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NOTES ON Wh, 005 11
SeEuL HeE CHOI

Abstract. The Weyl-type non-associative algebra W Ny, m s, and
its subalgebra W Npn m,,,. are defined and studied in the papers {2],
(3], 19], [11], [12]. We find the derivation group Dernon (WNI,O,O[Q])

the non-associative simple algebra WN1,0,0[2]-

1. Preliminaries

Let N be the set of all non-negative integers and Z be the set of all
integers. Let F be a field of characteristic zero. Let F* be the multiplica-

tive group of non-zero elements of F. Let F[z1, -+ , Zm+s] be the polyno-
mial ring with the variables z1, -, Zpm+s. Let g1, -+, gn be given poly-
nomials in Flz1, - ,Zm4s). For n,m,s € N, let us define the commu-
tative, associative F-algebra Fy, s = Fleta, ... ,eign,mlﬂ, e ,mil,
Tmi1, " » Tm+s) Which is called a stable algebra in the paper [5] with

the standard basis

— [0 i im+ ; ;
B = {e 191,_‘ean9nz1 "'an-i-;lal"" yQn, 01, im € 24,

im—f—l, t aim+s € N}

and with the obvious addition and the multiplication [5], [8] where we
take appropriate g1, -+ ,gn so that B can be the standard basis of
Fy.ms Ow, 1 <w < m+ s, denotes the usual partial derivative with

respect to @, on Fy, m . For partial derivatives Oy,---,0y of Fy ms,
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the composition 8];" 0---0 01{“ of them is denoted 617;“ 6;7,” where
Jus=--,Jv € N. Let us define the vector space WN(g,,m,s) over F
which is spanned by the standard basis

9 % + ] . .
(1) {e‘“gl ‘__ean!]nxll 7—:ln+;a]u "'af;vlaly"' yQny 1, i, € Z’

im+1,--',im.;.sEN,ju,-'-,jveN,lgu,---,vSm-i—s}

Thus we may define the multiplication * on WN(g,,,m, s) as follows:

(2) e ... glngngin .. :711_’::3317;‘ O x
et21dl ea2n9nx7i21 .. :%r:s 37h aizw
— 01101 ... ealngnl-ill . gr;sah .. Qv
(€291 ... ea2n!]n1.li21 .. x:fl;n:s)a] aJw
for any basis elements %1191 . . . gtingngit1 . .. :,llf;sy" .8 and e*n 9
- gaangn gt ::r:sﬁh O e WN(gn,m, s). Thus we can define

the Weyl-type non-associative algebra W Ny, m.s with the multiplication
* in (2) and with the set WN(gn,m, s) [1], [14]. For r € N, let us de-
fine the the non-associative subalgebra WN,,_ , . . of the non-associative

algebra WNy, ., s spanned by

{emar .. angnle .. zsadu 'vlal,... yQny i1, i € Z,
im—}-l,"' ais eNaj‘ua"' ,jv EN)
(3) Jut -+ i <rl1<uy, -, u<m+s}

The non-associative subalgebra ml of the non-associative alge-
bra m is the the non-associative algebra m in the paper [1].
There is no left or right identity of WN,, . 5. The the non-associative
algebra m is Z™-graded as follows:

(4) Wy, ms = @ Wi, .. an)

(@1, ,an)
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where WN(,, ... q.) is the vector subspace of W Ny, m,s with the basis

{em9r .. Letndngll . ;Tﬁai" iy, i € Z,

bl bmasy Juy 5w € Ny1 <uy--- v <m 4 s}
An element in Wi, ... o, is called an (a1, - , an)-homogenous ele-
ment and WN(,, ... o,y is called the (a1, -, a n)-homogeneous compo-
nent. For any basis element €191 - - . ¢dn9ngil .. :;"j; 0 of WNgmm s
let us define the homogeneous degree degy (9 - - - “"9"331 - :{‘Ij &

.- 897 of it as follows:

m-+$§

degn (e®19t - ,eangnxill _..m::l":;a]u . 317)1,) — Z |t

where |i,| is the absolute value of iy, 1 < u < m + s. Throughout
this paper, for any basis element e®+9» .. e“"g”:v 108]“ %”, we
write it such that 1 < p < - - <v <n, 1 <AL - <0 < m,
and 1 < u € --- < v < m+ s. For any element | € m,
we may define degy(l) as the highest homogeneous degree of the ba-
sis terms of I. Thus for any basis elements [; and lp of m, we
may write I + {1 or ly + [; well orderly with unambiguity. For any
element | € WNgos, we may define degy(l) as the highest homoge-
neous degree of each monomial of I. For any [ € W Ny, m s, let us define
#(1) as the number of different homogeneous components of [. WiNpms
(resp. WNjg, ms,) has the subalgebra WT (resp. WT;) spanned by
(80 - B0 |(resp. Ju+ -+ o <T)y Jurrudv € NI < uu < 81}
which is the right annihilator of WNy,, s (resp. WN, ms,). Let us
define the non-associative subalgebra W—NHEB[T] of the non-associative
algebra WN,,_ s is spanned by {e*1%1...e* /|1 < u < n}. The

non-associative algebra WN,, g0, is Z™-graded as follows:
0.0fr] &

(5) WhNnoom = D Naian)

(aly"‘iaﬂ)
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where N, .. o.) is the vector subspace of m[ ») With the basis
{e®®1... 4711 < v < n}. The non-associative algebra WN,. m.s
contains the matrix ring M,(F) [1]. A non-associative algebra A is
simple, if it has no proper two sided ideal which is not zero ideal [14].

For any element [ in a non-associative algebra A, [ is full, if the ideal

< I > generated by [ is A. Generally, the algebra W Noo,s, or WNgos
is not Lie admissible (1], [8], since the Jacobi identity does not hold
using the commutator of the non-associative algebra mr or the
non-associative algebra m for r > 1. For any F-algebra A and
an element [ € A, an element /; € A is a left (resp. right) stabilizing
element of [, if Iy ! = cl (resp. I xl; = cl) where c € F. For any element
li € Al € Ais alocally left (resp. right) unity of Iy € A, if Ix1; =3
(resp. I3 #1 =1;) holds and throughout the paper, we read it as that [ is
a left unity of I, etc.. The Weyl-type non-associative algebra m ,
and its subalgebra mr contains the matrix ring M;(F), i.e., 1,0,
in The Weyl-type non-associative algebra mr or its subalgebra
mr corresponds ey, where ey, is the unit matrix of M,(F) such

that its uv-entry is one and its other terms are zero.

2. Simplicity of WNn,O,O[T]

Even if the non-associative algebra m[rl has right annihilators,
we have the following results. The non-associative algebra WNn,O,O[T]
has no idempotent. WNI,O,O[T] does not have a right identity and a left
identity. For the set W = {w,]a € Z}, let us define the addition + as

follows: for any wg,wy, € W,
Wa + Wp = Wa+b
and the multiplication - as follows:

2
Wq - Wy = b wWaqyp
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Then W7 = is an non-associative algebra with the usual scalar multipli-
cation. If we define the usual addition and Lie bracket on W = {w,|a €
Z} as follows:

[wa, wp] = (b* — a®)wars
Then W3[| = is a semi-Lie algebra. The semi-Lie algebra W3, has one

dimensional center spanned by wy.

Remark 1. An (non-associative, Lie, or associative) algebra A is
simple if and only if every element of the (non-associative, Lie, or asso-

ciative) algebra A is full.

Lemma 1. For any 0], 1 < u < n, in the non-associative algebra
WNn,m,s[T], 0y, is full

Proof. The proof of this lemma is standard, so let us omit it. O
Theorem 1. The non-associative algebra WNn,m,sm is simple.

Proof. The proof of this theorem is also standard, so let us omit it.
O

Corollary 1. The non-associative algebra WNLm’s[T] is simple.

Proof. The proof of the corollary is straightforward by Theorem 1.
Thus let us omit the proof of the corollary. a

Theorem 2. If r is odd, then the semi-Lie algebra WNn,m,s[,.][] is

simple.

Proof. The proof of the theorem is straightforward by Theorem 1.
So let omit it. O

Corollary 2. The Lie algebra WNO,O,nl[] is simple.

Proof. Since the Lie algebra WNn,O,Ol[] is isomorphic to the Lie
algebra WNo,o,nl[], the Lie algebra WNo,o,nl[I is simple. d
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The semi-Lie algebra WNO,O,’!L[T]” is called the Witt type semi-Lie alge-
bra [13].

3. Derivations of WN1,0,0[2] and Isomorphism
Note that the F-algebra F[z,z~1] is isomorphic to the F-algebra
F[e*?] as F-algebras.

Definition 1. Let A be an F-algebra. An additive F-map D from A
to A is a derivation if D(l; xly) = D(l1)*la+ 11 * D(l3) for any 1,15 € A.

Example 5. The usual partial derivative 8,,1 < u < n,on F[z1,- - -,

T,] is a well known derivation on Flzy,--- ,z,].

Note 1. For any basis element €*9? of the non-associative algebra
WN1,0,0[2], if we define F-additive linear map D, of the non-associative

algebra WN1,0,0[2] as follows:
D.(e"*8?) = cke**9?

then D, can be linearly extended to a derivation of the non-associative

algebra WNI,O,O[Q} where ¢ € F.

Lemma 2. For any derivation D of the non-associative algebra
WN1o,0 2]’ if D(8?) = 0, then D is the derivation D, which is defined in
Note 1.

Proof. Let D be the derivation of the non-associative algebra W N 1,0,0[y
in the lemma. By D(9%x9%) = 0, we have that D(8?%) = ¢c02 where ¢ € F.
By D(8% x €®8%) = D(e%d?), we have that

(6) D(8?) x €% + 8 x D(¢°8?) = D(e°8?)
This implies that

(7) D(e%8%) = c1€"%0? + cpe™5%0% + 41
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with appropriate scalars and r > s € N where #; is the sum of remaining
terms. By (6), we have that s =1, 7 =1, and ¢ = 0, i.e., D(8%) = 0. By
D(e?*8%) = D(e%0? * €0?%), we have that

D(e*8?) = 2¢1€%8% + 2¢,0°

By D(8% x 1e%%0%) = 4D(1e?%0?), we have that D(e?*0%) = 2c¢1€2°62.

By induction on k of €*¥*8%, we can prove that

D(eF*0?) = kc,eF*0?

This implies that D is the derivation D, in Note 1. Therefore we have

proven the lemma. O

Theorem 3. For any derivation D of the non-associative algebra
WNLO’O[Z], D= ZceF D, where D, is the derivation which is defined in
Note 1.

Proof. The proof of the theorem is straightforward by Lemma 2. So

let us omit its remaining steps of the proof. O

By Theorem 2, we know that every derivation of the non-associative
algebra WN—W[Q] is the sum of scalar derivations. All the derivations
of the non-associative algebras WN1,0,0[2], 1 < r < 3, are found in
the papers [1], [11], [12]. Thus it is an interesting problem to find all
the derivations of the non-associative algebras WN—n,QO[T]- Also it is an
interesting problem to find the non-associative algebra automorphism
group Autnon (WN—W[T]) of the non-associative algebras m[rl [1],
7], [10].

Proposition 1. The non-associative algebra WN1,0,0[2] is not iso-

morphic to the non-associative algebra WN10,0}y;-

Proof. Let us assume that there is an isomorphism 6 from WN1,0,0[1]
to WN1,0,0(- This implies that 6(0) = cO? for c € F*. By 0(0 x €°0) =
6(e*0), we have that (e®9) = de®®0? + #; where #; is the sum of the
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remaining terms of 0(e®d) and €®*§? is its maximal term with respect
to the order. We have that ca? = 1. Since 6 is an automorphism and
m@] is infinite dimensional, we can take a; >> a, then we have
that ca? = 1 where a; >> a represents a; is a sufficiently larger number
than a. These imply that a? = a;. This contradiction shows that there
is no isomorphism between two algebras. This completes the proof of

the proposition. O

Proposition 2. The semi-Lie algebra WNl,O,O[z]H is not isomorphic

to the semi-Lie algebra WNl,o,g[l] 0 as semi-Lie algebras.

Proof. Let us assume that there is an isomorphism 6 from m[l}“
to m[2] 0 There are l; and I3 in m[ll . such that §(l1) = e*®9?
and 6(ly) = =292 This implies that 0([l},ls]) = [e2*0?,e7%%5?] = 0.
This contradicts the fact that €2*0? and e~**0? are linearly independent.

Thus there is no isomorphism # from WN1,0,0[1] to WNLO’O[?][]' O

L)
Corollary 3. The semi-Lie algebra WN1,0,0[3] | contains 3 dimen-
sional Lie subalgebra isomorphic to the Lie a]gebra7 slo(F).
Proof. Obviously, the Lie subalgebra the semi-Lie algebra W N- 10,0 |
spanned by {€%%83,03, e79°93| a € Z} is isomorphic to the Lie algebra
slo(F). O

Since WNl)o,o[Q] has a lot of infinite dimensional subalgebras, it is an

interesting problem to find its all finite dimensional subalgebras.

Proposition 3. There is the unique finite dimensional subalgebra of

the non-associative algebra W N10,0) spanned by 9.

Proof. Obviously, the subalgebra spanned by 92 is one dimension.
Conversely, it is easy to prove that any one dimensional subalgebra of

WNI,O,O[Q] spanned by 02. Let A be a finite dimensional subalgebra of
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WN1,0,0[2]- Let [ be a non-zero element of A. We may assume that [ # 9*
where ¢ € F*. Also, we may assume that ! is the sum of more than one

basis term of WN1,0)0[2]. Thus ! can be written as follows:
| = cae® 0% + #4

where #1 is the sum of remaining terms of [ and ¢**9? is the maximal
with respect to its order with appropriate scalars and a # 0. This implies
that the subalgebra A; of A generated by [ is infinite. This contradicts
the fact that A; is finite. This shows that | = ¢,8? for ¢; € F*. thus we

have proven the proposition. O

Corollary 4. The matrix ring M, (F) is not embedded in the the

non-associative algebra WNL(),O[21 forn < 2.

Proof. The proof of the corollary straightforward by Proposition 2.
Let us omit it. |

Corollary 5. A finite dimensional subalgebra of the semi-Lie algebra

WN1,0,0[3] has dimension one, two, or three.

[,

Proof. Since the semi-Lie algebra WN1,070[3] | is self-centralizing, the

[
proof of the corollary is similar to the proof of Proposition 3. Let us

omit it. O

Proposition 4. The non-associative algebra W is isomorphic to the
non-associative algebra WN—LO,O[Q]' The semi-Lie algebra W) is isomor-
phic to the semi-Lie algebra WNLO)()[Q] 0 The quotient algebra of the
semi-Lie algebra Wy / of Wy by the one-dimensional space < wg >
spanned by wy is simple.

Proof. Let us define an F-map 6 from the non-associative algebra W

is isomorphic to the non-associative algebra W.N10,0 as follows:

0(w,) = ** 5
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for any wg, € Wj. Then it is easy to prove that 6 is an isomorphism be-
tween map. Similarly, the F-map 6 can be an isomorphism from to the
semi-Lie algebra W5 is isomorphic to the semi-Lie algebra m[ﬂ[,]‘
The remaining statement of the proposition is obvious, because [wg, wy] =
0 if and only if b = a or b = —a. This completes the proof of the propo-

sition. O

By Proposition 4, the algebras W N 1,0,0(g) and WNI,O,O[z] . have differ-
ent notations, but in many variables case, still the polynoﬁlial notation

seems more convenient to handle it.

Open Question. Find all the derivations of WNn,O,O[,.]- O
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