L such that A C A® B, i.e., pa < pags and y4 > vaep- If (o1, B1)
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and (ag,[32) are intuitionistic upper bounds of A = (Lypa,va) and
B = (L, up,vB) respectively, then (ay, ;) < (g, B2), that is, a1 <
and 3y > 3.

PROOF. Suppose that (a1, 81) £ (a2, B2). Then a; > ag or B < Bs.
If o1 > az, then \ psly) <\ pa(y), and so \V upy) < palz) for

yeL yeL yeL
some z € L. It follows that

paes(z) = \/ [al@) rps@l <\ psly) <V nsly) < palz),

z<zx+y z2<z+y yeL

which is a contradiction. If 8; < B, then A vp(y) > A ~va(y), which

yeL yEL
implies that there exists z € L such that A ~p(y) > v4(2). Therefore
yel
1a08(2) = N\ @ Vvas@l > A @) > A\ s®) > ).
z<z+y z<z+y yerL
This is impossible, and therefore we have the desired result. d

Corollary 5.3. Let A = (L, pia,v4) and B = (L, up,vp) be IFSs
in L such that A C A® B and B C A& B. If (a1, ) and (ag, 32)
are Intuitionistic upper bound of A = (L, ua,va) and B = (L, jup,vB)
respectively, then (a1, 1) = (aq, §2).

Lemma 5.4. For any IFSs A = (L, pia,v4) and B = (L, up,vg) in
L with the same intuitionistic upper bound, we have A C A ® B and

B C A® B, that is, ia < ptagB, YA = YaeB: B < LAGB, VB = YAGB-

PROOF. Assume that A = (L,p4,7v4) and B = (L,ug,vp) attain
their intuitionistic upper bound. Let zg,y0 € L be such that
\ wa(z) = pa(zo), \/ 1) = s lyo);
z€lL yeL
and let ug, vy € L be such that

N\ va(z) =valuo), N\ 78(1) = v5(w0).

x€L yEL
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Then pa(zo) = ps(yo) and va(ug) = vp(ve) by assumption. For any
z € L, we get

nagp(z) = \/ [wa(@) A ps(y)]

z<z+y

> pa(z) A MB(yo) ['-' z < z+ Yol

= pa(z) <V pale) = syl
el

Now for any z € L we have

vasp(z) = N\ [al@) Vs®)
z<x+y
< yalz) Vv ’YB(U0> ['~' z<z+ UO]
= 7a(2) > N va(@) = v5(vo)l-
zelL

Hence A € A @ B. Similarly we obtain B C A ® B. Now we suppose
that A = (L, ua,v4) and B = (L, up,vg) do not attain their intuition-

istic upper bound. Let V pa(z) = V pp(y) = a and A va(z) =
z€L yEL €L

A vs(y) = B. Since A = (L, 1a,74) and B = (L, up,vB) do not at-
yeL
tain their intuitionistic upper bound, pa(z) < a and va(z) > § for

all z € L. Then there exist yo,uo € L such that pp(ye) > pa(z) and
e (o) < Ya(2). But z < z +yo and 2z < 2 + up and so

pass(z) =\ [a(@) Aps®)] > palz) A pslye) = pal2),
z<z+y

vasp(z) = [\ al@) V)] <va(2) V y(ue) = 7al2).
z<x+y

Hence A C A @ B. Similarly one can verify that B € A & B. This
completes the proof. O

Lemma 5.5. Let A = (L,pa,va) and B = (L, up,vp) be IFSs in
I, with the same intuitionistic upper bound (o, 3). If B € A® I3, then
ACA@B.
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PROOF. If BZ A® B, then up £ jtagp or VB # Yaep. Assume that
I f_ tagp- Then there exist ug,vg € L such that

pp(uo) > paap(ue) = \/ (wal@)Aps@)] > pa(@)Aup(uo) = pala),
up <T+y

v5(vo) < vaes(vo) =\ [ral@) Vas(y)] <vale) Vs(w) =val@).

o<ty
Thus
pp(up) > \/ pa(r) = a > up{uo),
€L
v5(00) < N\ valz) = 8 < vB(w),
el

and so pp(ug) = o and vp(vg) = B. This shows that B = (L, up,vB)
attains its supremum. It follows from Lemma 5.4 that AC A® B. U

Using Lemmas 5.4 and 5.5, we have the following theorem.

Theorem 5.6. Let A = (L, ua,v4) and B = (L, up,vp) be IFSs in
I with the same intuitionistic upper bound. Then exactly one of A =
(L,pia,v4) and B = (L, up,vB) is contained in ASB = (L, paeB, YA®B)
if and only if exactly one of A = (L, ua,v4) and B = (L, up,vB) attains

the intuitionistic upper bound.

Theorem 5.7. An IFS A = (L,ua,va) Is an intuitionistic fuzzy
sublattice of L if and only if A+ A = A and A- A = A, that is,

HA+A = 1A, YA+A = Y4, HAA = HA, YA-A = YA
PROOF. (=) Let 2 € L. For every z,y € L with z =z +y, we have

pa(z) = pale+y) > pa(@) Apa), va(z) = valz+y) < valz) Vyaly),

and so

pa(z) >\ [uale) A pa(W)] = para(2),

z=x+Yy

ya(z) £ N\ Pa(@) Vara®)] = varalz).

z=z+Yy
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Hence A+ AC A, andso A+ A= A. Now let z € L. For every x,y € L

such that z = x - y, we obtain

pa(z) = pale - y) > pal@) A paly), va(2) = valz - y) < yalz) Vyaly).

It follows that

pa(z) =\ [mal@) A paly)] = paal2),

=Ty

7a(z) < N ha(@) Vya®)] = vaalz)

=y
sothat A- A C A, and hence A- A = A.
(«) For any z,y € L, we have

palz+y) Apale - y) = paralz +y) Apaalz-y)

(V a@Apa®)A( YV [pale) Apa(d)])

+y=a-+b Ty=c-d
> (pa(z) A pa() A (pal@) A paly))
= pal@) A paly),

il

Yalz +y) Vya(z-y) =varalz +y) Vyaalz - y)
=( A [a@Vvya®) v A bale)vVya(d))

z+y=a+b zy=cd
< (val@) Vyay)) v (vale) Vvaly))
=7a(z) V v4(y)-
Hence A = (L, ua,v4) is an intuitionistic fuzzy sublattice of L. O

Theorem 5.8. AnIFS A = (L, ua,v4) is an intuitionistic fuzzy ideal
of L ifand only if A@ A= A, that is, paga = 4 and YagA = YA-

PROOF. Assume that A = (L, 14,v4) is an intuitionistic fuzzy ideal
of L and let z € L. Taking =,y € L such that z < z + y induces that

pa(z) Z pale+y) = pal@) Apaly), va(z) < valz+y) < valz) Vyaly).
It follows that

pa(z) >\ [pal@) A pav)] = pasalz),
z<z+y
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74(2) < N\ al®) Vya@)] = va4(2)
z<z+y

so that A@ A C A, and hence A® A = A. Now assume that A A = A
for any IFS A = (L, pua,v4) in L and let z,y € L. Then

palz +y) Apalz - y) = paga(® +y) A pagalz - y)

( V [ma@Apa®) AV [ale) A pa(d)])

z+y<a-+b ry<c+d
> (palr) Apa(y)) A(palz) A paly)) [rzy<z+y
= pa(x) A paly),

i

yalz +y)Vyale - y) =vagalz +y) Vyagalz - y)

(A ha@Vvya®) v A ale)Vvyad)])

z+y<a+b z-y<c+d

il

fl

< (val@) Vya(y)) v (va(@) vV yaly)) [rzoy<z+y
Y4 () V 74 (y).

This shows that A = (L, u4,7v4) is an intuitionistic fuzzy sublattice of
L. Let z1, 22 € L be such that z; < 2z9. Then

pa(z2) = papalze) =V [palz) A pa(ys)]
22<T2+Y2
< Vo uale) Apaly)] = pagalz) = pa(z1),
2157141
valz2) = vagalze) = AN [valz) Vyalye))
z2<T2+Y2

> A [valzy) Vyalw)] =vasalz) = valz1),
z1<z1+y;

and so A = (L, u4,v4) is intuitionistic antimonotonic. Therefore A =

(L,1a,7v4) is an intuitionistic fuzzy ideal of L. O

Theorem 5.9. AnIFS A = (L, u4,v4) is an intuitionistic fuzzy filter
of L ifand only if A® A = A, that is, paca = pa and Yae4 = YA-

PROOF. The proof is similar to the proof of Theorem 5.8. O
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Theorem 5.10. If A = (L,pua,v4) and B = (L, up,yg) are intu-
itionistic fuzzy ideals of L with the same intuitionistic upper bound, then
A® B = (L, ppacn, YAeB) Is an intuitionistic fuzzy ideal of L generated
by A= {(L,ua,va) and B = (L, up,vygr), that is, it is the least intuition-
istic fuzzy ideal containing A = (L, pua,v4) and B = (L, up,¥B)-

Proor. We first show that

(5.1) tagB(T +y) > paes(T) A kass(y),
(5.2) taes(T - y) > paes(®) A tass(y),
(5.3) Yaos (T +y) < vaes(T) V va08(Y),
(5.4) Yaos(@ ) < vaeB(@) V YaeB(Y)-

Suppose that pags(z +vy) < pags() A pagp(y) for some z,y € L and
let pagp(z +y) = ap. Then pagp(z) > ap and papp(y) > ag, which
imply that there exist a,b,¢,d € L such that < a+b, pa(a) A up(b) >
ag, y < c+d, pale) App(d) > ap. Since z +y < a+c+b+d, it follows
that

paspl@+y) =\ [palw) App(v)]
z+y<utv

pala+c)Apup(b+d)
> [pala) A pa(e)] Alup(b) A ps(d)]

= {uala) Apup®)] A lpale) Appl(d)] > ao

v

which is a contradiction. If (5.2) is not valid, then there exist xy,y; € L
such that pags(z1-11) < paes(z1) Apass(y1)- Setting pags(T1-y1) =
a1, then there are a1, b; € L such that 21 < ar+by and pa(ar)App(br) >
o1. Thus

paos(@r-m) =\ [pa(w) App()]

Ty <utv
> palar) A ps(bi) [ca1-y <31 <ap + by

> o,
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which is impossible. Therefore

pasB(T +y) A pagp(@ - y) > taos(@) A paes(y)

for all z,y € L. Now assume that (5.3) is not valid. Then yagp(z+y) >
YagsB(x) V vagn(y) for some z,y € L. Let vagp(z +y) = SBo. Then
vaep(z) < Bo and vagp(y) < Bo. It follows that there exist a,b,c,d € L
such that < a+ b, ya(a) Vyp(b) < Bo, y < c+d, valc) Vys(d) < Bo
so that

Il

A Bralw) v s)

zty<u+v
vala +c)Vygb+d)

[vala) Vyale)} v [v(b) V ys(d)]

vala) Vys(®)]V vale) Vys(d)] < Bo.

YaeB(T +Yy)

VANVAN

Il

This is a contradiction. Finally if (5.4) is false, then yagp(z1 - y1) >
vaep(T1) Vyaes(y1) for some 1,91 € L. Let vagp(x1 -y1) = F1. Then
there exist uq,v; € L such that 21 < wuy 4+ v1 and v4(uy) Vyg(v) < fr.
Since 1 - y1 < xy < ug + vy, it follows that
vaee(-m) = N\ [vals) Vast)] <valw) Vas(o) < B,
T1y1<s+t

which is a contradiction. Hence

YasB(x +y) Vyaes(@ - y) < vaeB(z) V ya6B(Y)

for all z,y € L. Now let 21,29 € L be such that 2; < z9. Then

pass(z1) = V  lpal@) A pp(y)]
z1<z1+Y1
>V [palz2) Aps(y2)] = pasp(22),
zo<z2+y2
vaep(z1) = N [yalz) Vys(y)]
z1<T1+91

< A [valze) Vas(y2)] = vaes(z2).
z2<w2+Yy2
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Consequently A® B = (L, uapB, YaeB) is an intuitionistic fuzzy ideal
of L. Let C' = (L, uc,yc) be an intuitionistic fuzzy ideal of L containing
A= (L,ua,va) and B = (L,up,vp). For every z € L we get

paes(2) =\ la@rus@)] <\ lne@)rpe)] = pesc(z) = no(2),
z<z+y z<z+y

vaes(z) = N\ ha@vis®)] > \/ he@Vicw) = rcec(z) = 1e(2),
z<z+y z<z+y

and so A® B = (L, pagn, YAaps) is contained in C = (L, ue,ve). By
means of Lemma 5.4, ASB = (L, uagp, Yaps) contains A = (L, i, v4)
and B = (L, up,~vp). This completes the proof. O

Theorem 5.11. If A = (L,p4,v4) and B = (L,up,vyp) are intu-
itionistic fuzzy filters of I with the same intuitionistic upper bound, then
A® B = (L,uapB, YAeB) is an intuitionistic fuzzy filter of L generated
by A= (L,ua,va) and B = (L, up,vg), that is, it is the least intuition-
istic fuzzy filter containing A = (L, pta,v4) and B = (L, g, vR)-

Proor. The proof is similar to the proof of Theorem 5.10. O
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