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ON A GENERALIZED APERIODIC PERFECT MAP

SANG-MoK KiMm

ABSTRACT. An aperiodic perfect map(APM) is an array with the
property that every array of certain size, called a window, arises
exactly once as a contiguous subarray in the array. In this arti-
cle, we deal with the generalization of APM in higher dimensional
arrays. First, we reframe all known definitions onto the general-
ized n-dimensional arrays. Next, some elementary known results
on arrays are generalized to propositions on n-dimensional arrays.
Finally, with some devised integer representations, two construc-
tions of infinite family of n-dimensional APMs are generalized from
known 2-dimensional constructions in [7].

1. Introduction

The perfect window property is defined as follows; in a given c-ary
m X n array, every c-ary u X v array occurs exactly once as a contiguous
subarray called a window for fixed positive integers v and v with v <
m and v < n. An array satisfying the window property is called an
aperiodic perfect map(APM) . If the window property holds in a single
period of the array, it is called a periodic perfect map(PM).

The perfect window property has been studied firstly in sequences
([1])-a de Bruijn sequence is a c-ary sequence of period n with the win-
dow property that for a given positive integer v with v < n every possible
c-ary v-tuple occurs in a period of the sequence. Not only many con-
struction methods for de Bruijn sequences have been devised ([4]), but
also their existence has been settled ([1, 3, 11]).

For the case of array, many results on PM has been known using
the theory of finite field. K. Paterson[9, 10] shows that a PM exists for
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each parameter set satisfying the necessary condition for the existence
for any alphabet size ¢ of prime power. G. Hurlbert, C. Mitchell, and
K. Paterson[5] show that for each possible parameter set there exists a
PM with 2 x 2 windows.

In contrast to the rich theory of PM, not many results of APMs are
known in spite of the practical importance of APM for use on encoding
schemes for a two dimensional position sending ([2]). For a given PM, an
APM of slightly larger size can be obtained by a simple extension which
is called the closure of the PM (S.Kanetkar and M.Wagh|[6]). However,
there are still sets of parameters left satisfying necessary conditions
for the existence of APM if the array is “long and thin” enough or
its alphabet size is not a prime power ([7]). The first result on the
existence of APM is given by C. Mitchell only for the binary case with
2 x 2 windows. In 2002, the complete answer for the existence of APM
for 2 x 2 windows is given by S. Kim[7] for any alphabet size c.

In this article, we generalize the theory of APM to the higher di-
mensional array. The generalized higher dimensional window property
has not been studied while there could be an analogous application to
communication such as determining positions in a cuboid with a device
which can examine a certain size of subcuboid ([2]). We firstly reframe
all known definitions onto the generalized n-dimensional arrays. Next,
we generalize some elementary results on arrays to n-dimensional arrays.
Finally, two constructions for infinite family of generalized APMs are
given, which is the generalizations of constructions given by S. Kim|[7].
We devise some representations of integers in terms of linear combina-

tion of consecutive multiples of given integers to prove the constructions
being APMs.

2. ’Generalized definitions and preliminary results

For given positive integers m; with j = 1,...,m, let I; be an m;-
set and let C' be a non-empty finite set with |C| = ¢. A function a :
I x...x I, — C is called a c-ary mj X ... X my, array. Usually, we
assume that I; = {0,1, ... ,m; — 1} and the function a corresponds to
an array A = (a4, . i,), where

@iy .. in =0 (i1, - y0n)

for all (¢4, ... ,4,) € I1 X ... X I,. The domain of the function a is called
the index set and the codomain C is called the alphabet set.
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A is called an n-dimensional c-ary mj X ... X m, array if A is c-ary
my X ... X my, array such that m; > 2 forall j =1,...,n.
Let A = (ai; ...4,) be an n-dim c-ary my X ... X my, array and let v;

be a positive integer with u; < m; for ¢ = 1,...,n. For (s1, 52, ...,8n) €
I x ... xI,, the (s1,...,8,)-th u3 X ... X u, window of Aisau; X... xup
array (i, ..s,) written as [as; .. s, Ju; x...xu, t0 be defined as

ail el — aj1 o )

where ji = ix + sk{mod my) for 0 < iy <y, —1, k =1,2,...,n. For
given integers v with 1 < <my (k=1,2,...,n), we define

[A'ylx...x'm]ulx...xun = {[asl sn]ulx...xun | 0<sp <y —1, 1<k< n}

which is called the set of uq X ... X uy, windows for vy X ... Xy, 4, = my
for k =1,...,n, we denote [Ay, x...xyn)ur x...xun DY [Aluix...xun- When the
size of window is given, it will be simply written as [Ay, x...xnl-

DEFINITION 1. Let ¢ be a positive integer with ¢ > 2. For ¢ =
1,2, ... n, let m; and u; be positive integers satisfying m; > 2. An
n-dimensional c-ary m; X ... X m, array A = (ai; ...i,) is called a
¢ — ary (ma,...,Mn; U1, ..., up) n-dimensional Periodic Perfect Map (or
simply PM,,) if every c-ary uj X ... X u, array occurs exactly once as
a window [as; .. snluix ... xun, Where s; satisfies 0 < s; < m; — 1 for
i=1,2,..,n.

The term “periodic” comes from the way that the windows “wrap-
round” the array due to the modulo arithmetic on the indices in Defi-
nition 1. We immediately have the following lemma as necessary condi-
tions for the parameters of an PM,,.

LEMMA 2. If A is an ¢ — ary (my,...,My; U1, ..., Un)PMy, then the
parameters satisty the following:
(i) m; > u; foreachi=1,2,...,n.
(ii) mime...my, = ct142:tn,

If the positive integers ¢, m; and u; satisfy the necessary conditions for
existence of a PM,, in Lemma 2, the set of ordered integers (¢; m1, ..., mp;
Ui, ..., Up) are called an admissible parameter set for PM,.

Note that the c*1%2% windows [as, .. s, |uyx...xu, (0 < 85 <m; —1,
i=1,..,n) of a c-ary (mq, ..., my; U1, ... ,un)PM,, are distinct. We call
a 2-dimensional PMj just a Periodic Perfect Map (written as PM).

Next, we define an n-dimensional Aperiodic Perfect Map. In this
case, the window does not wrap-round in any index.
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DEFINITION 3. Let ¢ be a positive integer with ¢ > 2. For i =
1,...,n, let m; and u; be positive integers satisfying m; > 2. A n-
dimensional c-ary m; X ... X my array A = (ai; ..4,) is called a ¢ —
ary (ma,...,My; U1, ..., u,) n-dimensional Aperiodic Perfect Map (or sim-
ply APM,,) if every c-ary u; X ... X u, array occurs exactly once as a
window [as; ... sp)uix ... xu, of A with 0 < s; <m; —wu; fori=1,..,n.

(3

The following necessary conditions for the existence of an APM,, are
immediate from those of APM stated in [8].

LEMMA 4. If A is a ¢ — ary (my,...,My; U1, ..., un)APM,, then the
parameters satisfy the following:

(i) m; > u; foreachi=1,...,n,

n
(ii) H (ml - ’u/z + 1) = Culuz...un'
i=1

We call (¢c; my, mg, ..., mp; u1,ug, ..., uy) an admissible parameter set
for APM,, if it satisfies the conditions given in the above lemma. Note
that the simplified notation a ¢ — ary (m,n;u,v)APM means the ¢ —
ary (my, mo; u1,u2)APMy where my = m, ma = n, u; = u and ug = v.
We remark that, without loss of generality, we restrict our definition
of admissible parameters sets for ¢ — ary (myq, ..., my; U, ..., un ) PM,, (or
APM,,) under the condition that m; < mgy < ... <m,, (see [7]).

Next, we describe a construction of an APM,, from the simple exten-
sion of a PM,, which extends the definition of the closure of PM given
in [7].

DEFINITION 5. Let A = (a;, ...4,) be ac—ary (mi, ..., Mp; Uy, ..., Up)
PM,,. We define a n-dim c-ary (m1 +uj —1) X ... X (mp+u, —1) array
Qi ...ip, = sy ... 3y
for 0 <ip <mg+ur—1, k=1,2,...,n, where iy = s (mod myg). A is

called the closure of A.

Now we state the following lemma which is generalized from the result
due to S. Kanetkar and M. Wage|6).

LEMMA 6. If A is a c — ary (mq, ..., Mp; U1, ..., un ) PM,, then A is a
c—ary (mi+wu1 —1,..,my + up — 1;u1, ..., 4 ) APM,,.

PROOF. Let A be a ¢ — ary (my,...,my; U1, ..., un)PM,. It is clear
that

[Amlx an]ulx e XUn [A'rnlx xm"]ulx e XUn
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From the definition of PM,, and APM,,, we have A4 is a ¢ — ary (mq +
ur — 1, ..My + U — Lug, o, upy JAPM,, . d

REMARK 7. Note that a c—ary (maq, ..., mp;u1, ..., u, ) APM,, arises by
this construction from a c—ary (mi—uy+1, ..., mp—up+1;u1, Uz, ..., uy)
PM,,. The latter must satisfies the conditions that uz = mg — up + 1
=lormp—ug+1>u, for k =12..,n, ie, mg = u, = 1 or
my > 2uy, for kK = 1,2,...,n. Since a PM,, is an n-dim array, so m; > 1
so that the parameters of the APM,, necessary satisfy my > 2uy, for all
k=1,2,...,n.

3. Some generalized APM,,s from APMas in [7]

In this section two constructions of APMn is given from APM; which
are devised to give a complete answer for the existence of APM for 2 x 2
windows (see S. Kim([7]). The one is a c-ary (u1, ..., Un_1, Mn; U1, ..., Un_1,
un)APM, and the other is a c-ary (2u1 — 1, ..., 2up—1 — 1,myp ; U1, ..., Up)
APM.

We first observe some properties on integers which immediately follow
from representation of integers.

REMARK 8. For 1 < i < n, let u; be a positive integer with 2 < u;
and let ¢ be any positive integer.

(1) Let z =[]}, us and let b be an integer with 0 < b < ¢* — 1. If we
consider b as an integer in base ¢, then b may be uniquely written

as
z—1
b= Z bsc®,
s=0
where 0 < b, < c¢—1foreach s =0,1,...,2 — 1.
(2) If t is a non-negative integer such that 0 <t < ([[>_, us) — 1, then
t may be written uniquely as
t = m(t) + mo(t)ur + m3(H)urug + ... + mp(B)urg.. Un-1,
where ;(t) is an integer with 0 < m;(t) <wu; —1fori=1,2,...,n.

Now we generalize the construction of c-ary (u,n;u,v)APM in [7] to
the n-dimensional case.

CONSTRUCTION 9. c-ary (Ui, ..., Up—1, My UL, ..., Un_1, Un )APM,,. Let
(€ ULy oy Un—1, Min} U1, .., Un—1, Uy) be an admissible parameter set for
APM,,. Note that from Lemma 4, we have

My, = Culug...un + Up, — 1
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(1) Let B = (bs) be a ¢“1“2-%n-1_ary span u, de Bruijn sequence and
B= (Et) be the closure of B. i.e., B = (l_)t) is defined by b; = b, if
and only if t = s (mod c*1%2-%) and it is a 1-dim ¢**"2"%~1-ary
m; array which is a ¢“1%2-¥n-1_gry (c¥1%2%n 4 g, — 1;u, )APM,.

(2) Let t = s (mod c*1¥2+¥n) . For any b; = bs, from Remark 8,

(i) bs can be written as
ULUZ.. Uy —1—1
bs = Z (bs)icza
i=0
where 0 < (bs); < c— 1 forall i € Nyjuy. .y
(ii) Each ¢ € Ny,y,. 4, , may be uniquely written as

1 =11 + fouy + f3ur1Us + ... + tp_1U1US... Up_2,

where 0 < iy <wuyp—1fort=1,...,n—1.
HGIICG, we write (bs)z = (bs)il—|—i2’u,1+i3u1uQ+...+in_1u1u2...’u,n__2 ’
(3) Define a n-dim c-ary uy X ... X u,,_1 X my, array A = (ai1 ig o i1 in)

by
iy ig iy By — (bin)il+i2u1—I-i3u1u2+...+in_1u1u2...un_2)

where 0 < 4y <uys—1fort=1,...,.n—1and 0 < i, <m, =
culuz...un + un _ 2

THEOREM 10. Let (¢;u1, ..., Un—1, My, ; U1,-.., Un—1,Un) be an admis-
sible parameter set for APM,,. Let B be a c"'%2%n-1_gry span u, de
Bruijn sequence. Then the n-dim uj X ... X tp—1 X (¢*¥ + v — 1) array con-

structed obtained from Construction 9 is a c-ary (uy, ..., Unp—1, My} U, ...,
Un—1, Un)APM,,. :

PROOF. We prove that A = (ai1 bg o i1 in) in Construction 9 is a
c-ary (Ui, ..., Un—1,Mp; Uy, ..., un) APM,,. Note that since m; = u; for
t=1,..,n—1and m, = c“% % 4y, — 1, any u; X ... X u, window
[akl k2 ... kn] in [Alxlx...xlx(mn—un-l-l)] ha’S k] = 0 fOI' .7 = 17 s — 1 a'nd
0 <k, < ¥ — 1. Let [ago..01] = (s ...s,) and [ago..0k] =
(Bs1 ... s,) be any two uy X ... X up windows in [Aqx1x...x1x(ma—un+1))
where 0 < [,k < ¢“1¥2+%» — 1. Suppose that [ago..01] = [a00..0k]
Then, for all s; =0,1,...,us — 1, t=0,1,...,n, we have

gy ...sn = A3y ... sn_1 Sn+l = Qsq ... $p_1 Sp+k — :831 e 8
From Construction 9, it implies
(b5n+l)s1+szu1 +83UL U2 F . FSn—1UI U2 Uy —2

= (bsn+k)81+82u1 +83ur Uz +...+8n—1UIU2... Up—2 "
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It immediately follows that for all bys = bgts, for s, with 0 < s, <
upn, — 1, which implies [b;]y,, = [bg]u,, in [Beuivz-un_1]y, . From the defini-
tion of de Bruijn sequence, it follows that | = k.

Therefore, ‘[Alx_._xlx(mn_unﬂ)ﬂ = c¥14%2Un which implies that each
c-ary up X ... X u, array occurs exactly once in [Ay, 1. x1x(mn—un+1)]
and A is a c-ary (ui, ..., Un—1, Mn; U1, ..., up ) APM,,. O

Next, we generalize the construction of c-ary (2u — 1,n;u,v)APM,
given in (7] to the n-dimensional case.

CONSTRUCTION 11. c-ary (2u; — 1, ..., 2up_1 — 1, mp; U1, o, Un1,
un)APM,. Let (¢;2u;—1, ... ,2u,_1—1,mp;u1, ... ,u,) be an admissible
parameter set for APM,. Note that, from Lemma 4, we have

CULU2.. Un
My = ———+u, —1
ULUZ... Up—1
and so c**“2" jg divisible by uiua...up—1. Let B = (b;) be a c-ary span
u1Usg...u, de Bruijn sequence and let B = (BZ) be the closure of B which
is a c-ary (1, c"“1%2%n 4 yquy..uy — 151, uus...u, ) APM. Define a n-dim
(ui — 1) X ... X (2up—1 — 1) x my, array A= (a;, . 4,) by

Aiy gy iy = bil+i2ul+i3u1UQ+...+inu1u2...un_l.
. . U UY .. Up
for0 <i; < 2uj—%,j =1,.,n—land0<u; <m,—1= uiuz—un_1'+
un — 2. Note that by = b for | = k (mod c#1¥2-4n).

THEOREM 12. Let B be a c-ary span uius...u, de Bruijn sequence.

Let (¢;2u1—1,...,2up—1—1,my;u1,. .., u,) be an admissible parameter
set for APM,,. Then the n-dim (2u; — 1) X ... X (2up—1 — 1) x my, array
constructed from B by Construction 11 is a c-ary (2u; —1,...,2up—1—1,

M UL, - . ., Uy ) APM,.

PRrOOF. Let (¢;2u1—1,...,2uy_1 — 1, mp;u1, ..., u,) be an admissi-
ble parameter set for APM,,. Let A = (a;, . 4,) be an array constructed
as in Construction 11 from a ¢ — ary span ujus...u, de Bruijn sequence
B = (b;) . Then, from Lemma 4, we have

CU1Uz. U
My = ————— + Uy — 1
ULUL... Up—1
and c*“1%2-Un ig divisible by ujug...tn_1. Let B = (l_)l) be the closure of
B. For each i with 0 < iy < wp —1 (k = 1,...,n), let [as; 55 ...5,] =
(Qiy iy ... ip) and [aty 15 . t,] = (Biy 4y ... 4,,) D€ UL X ... X Uy, windows in

[Aul X oo XUpn_1 x(mn—un-f—l)]ul X X Up
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Note that 0 < s;,t; <u;—1fori =1, ... ,n—1and 0 < su,t, <

M — Uy = c¥1u2--un _ 1
n n UIUL... Un—1 )

Suppose that [as, s, ... s,.] = [at; t, ... t,]- Then, for 0 < 4 < u—1 and
k=1,..,n, we have o, i, ... i, = Bi, iy ... i,, 50 that
Qs dg ... in ™ Q141 53442 ... Sptin
= B(sl+i1)+(32+z’2)u1+(33+i3)u1u2+...+(sn+in)u1u2...un_1
= E(t1+i1)+(t2+i2)u1+(t3+i3)uw2+.--+(tn+in)uw2...un—l
= Aty 4147 ta+ig ... tntin

I

Biyia .. in-

Thus, we have

b(il +iguy+izuiug+...Finuiua... Un—1)+(81+s2u1+ 83U U2+...+8nUI U2 Un—1)

- b(z'l-l"izul+i3u1u2+...+inulu2...un_1)+(t1+t2u1+t3u1u2+...+tnulu2...un_1)'
Let | = 41 + dou; + isuiue + ... + ipujts...up—1. Then, for all [ with
0 <l <ujug...un — 1, we have

bl-l—(sl+szu1+33u1u2+...+snu1u2...un_1) = bl+(t1+t2u1+t3ulu2+...+tnu1u2...un_1)
which implies that
[bsl+32u1+33u1u2+...+snu1u2...un_1]uluz...un
= [btl+t2u1+t3u1u2+...+tnu1u2...un_1]u1uz...un~

From the definition of a de Bruijn sequence B, since 0 < sg,tp < ug — 1
when 1 <k <n-1and0 < s,,t, < c¥¥% % — 1 we have

81 + Sguq + S3uiug + ... + SpUIUL... Up—1
= t1 + touy + t3uruz + ... + tpuius.. . Up_1.

By Remark 8, we have s; =¢; for all: =1, ...,0.

Therefore, we conclude that [as, s, ... 5,] = [0t ¢, ...¢,] if and only if
s; =t; forall i =1, ...,0. Thus, we have

A 3 Dx...x B = |[A ugug..un = U2 Un
|[ (mi—u1+1)X...X(mp un+1)]| [ UL X ... xun_lx(m)]
so that every c-ary u; X ... X u, array occurs exactly once as a window
ie, Aisacary (2ui —1, ... ,2up—1 — 1,mp;u1, ... ,un)APM,,. O
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