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On the Large Eddy Simulation of
Scalar Transport with Prandtl Number up to 10
Using Dynamic Mixed Model

Yang Na*
CAESIT, Department of Mechanical Engineering, College of Engineering,
Konkuk University, Seoul 143~701, Korea

The dynamic mixed model (DMM) combined with a box filter of Zang et. al. (1993) has been
generalized for passive scalar transport and applied to large eddy simulation of turbulent
channel flows with Prandtl number up to 10. Results from a priori test showed that DMM is
capable of predicting both subgrid-scale (SGS) scalar flux and dissipation rather accurately for
the Prandtl numbers considered. This would suggest that the favorable feature of DMM,
originally developed for the velocity field, works equally well for scalar transport problem. The
validity of the DMM has also been tested a posteriori. The results of the large eddy simulation
showed that DMM is superior to the dynamic Smagorinsky model in the prediction of scalar

field and the model performance of DMM depends to a lesser degree on the ratio of test to grid

filter widths, unlike in'the a priori test.
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Nomenclature

Cs, Cr . Model coefficients

h . Half channel height

Ly, L. Domain size in the streamwise and span-
wise directions, respectively

q; - Residual scalar flux vector

D . Pressure

Pr . Molecular Prandtl number

Pr;ses - SGS turbulent Prandtl number

Re, . Reynolds number based on bulk veloci-
ty and half channel height, Ust

Re: . Reynolds number based on friction ve-
locity and half channel height, 2‘7”

Sis . Strain rate tensor

t I Time

T . Passive scalar
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T . Mean passive scalar

Trms - Passive scalar intensities

Tw . Constant wall temperature (passive sca-
lar) at upper wall

T: * Friction temperature, —7%

OCplUr

u, v, w. Velocity component in x, vy, 2z direc-
tions, respectively

U . Friction velocity at inlet of the domain

Us . Bulk velocity ‘

x, y, 2 . Cartesian coordinate in the streamwise,
wall-normal and spanwise directions

A . Filter width

a . Ratio of the filter width

Qe . Turbulent diffusivity

&z, €&¢ . Subgrid-scale dissipation and scalar dis-
sipation

Ve . Turbulent viscosity

Ti; . Residual stress tensor

Superscripts

—, ~ . Grid, test filter

+ : Wall variables
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Operators
{ > Time-averaged quantities

1. Introduction

Most of engineering applications in complex
geometries involving flows require accurate pre-
diction methods for turbulent flows. Direct nu-
merical simulation (DNS) is restricted to a rela-
tively low Reynolds number because of the need
to resolve all the spatial scales of turbulence.
Nearly all of the computational cost in DNS is
expended on the smallest motions, which have a
dissipative nature, and the resulting high cost
makes DNS less attractive as an engineering tool
at present. In large eddy simulation (LES), on
the other hand, only the dynamics of the larger-
scale motions (which are not universal) are com-
puted explicitly while the effects of small scales
or subgrid-scales (which have, to some extent,
a universal character) are represented by simple
models. Thus, the critical issue in LES is to ac-
curately capture the effects of the unresolved sub-
grid-scale (SGS) motions using simple and uni-
versal models.

The most widely used Smagorinsky model has
some notable drawbacks as noted by Zang et
al.(1993): (1) it requires an input of a model
coefficient which is flow-dependent; (2) it pre-
dicts incorrect asymptomatic behavior in the vi-
cinity of a wall; (3) it does not allow energy
backscatter from small scales to large scales ; and
(4) it assumes that principal axes of the SGS
stress tensor are aligned with those of the resolved
strain rate tensor.

Extensive effort has been made in the develop-
ment of LES methodologies in order to overcome
some of the aforementioned drawbacks of the
original Smagorinsky model. For example, in the
‘pioneering’ dynamic Smagorinsky model (DSM)
proposed by Germano et al.(1991), the model
coefficient is calculated dynamically during com-
putation using information from the resolved
scales. Many of the earlier studies have shown
that DSM can be successfully applied to LES of
transitional and turbulent channel flows. In spite
of its many desirable features and its success, the

DSM still has several aspects that need to be
improved, prompting subsequent development of
the dynamic mixed model (DMM) of Zang et al.
(1993). They modified the dynamic eddy vis-
cosity model by employing the scale similarity
model of Bardina et al.(1983) as the base model,
in which the Leonard term is computed explicitly
while the cross term is modeled by the scale-
similarity assumption. DMM retains the desirable
features of the DSM, but it does not require the
SGS stress tensor and the strain rate tensor to be
aligned. Furthermore, it could successfully reduce
the excessive backscatter represented by the model
coefficient by calculating the modified Leonard
term explicitly while modeling only the remaining
residual stress term. Zang et al.(1993) also suc-
cessfully applied DMM to the LES of flows in a
lid-driven cavity, using a finite volume approach
with a box filter employed in physical space.

This brief literature indicates that significant
development has been made to the LES modeling
for the prediction of a turbulent velocity field, but
much less effort has been done in the calculation
of passive scalar transport in spite of its practical
importance. The difficulty of investigating passive
scalar transport is possibly due to the urgent need
for improving the accuracy of LES models for the
velocity field, and also to the fact that errors
associated with LES models embedded in a ve-
locity field reduces the accuracy in the prediction
of passive scalar. Consequently, the transport of
passive scalar from an LES point of view is still
poorly understood, and this fact is reflected in
the difficulty of predicting the passive scalar
field with satisfactory accuracy using current LES
models.

The present work is mainly motivated by the
need for information on the performance of exis-
ting LES models, specifically DMM, for passive
scalar transport with moderate Prandtl number
(up to 10 at present). DMM was chosen here for
the following two reasons: (1) From the per-
spective of large eddy simulation of engineering
flows, computations based on finite difference
formulations are certainly of great interest. Thus,
DMM with finite difference formulations, which
most conveniently use filters in physical space,
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were considered and tested for turbulent channel
flows ; (2) DMM has been successfully applied in
many turbulent flows (Kang, 2000).

Previous work of Na (2004) showed that the
performance of DSM degrades rapidly as the
Prandtl number increases and this fact led to
the present work of pursuing a better LES model
for passive scalar from an engineering point of
view. Even though Calmet and Magnaudet (1997)
showed the success for the high Schmidt number
mass transfer problem with DMM, the detailed
information about the performance of DMM for
the passive scalar was not investigated and this
motivates the present work.

In the next section, the procedure of extending
the original dynamic mixed model of Zang et al.
(1993) to passive scalar transport is summarized
and its characteristics are discussed in the case
of turbulent channel flow. The model was tested
both a priori using direct numerical simulation
data and a posteriori in an actual LES.

2. Numerical Methodology

2.1 Mathematical Formulation for LES

For incompressible flows, the filtered gover-
ning equations (written in a conservative form)
for the LES of a passive scalar are

Ju:

0x; =0 W

aau’ 0x; T (i) (2)
:_%%+ a?cj (2vSs—1)
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where the overbar denotes the grid-filtering oper-
ation. The effect of the unresolved subgrid scales
is represented by the following residual stress
tensor 7;; and residual scalar flux vector g;.

Ui; (4)
Zﬁj _ng (5)

Ti= UU;—

All the terms in equations (1)-(3) are resolved
except 7;; and g; which should be obtained from
the models.

We employed the dynamic mixed model of
Zang et al.(1993) in which the anisotropic part of
the residual stress is expressed as

ro— pu=—2.5,+(L8-218) (6
ve=CsA’S (N

where
L%=u; 10— s u; (8)
s zlzz o
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L u’;t,—u U (11)
Hu—u,uj ulu, (12)

A test-scale filter represented by a tilde was in-
troduced here to utilize the information between
the grid- and test-scale filters to determine the
characteristics of subgrid scale (SGS) motion.
The computed Cs is substituted into equations
(6)-(7) to obtain eddy viscosity and residual
stress.

In DMM, the procedure for calculating z;
can be generalized to develop an analogous mo-
del for the residual scalar flux g; as follows:

6’T

Q'tZCTAS (14)
where
Fr=T u,—T u; (158)
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=R T HL (16
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In order to discretize the grid-scale and the test-
scale filters, a box filter in physical space using
Simpson’s rule was employed. After the model
coefficients Cg and Cr are computed through the
least-squares approach (Lilly, 1992), they are
averaged locally in space within the test-filtering
volume as suggested by Zang et al. (1993). Also, if
the total viscosity (v+v.) or diffusivity (a+a:)
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becomes negative, they are set to zero to guarantee
numerical stability.

2.2 Boundary conditions

The streamwise extent of the computational
domain is Lx=13} and the spanwise extent is
L,=6.5h, where h is the half-channel height. In
terms of wall units {(based on friction velocity),
the domain size is approximately equivalent to
1900 in streamwise, 300 in wall-normal, and 950
in the spanwise directions. The Reynolds num-
ber based on friction velocity and half-channel
height, Re: was set to 150 while the Prandtl
number, Pr, varies from 1 to 10. The present code
was originally written for the simulation of spat-
ially evolving turbulent flows and thus, requires
inflow/outflow conditions. In order to provide a
physically realistic turbulence to the inlet of the
domain, the required velocity and temperature of
the plane located at about x/A=11 (equivalent
to approximately 1600 wall units from the inlet)
were fed into the inlet plane continuously. This
way of generating inflow turbulence is, in effect,
equivalent to imposing a periodic boundary con-
dition in the streamwise direction, which is fre-
quently adopted in spectral method.

No-slip boundary condition was used along
the walls. The bottom wall was cooled (— Ty)
and the top wall was heated (7T,) at the same rate
so that both walls were maintained at constant
temperature. The flow was assumed to be homo-
geneous in the spanwise direction, justifying the
use of periodic boundary conditions in that di-
rection. A convective boundary condition, which
is believed to allow turbulent structures to leave
the domain smoothly, was used for the outflow
boundary condition.

The governing equations (1)-(3) were inte-
grated in time using a semi-implicit scheme. A
low-storage three-substep, third order Runge-
Kutta scheme was used for treating convective
terms explicitly. On the other hand, a second or-
der Crank-Nicolson scheme was used for treating
viscous terms semi-implicitly (Na, 1994). All the
spatial derivatives were approximated with sec-
ond order central differencing scheme, except
for the convective term in the equation (3). The

central differencing scheme applied to the con-
vective term in the passive-scalar equation, com-
bined with the inflow-outflow boundary condi-
tion, is known to lead to numerical instability.
Thus, a widely used QUICK scheme (Leonard,
1979) was employed as a remedy for the present
work.

2.3 A priori test using DNS

An a priori test on the DMM was carried out
to determine the accuracy with which the mo-
del predicts the SGS scalar flux and dissipation.
Tests were performed using DNS data generated
with 129° meshes for the turbulent channel with
the same flow configurations as described in sec-
tion 2.2 for Pr=1, 3 and 129X 193X 129 meshes
for Pr=10.

Grid spacings were uniform in both stream-
wise and spanwise directions. Based on friction
velocity, the grid spacing in the streamwise direc-
tion was approximately 15.1 in wall units. In the
wall-normal direction, the resolution varies with
the Prandtl number. For Pr=1 and 3, the mini-
mum grid spacing was 0.022 at the wall, whereas
the maximum grid spacing was 3.7 in the middle
of the channel in wall unit. For Pr=10, the mini-
mum and maximum spacing were 0.010 at the
wall and 2.5 in the middle of the channel in wall
unit, respectively. The uniform grid spacing in the
spanwise direction was 7.6 in terms of wall units.
The adequacy of the grid resolution of the present
DNS for the velocity field (129° meshes) obtained
with finite difference scheme was assessed by
comparing the 1* and 2" order statistics of the
velocity with those obtained with the pseudo-
spectral method by Na et al.(1999) (Figure 1).
Since the results of Na et al.(1999) were obtain-
ed also with the 129° meshes for Re.=150, any
difference seen in the results can be attributed
to the difference in ability of resolving the high
wave-number motion (or equivalently, small-
scale motion) between the spectral and the finite
difference methods. But the positive agreements
for all the quantities shown in Figure 1 indicate
that the choice of the present resolution is good
enough at the Reynolds number considered in the
present work.
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All the filtering operations were performed in
physical space using a box filter with Simpson’s
rule. The exact values of SGS scalar flux g;, and
SGS scalar dissipation, €q=qjg—£ were direct-
ly calculated by filtering the DNS data, whereas
the results of an a priori test were obtained by
solving the equations (6) and (13) using the
filtered DNS field. The width of the grid filter
is given as Ax=2A,, A,=2A,, and the length
scale of the test filter is twice that of the grid
filter, resulting in a ratio of the test-scale to the
grid-scale of 2 in the streamwise and spanwise
directions, respectively. No explicit filtering was
applied in the wall-normal directions.

The only adjustable parameter in the DMM is
the ratio of test to grid filter width, a=A/A.
There is some ambiguity in defining the effec-
tive filter width on anisotropic grids, and when
explicit filtering is not performed in all direc-
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Fig. 1 Comparison of velocity statistics

tions as in the present work. Two commonly used
definitions of the effective filter width are :

ZBZZnyZz, Kf} :KnyZz (20)

and
R =i+ N+ D% N=NANAAE (21)
Since explicit filtering was not performed in the
direction normal to the wall, A,=A, and. the
equation (20) reduces to @=2%3 If one were to
determine the effective filter width by only consi-
dering the filtered directions, one would get ¢=2
2?3 The value of @=2 is known to be
the optimal choice in the simulation of a turbu-
lent channel flow using a sharp cutoff filter (Ger-

mano et al., 1991), but optimal value is likely to
depend on the types of grid and test filters used. A

instead of

larger value of would result in a larger magnitude
of M;; and Hj and thus, lower values of eddy
viscosity and diffusivity. The sensitivity of the
numerical results to the choice of ¢ was examined
for two different values of ¢ (2 and 2*%) and the
results will be addressed later.

All the results from the a priori test were
obtained by averaging the flow field in time for
about 150 y/%2. This period of time was shown
to be sufficiently long enough to obtain smooth
SGS statistics.

24 LES with DMM

In order to investigate the performance of
DMM applied in passive scalar, it was also tested
a posteriori by conducting an LES with DMM.
As in the a priori test performed on DNS data,
a box filter was used for both grid and test filters
in streamwise and spanwise directions, but no
explicit filtering was done in the normal direc-
tion. The length scale of the grid filter is equal
to the grid size, and the length scale of the test
filter is twice that, resulting in a ratio of the test-
scale to the grid-scale of 2 in both streamwise
and spanwise directions. A grid of 65X65X65
was used for all the Prandtl numbers consider-
ed (Pr=1, 3 and 10) and all the statistics were
averaged over a period of 150 v/ 2.

The effect of the grid resolution for LES with
DMM was assessed by examining the mean and
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rms temperatures (or passive scalar) obtained
using three different resolutions for the highest
Prandtl number case {(Pr=10) considered in the
present work in Figure 2. It is well known that
LES with DMM tends to result in a higher pre-
diction of mean and rms velocities in wall units
than those obtained from filtered DNS. Figure 2
shows that a similar behavior was also noted for
temperature {or passive scalar) and the result
improves consistently as the resolution gets better,
but the degree of improvement decreases as the
resolution increases. This result can provide some
insight into the issue of truncation errors in the
present finite difference method. Caution must
be taken when numerical simulations are con-
ducted with low-order finite difference approxi-
mation, because numerical errors (both aliasing
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(b) rms scalar fluctuations

Fig. 2 Mean and rms scalar (temperature) profiles
obtained from the LES with DMM for Pr=10
using three different resolutions

and truncation errors) can deteriorate the sub-
grid-scale terms. Even though it is difficult to
quantify errors in the general nonlinear turbulent
flows, at least a consistent reduction of errors as
resolution increases was established in Figure 2.
This result would suggest that truncation errors
do not significantly pollute the SGS terms, and
that truncation errors can be controlled by choo-
sing higher resolutions. From Figure 2, it is be-
lieved that the results obtained with grids are
sufficiently good enough for the purpose of
evaluating the performance of DMM for passive
scalar at the Prandtl number considered.

3. Results

3.1 A priori test
Figures 3~5 compare the subgrid-scale scalar
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Fig. 4 Plane-averaged sub-grid scale scalar flux
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flux {g»> and scalar dissipation {gg) for three
different Prandtl numbers. It is seen that the
magnitude of the eddy diffusivity part is signi-

ficantly reduced by employing the mixed model-

for all the Prandtl numbers. So the too heavy
burden placed on the model coefficient Cr by the
DSM is effectively reduced, and this in turn will
alleviate the need for ad hoc treatment to avoid
numerical instability, such as spatial averaging
of the model coefficients. Figures 3-5 suggest that
the model’s performance depends on the defini-
tion of the filter width ratio and @=2 is gener-
ally better than @=2%® in reproducing the exact
values of (g2 and {&q) obtained from the filter-
ed DNS.

Contours of Cr in the mid-plane of the com-
putational domain are plotted in Figure 6 for
Pr=1 and 10. The contour values are from —0.6
to 1.5, with an increment of 0.14. In both cases,

v
(b) SGS scalar dissipation
Fig. 5 Plane-averaged sub-grid scale scalar flux
{gz) and scalar dissipation {gq) for Pr=10

yih

ylh

Fig. 6 Contours of model coefficient in the mid-
plane of the domain. Contour levels are from
—0.6 to 1.5 with an increment of 0.14

the regions of large value of Cr (corresponding
to the regions with concentrated contours) are
distributed in the channel for both Prandtl num-
bers considered. Negative Cr indicating SGS
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backscatter also appears in many regions, but
their magnitudes are much lower compared with
the positive Cr in general. The correlation be-
tween Cs (not shown here) and Cr is not high
except in the near-wall region, as can be deduced
from the data of Pr.ses which will be discussed
further in Figure 9.

The limiting behavior of a; obtained with o=
2 for Pr=10 is shown in Figure 7. The expected
behavior of @ which varies with ™ in the
vicinity of the wall is evident. The @; has rms
than
throughout the channel. The ratio of the rms to

levels always larger the mean values
the mean value of @, varies from about 4~ 5 in the
vicinity of the wall to 1.7 in the middle of the
channel, indicating that @, has more spikes in the
region close to the wall. As mentioned earlier, by
calculating the resolved term (F}") explicitly in
DMM, the eddy diffusivity part is significantly
reduced and, as a result, the mean value of a:
turned out to be about 30% and 70% of the values
obtained with the DSM near y*=5 and 60 re-
spectively.

In Figure 8, contours of instantaneous vertical
residual scalar flux vector gz are shown for Pr=
10. Exact values of g, were directly calculated
from the filtered DNS. The eddy diffusivity part
(— 0T /dx;) and the resolved part (F§*) from
the equation (13) were obtained from an a priori
test. Note that similarity exists for the exact and
the resolved parts of the scalar flux. This simi-

larity means that the resolved part of the equa-
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Fig. 7 Profiles of mean and rms SGS eddy diffusi-
vity for Pr=10

tion (13) provides a major part of the scalar
flux vector and it alone can represent the local
dynamics for the subgrid-scale scalar field rather
successfully. Having a limited role of the modeled
eddy diffusivity part supports Zang et al.’s (1993)
claim that DMM requires less modeling through
the explicit calculation of the modified Leonard
term and the requirement to model only the resi-
dual stress even in the case of passive scalar.
The subgrid-scale turbulent Prandtl number,
Pr; scs from the a priori test for Pr=1 and 10 is
shown in Figure 9. The results from the actual
LES with DMM and DSM are also included for
comparison. The values of Prses are lower by a
factor of about 2 than the full-field turbulent
Prandtl number in the middle of the channel,
suggesting that the ratio of the eddy viscosity to
eddy diffusivity changes with the spatial scales of
the flow. This would suggest that the Pr;sgs can
depend on the molecular Prandtl number since
the velocity and scalar fields have a different
range of length scales depending on the molecular
Prandtl number. In the present work, the same
filter widths are used for both velocity and scalar
fields by assuming that velocity and scalar fields
will have a similar range of length scales, but
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Contours of vertical residual heat flux vector
in the middle of the domain for Pr=10.
Contour levels are from -1.0 to 0.8 with an
increment of 0.072
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Fig. 9 Turbulent Prandtl number at the subgrid-
scale level

apparently a judicious choice of filter width for
the scalar field will be required for the high
Prandt]l number flows. It was found that Pr;scs
was rather insensitive to the definition of filter
width even though <{ziz) and <{g») was influenced
by @ (Na, 2004), as clearly indicated in Figures
(3)~(5).

{gqqz) are affected by @, but they change in a simi-

This is probably because {z,) and

lar way so that the ratio of the eddy viscosity
to eddy diffusivity remains unchanged. Figure 9
tells that DMM shows a better representation of
subgrid-scale scalar field than DSM throughout
the channel.

3.2 Results from LES

In order to determine the accuracy of the DMM
for scalar transport, it was also tested a posteriori
in the LES of a fully developed channel flow for
Pr=10. Equations (13) ~ (19) were implemented
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------ LES with DMM, o=2"°
LES with DSM, a=2

1 10 100

+

(a) mean scalar
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(b) rms scalar fluctuations
Fig. 10 Comparison of mean and rms scalar (tem-
perature) profiles obtained from DNS and

LES for Pr=10

in an LES code and the computations were per-
formed with the same flow conditions as in the
a priori tests. For comparison purposes, an LES
with DSM using the same grid resolution was also
carried out.

Figure 10 shows that all the mean scalar prof-
iles obtained from the actual LES are higher
in the log layer than in the DNS result. An
inadequate resolution of the wall layer results in
a low value of friction velocity that is reflected
in a high value of the LES results in the loga-
rithmic layer. Scalar intensities Tyms from LES
(which do not include the unknown SGS com-
ponents) are also compared with the filtered
DNS in Figure 10. Again, all the LES results
are consistently larger than the DNS, regardless
of the values of @, due to the underestimated
friction velocity. In general, DMM performs bet-
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ter than DSM in the prediction of both Tmean
and Tyns. The position of local peak values of
Trs in the near-wall region occurs near y'=
4.8 for the filtered DNS and at about y*=5.5 for
DMM with ¢=2. A similar value of y*=5.5 was
predicted for both DMM with and DSM with
a=2. Considering the resolution of the present
LES in the vertical direction, it can be said that
the local maximum location for T is predicted
reasonably with the LES.

Scalar fluxes <77 v”> (where T"=T —<{T »
and v"=v—<v)) are plotted for Pr=1 and 10
in Figure 11. They are large-scale quantities re-
solved by the grid. For the normal component of
scalar flux, improvement by DMM is not evident.
It can be said from the figure that the correla-
tions between the passive scalar and the wall-
normal velocity were significantly underestimat-
ed by all the LES models which were tested

here considering the fact that they consistently
overpredicted the DNS data as shown in many
other figures. The reason may be related to the
fact that the wall normal velocity has a different
range of length scale from those of streamwise
velocity and passive scalar at the given Reynolds
and Prandtl numbers as indicated in Na and
Hanratty (2000), but obviously more work will
be required to explain the behavior seen in Fig-
ure 11. If compared with SGS heat flux shown
in Figures 3~35, it is noticed that contribution
from the scale-similarity part {F/"> of residual
scalar flux vector is an order of magnitude that
is smaller than the large-scale turbulent heat
flux {T”v”), except in the vicinity of the wall.

4. Summary

The dynamic mixed model of Zang et al.
(1993) has been extended to the prediction of
passive scalar transport with Prandtl number up
to 10 in a turbulent channel flow. To assess the
feasibility of the DMM applied to a passive scalar
for high Prandtl number, a priori tests were car-
ried out to determine the accuracy with which
the model predicts both SGS scalar flux and
dissipation.

An a priori test using DNS data indicates that
the eddy diffusivity model performs successfully
in the prediction of both SGS scalar flux and
dissipation with @=2. The explicitly calculated
resolved terms constitute a major contribution
to gs, leaving the magnitude of the dynamically
computed model coefficient Cr significantly re-
duced compared with that from DSM for all the
Prandtl numbers considered.

Generalized DMM for scalar transport was
also tested a posteriori in the LES of a fully
developed channel flow for Pr=10. LES with
DMM generally yields a better result than with
DSM. A close investigation of the results sug-
gests that the performance of the model showed
little sensitivity to the size of the effective filter
width ratio, as opposed to the result from the a
priori test. Overall, the value of =2 produced a
better result for the flow under investigation. If
this optimal value for ¢ varies considerably from
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one flow to another, the applicability of the
model will be reduced. Thus, more work will be
required for a variety of complex, high Reynolds
and Prandtl number flows in order to investigate
the model’s range of utility in its current form.
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