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A NOTE ON MULTIPLICATIVE AND ALMOST
MULTIPLICATIVE LINEAR MAPS

E. ANSARI-PIRI AND N. EGHBALI

Abstract. This note is a verification on the relations between mul-
tiplicative and almost multiplicative linear maps; and the continuity

of almost multiplicative linear maps.

1. Introduction

In 1952, E. A. Michael asked his famous question about the continuity
of multiplicative linear functionals on complete locally convex topolog-
ical algebras. From that time mathematicians have studied this inter-
esting problem in various directions. The theorem [2.4] is a well known
affirmative answer for the case of complete normed algebras. The last
result in this point of view is proved in [1] where it is claimed that every
multiplicative linear functional is automatically continuous on complete
metrizable FLM algebras .

In [4] Jarosz extends this problem for the maps between Banach al-
gebras and proves the continuity of multiplicative linear maps from a
Banach algebra A to a semi-simple Banach algebra B, and in (3] he
discusses the continuity of e-multiplicative linear functionals on Banach
algebras.

In this note we recall some previous well-known theorems in section 2
and then we have a discussion on almost multiplicative maps. Some more
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results on multiplicative and almost multiplicative linear functionals are

proved in this section.

2. Definitions and related theorems

In this section we recall some theorems and related definitions.

Definition 2.1. Let A and B be Banach algebras, ¢ : A — B be a
linear map and € > 0. We say ¢ is e-multiplicative if for all z, yE A,

lle(zy) — e(@)e)]] < €lzl|llyl].

Definition 2.2. Let A and B be Banach algebras, ¢ : A — B be
a linear map. We say ¢ is almost multiplicative if there exists an € > 0

such that for all z,y € A, [lp(zy) - p(z)e(y)]| < €ll=|l]ly]|-

Almost linear functionals and e- multiplicative linear functionals are

similarly defined.

Theorem 2.3. Let X be a normed linear space. Then dimX < oo

if and only if every linear functional on X be continuous.
Proof. [4] d

Theorem 2.4. Let A be a Banach algebra and let w:A— Cbea

multiplicative linear functional. Then ¢ is continuous and [lel] = 1.

Proof. (2] O

‘There are many examples which says that we can not drop the com-

pleteness of normed algebras.

Theorem 2.5. (Gleason, Kahane, and Zelazko). Let A have a unit
element and let ¢ be a linear functional on A. The following conditions

are equivalent:
(1) (1) = 1 and Ker(p) C Sing(A)
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(2) p(a) € Sp(a) (Va € A)
(3) ¢ is multiplicative.

Proof. [2] O

Theorem 2.6. Let T : A — B be a linear multiplicative map from
a Banach algebra A into a semi-simple Banach algebra B. Then T is

continuous.

Proof. [4] O

In this theorem, B is commutative. The following example shows

that we can not drop the commutativity.

Example 2.7. Suppose A is a Banach space with infinite dimension.
By trivial definition for product on A, A will be a Banach algebra.
Suppose f is a discontinuous linear functional. By Theorem [2.3] such
an f exists. Define p: A — My(C) by

|0 f(a)
w(a)~[0 0]

for every a € A. This ¢ is a discontinuous linear multiplicative map on
A.

Proposition 2.8. Let (A, (px)) be a locally m-convex topological al-
gebra and ¢ : A —> & be a linear multiplicative functional. Let also
Ny = N(px) be the null space of py and Ay, = A/Ny be the quotient al-
gebra. If there exists k such that (Ag, |.|) is complete and Ny C Ker(y),

then ¢ is continuous.

Proof. Let (Ag,|.|) be a Banach algebra and define f : A, — & by
f(z + Ng) = o(x). This f is a multiplicative linear functional and so it

is continuous. The set

{le(@)] s pe(z) <1} = {|f(z + Ni)| : |z + Nie| < 1}
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is bounded. So ¢ is bounded on a neighborhood of zero; and hence ¢ is

continuous. ]

3. Almost multiplicative linear maps

Obviously if ¢ is e-multiplicative, then for all § > € it is -multiplicative.
The following proposition shows that if ¢ is e-multiplicative and § < e,

then ¢ is not necessarily §-multiplicative.

Proposition 3.1. If A is a Banach algebra, T : A — C is a lin-
ear multiplicative functional, and S : A — C is a linear map such
that ||S]| < ¢, then T + S is not multiplicative where it is (3¢ + €2)-

multiplicative.
Proof. For a proof, see [4]. d

Lemma 3.2. Let A be a Banach algebra, ¢ > 0 and ¢ : A — C
be a linear functional such that for all z,y € A, |p(zy) — o(z)p(y)| <
e(llz|]| £ ||lyl]). Then y is multiplicative.

Proof. If for all ¢,y € 4, |¢(zy) — @(z)0()] < e(llzl] - [y]]) , then
For every a € A, ¢(a?) = (¢(a))?. Now let for all z,y € A we have
lo(zy) = o(@)(y)| < e(llz| + Ilyll). Then for every a € A:

lo(a®) = (#(a))?] < 2¢llal|
Let £ = 2"a. We have:
lp(a®) = (p(a))?| < 2¢27"|al|

and therefore p(a®) = (p(a))®. So A is a Jordan algebra and by (2;
Proposition 6.16] ¢ is multiplicative. ]

Proposition 3.3. Every e- multiplicative functional F is continuous,
and ||F|| <1+e.

Proof. [3] O
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Theorem 3.4. Every linear almost multiplicative map from a Ba-

nach algebra A to a semi-simple Banach algebra B is continuous.

Proof. Suppose T : A — B is linear and e—multiplicative. For any
multiplicative linear functional F: B — C, FoT is a linear functional

and,
|FoT'(ab) — FoT (a)FoT(b)| < [|F|||T(ab) — T(a)T(b)| < ellal|||b]]-

Therefore FoT is a linear almost multiplicative functional. So by theo-
rem [3.3] , it is continuous. Let (a,) be a sequence with a = lim a,, and
b = limT(a,). We show that b = T(a). For any multiplicative linear

functional, such as F:

F(b) = F(limT(ay)) = lim F(T(a,)) = FoT(a)
So, F(b—T(a)) = 0. Since B is semi-simple, so b = T'(a).

Hence from the closed Graph Theorem, T is continuous. |

Theorem 3.5. Let A be a Banach algebra with unitand p: A — &
be a linear functional. If

1) ker(p) C sing(A)

or

2)p(a) € SP(p(1)a), foranya € A

then ¢ is almost multiplicative.

Proof. Let ker(y) C sing(A) and ¢ = ;‘(ﬁﬁ. Then ker(y) = ker(yp),
and ¥(1) = 1. Hence % is continuous multiplicative linear functional
and [¢(z)| < ||z|| for all z € A. Therefore 1(a) € SP(a) and so ¢(a) €
SP(p(1)a).

Conversely let for all z € A, p(a) € SP(p(1)a). Since p is nonzero,
for every z € A, %((—f% € SP(z). So y(z) € SP(z), and ker(p) =
ker(y) C sing(A).

Now for z,y € A,
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lo(zy) = p(@)e@)] < 11 = )]l

Which means that ¢ is almost multiplicative. O

Here we give an example to show that, in theorem [3.5], ¢ may be
almost multiplicative, where (1) and (2) do not hold. In Theorem (3.5
if ker(p) C sing(A), then p(zy)p(1) = p(z)p(y). By the following

example we show that this relation is not always true.

0
Example 3.6. Let X = {| ! :ai;¢CY, and T : X — C
a1 Qa2

be a functional with:

T(

aill 0
) = aip,
azr a2

then T is linear multiplicative. Let S : X — C be a functional with:

0
S([ = J)=a11+a21,

az1 a2z

then S is linear but is not multiplicative .
Now let define ¢ : X — C with:

p(A) = (T + 5)(4).

The relation p(xy)p(1) = p(z)p(y) is not always true. For exam-

20 3 0
ple let A = }, and B = A J, then p(AB)p(1) #

-2 4
w(A)p(B).
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