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A stable walking pattern generation method for a biped robot is presented in this paper.

In general, the ZMP (zero moment point) equations, which are expressed as differential

equations, are solved to obtain a stable walking pattern. However, the number of differential

equations is less than that of unknown coordinates in the ZMP equations. It is impossible to
integrate the ZMP equations directly since one or more constraint equations are involved in the
ZMP equations. To overcome this difficulty, DAE (differential and algebraic equation) solution

method is employed. The proposed method has enough flexibility for various kinematic struc-

tures. Walking simulation for a virtual biped robot is performed to demonstrate the effectiveness
and validity of the proposed method. The method can be applied to the biped robot for stable

walking pattern generation.
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1. Introduction

In the future, humans will coexist with robots
in the same society. The biped robot has almost
the same mechanisms as a human and is suitable
for moving in an environment. Recently many
studies have been devoted to not only the devel-
opment of the biped robot but also the generation
of human-like walking motion.

Many studies have been focused on walking
pattern synthesis. Zerrugh and Radcliffe (1979)
investigated the walking pattern for a biped ro-
bot by recording human kinematic data. McGeer
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(1990) described a natural walking pattern gen-
erated by passive interaction of gravity and iner-
tia on a downhill slope. To extend the minimum-
energy walking method to level ground and up-
hill slopes, Channon et al.{(1992), Rostami and
Bessonnet (1998), and Roussel et al.(1998) pro-
posed methods for gait generation by minimizing
the cost function of energy consumption. Silva
and Machado (1999), investigated the required
actuator power and energy by adjusting walking
parameters. Since a biped robot tends to tip over
easily, it is necessary to take stability into account
when determining a walking pattern. Many res-
earchers have been working on the schemes to
stabilize the walking of biped robots. Kajita
and Tani (1991) proposed the inverted pendulum
mode to generate trajectory. A more complicated
but more accurate method was proposed, based
upon the ZMP equation, which describes rela-
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tionship between the joint motions and force
applied at the ground (Park and Rhee, 1998).
Zheng and Shen (1990) proposed a method of
gait synthesis for static stability. Chevallereau et
al.(1998) discussed dynamic stability when spec-
ifying a low energy reference trajectory. To ensure
the dynamic stability of a biped robot, Takanishi
et al.(1985), Shih et al.(1990), Hirai et al. (1998),
and Dasgupta and Nakamura (1999) proposed
methods of walking pattern synthesis based on
ZMP (Vukobratovic and Juricic, 1969). Huang et
al.(1999) proposed a method to plan a walking
pattern consisting of a foot trajectory and a hip
trajectory. They formulated the constraints of a
foot trajectory and generate foot and hip trajec-
tories with a high stability margin. Basically, they
tried to design a desired ZMP trajectory first, then
derive the hip motion or torso motion required to
achieve that ZMP trajectory. The conventional
methods require the iterative calculations to ob-
tain the stable walking pattern and therefore, they
cannot be applied for robots with various kine-
matic structure.

This paper presents a new method for the stable
walking pattern generation. ZMP equation and
constraints are solved simultaneously to avoid
iterative calculations such as FFT method. The
proposed method has enough flexibility for vari-
ous kinematic structures. To verify the effective-
ness and validity of the proposed method, stable
walking pattern for a biped robot is generated
and walking simulation is performed for the given
walking pattern.

2. ZMP Equation

The ZMP is defined as the point on the ground
about which the sum of all the moment of active
forces is equal to zero. If the ZMP is inside the
contact polygon between the foot and the ground,
the biped robot is stable. This contact polygon is
called the stable region. Figure | shows the refer-
ence frames and ZMP. In the figure, XYZ is
global reference frame and x;y:z; is body fixed
reference frame on the i~th body. r; is a position
vector to the origin of x;¥;2; and rzp is a position
vector to the pzup.

& Pae
Fig. 1 The reference frame and the ZMP

Suppose that the ground applies a pure force
to the biped robot at a location pzue, called the
ZMP. Then the dynamics of the biped robot
becomes (Park and Rhee, 1998).

gmi(f'r—f‘mp)(i"ﬂrg) =0 (1)

In the above equation, # is the number of bodies
and the tilde over a vector denotes a skew sym-
metric matrix of the vector. Considering the dyna-
mics in the Z-direction only under the assump-
tion of no external moments, Eq. (1) can be ex-

pressed as
n n
Z.mi('yﬁgy) xi—Zmi(k'i-*—gx) ¥
Xoup =22 7 =1
;7%:‘ (yi+gy)
(2)
or
aTY=Z;a,TYi= ¥x
where
Y:=[%: i wz]” (3)
a;= [miyi m; (XZMP—.X:') 0] T (4)

n n
7’x=§migz(me—xi) +§migxyi (5)

Figure 2 shows a 2 dimensional biped robot to
be considered here. The bodies are connected by
several kinematic joint as shown in the figure.
Since kinematic joint imposes a certain conditions
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Fig. 2 Biped robot with 6 DOF

on the relative motion between the two adjacent
bodies, it becomes clear that all the Cartesian
coordinates are not independent.

3. DAE Integration Method

Constraints which kinematic joints impose can
be expressed as (Nikravesh, 1988)

*(Z) =0 (6)

where
Z=[Z7 77 - 731" (7
Z:=[x: y: 61" (8)

A prescribed motion for one or more generalized
coordinates can be defined to move the biped
robot as in desired pattern. This motion is called
as driving constraint. For example, the driving
constraint for x coordinate of the 4-th body can
be expressed as

M =xy—f (1) (9)

where f(t) is prescribed motion which is the
function of time.

For constrained mechanical systems, constr-
aints of dimension m, their time derivatives, and
second derivatives are expressed as follows

@K
<I>=[®M} =0 (10)
$=9,Y—0,=0 (11)
where
y=—(9.Y),Y—2%;,Y -9, (13)

Generalized coordinates partitioning method
(Haug and Yen, 1992; abbreviated hereafter
GCP method) is employed to solve ZMP equa-
tion in Eq. (2). GCP method is widely used to
solve equations of motion of constrained multi-
body systems.

The generalized coordinates Z of dimension #
are partitioned into independent coordinates Z; of
dimension #—m and dependent coordinates Zg
of dimension . So the generalized coordinates
can be written as

Z=[Z7 27]7 (14)

Now, if Z; are given, Z; can be obtained by the
iterative procedure that employs the following
matrix equation.

®,,8,),,  [@
%2 2ot |az—-| ¥] (15)

Using the above equation, the improved solution
for the next iteration can be obtained as

Z=7+AZ (16)

Using Eqgs. (15) and (16}, the iteration continues
until the solution variance remains within spec-
ified allowable error tolerance. The procedure so
far mentioned is usually called the position an-
alysis. With the position analysis solution found,
the velocity analysis solution can be obtained by
solving the following velocity constraint equa-

@zd @Z~ _Qt
Y= 17
[ 0 1 ] [ Y: (17)
The solution of Eq. (17) can be obtained with-

out the iterative procedure which is used in the
position analysis. With the position and velocity

tions.

analysis solutions, Eqs. (2) - (12) are combined in
the following matrix form
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Input : Prescribed motion

Desired ZMP
z,Y
Position analysis
Solve equation (15)
Y . .
Velocity analysis
Integrator ] . .
A Solve equation (17)
Acceleration analysis
Solve equation (18)
< Y,V
Writing
Joint Angle

Fig. 3 Flowchart for stable walking pattern genera-

sk

Figure 3 shows the flowchart for stable walking

tion
(18)

pattern generation.

4. Initial Condition
for Initial Standing State

In the initial standing state, it is necessary to set
velocity and acceleration values as zeroes. Zero
initial velocity can be imposed through the initial
values for the numerical integration. However,
zero acceleration cannot satisfy the ZMP equation
for a given ZMP. In this section, numerical meth-
od to impose zero acceleration is presented.

Acceleration is set to zero in Eq. (2). Then, the
equation can be re-written as

n n
foup= _XZMPi_z;migy"f_ Zlmigyxi
.- = (19)
- g?’nigxyizo

To obtain initial condition with zero velocity
and acceleration, Egs. (10)-(19) should be solv-
ed simultaneously. Combining these equations
gives the following equation.

367

(20)

ikl

where R is a residual vector. To solve the above
equation, Newton-Raphson method can be used

R:AZ=—-R
(21)
7=7+AZ
where
_ (famp) 2
o] Vaz] 22)
(fZMP)z,.z |:Wh‘gy —Mifx 0] (23)

S. Numerical Example

Numerical simulation was performed for the
biped robot shown in Fig. 2. DE integrator
(Shampine, 1975) was used for Numerical inte-
gration. The biped robot used in the simulation
is 1.05 m tall and weight 36 kg. Mass, mass mo-
ment of inertia, and length of each body are
presented in Table 1. x; for the trunk is selected as
the independent coordinate. Figure 4 shows the

Table 1 Length and inertia properties of the biped

robot
Length (m) | Mass (kg) |Inertia (kg-m?)
body 1 0.2 10 107*
body 2 0.4 5 107
body 3 0.4 5 10
body 4 |  0.05 3 107
body 5 0.4 5 1074
body 6 0.4 5 107
body 7| 005 3 10~
20
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Fig. 4 Desired ZMP trajectory
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Fig. 6 = x; of the hip

trajectory of prescribed desired ZMP. Figure 5
shows the prescribed motions of the hip and feet
in direction of X and Y. Height of the hip was
fixed at ¥,=0.843 m, pitch angles of the hip and
feet were fixed at 6= 6,=&=0.0rad, and step
length was fixed at 0.36 m. Figure 6 shows the
analysis result which is the x; of the hip to satisfy
the ZMP equation in a given desired ZMP. To
verify the effectiveness of the proposed method,
the model of biped robot was constructed on com-
mercial program ADAMS. In the model, contact
between the ground and feet were considered.
Trajectories of joints, which are obtained from
the proposed method, were imposed to the rela-
tive joint motions on ADAMS. Figure 7 shows
that the robot walks stably without tipping over.
From the analysis results, it is known that the

proposed method can be applied to the stable
walking pattern generation effectively.

6. Conclusion

In this paper, a new method for the stable
walking pattern generation is proposed. DAE
solution method is employed to solve ZMP equa-
tion. That is, ZMP equation and constraints are
solved simultaneously. The proposed method
does not require the iterative calculations such as
FFT method. This method has enough flexibility
to be applied for robots with various kinematic
structure and a lot of DOF and for various types
of motion. Stable walking pattern for the two
dimensional biped robot is generated and walking
simulation for a virtual biped robot is performed
to demonstrate the effectiveness and validity of
the proposed method.

References

Channon, P. H., Hopkins, S. H. and Phan, D.
T., 1992, “Derivation of Optimal Walking Mo-
tions for a Biped Walking Robot,” Robotica, Vol.
10, No. 2, pp. 165~172.

Chevallereau, C., Formal’sky, A. and Perrin,
B., 1998, “Low Energy Cost Reference Trajec-
tories for a Biped Robot,” Proceedings of the
IEEE international Conference on Robotics and
Automation, pp. 1398~ 1404.

Dasgupta, A. and Nakamura, Y., 1999, “Mak-
ing Feasible Walking Motion of Humanoid Ro-
bots from Human Motion Capture Data,” Pro-
ceedings of the IEEE international Conference on
Robotics and Automation, pp. 1044~ 1049.

Haug, E.J. and Yen, J., 1992, “Implicit Nu-



Walking Pattern Generation employing DAE Integration Method 369

merical Integration of Constrained Equations of
Motion via Generalized Coordinate Partition-
ing,” J. Mechanical Design, Vol. 114, pp. 296~
304.

Hirai, K., Hirose, M., Haikawa, Y. and
Takenaka, T., 1998, “The Development of Honda
Humanoid Robot,” Proceedings of the IEEE
international Conference on Robotics and Autom-
ation, pp. 1321~1326.

Huang, Q., Kajita, S. and Koyachi, N., 1999,
“A High Stability, Smooth Walking Pattern for a
Biped Robot,” Proceedings of the IEEE interna-
tional Conference on Robotics and Automation,
pp. 65~71.

Kajita, S. and Tani, K., 1991, “Study of Dyna-
mic Biped Locomotion on Rugged Terrain : Deri-
vation and Application of the Linear Inverted
Pendulum Mode,” Proceedings of the IEEE in-
ternational Conference on Robotics and Autom-
ation, pp. 1405~ 1411.

McGeer, T., 1990, “Passive Walking With
Knees,” Proceedings of the IEEE international
Conference on Robotics and Automation, pp.
1640~ 1645.

Park, J.H. and Rhee, Y.K., 1998, “ZMP
Trajectory Generation for Reduced Trunk Mo-
tions of Biped Robots,” Proceedings of IEEE/
RSJ International Conference on Intelligent Ro-
bots and Systems, pp. 90~95.

Nikravesh, P. E., 1988, Computer-Aided An-
alysis of Mechanical Systems, Prentice-Hall,
London, pp. 35~76.

Rostami, M. and Bessonnet, G., 1998, “Impact-
less Sagittal Gait of a Biped Robot During the
Single Support Phase,” Proceedings of the IEEE
international Conference on Robotics and Autom-
ation, pp. 1385~1391.

Roussel, L., Canudas-de-Wit, C. and Gos-
wami, A., 1998, “Generation of Energy Optimal
Complete Gait Cycles for Biped Robots,” Procee-
dings of the IEEFE international Conference on
Robotics and Automation, pp. 2036~2041.

Shampine, L.F. and Gordon, M. K., 1975,
Computer Solution of Ordinary Differential
Equations : the Initial Value Problem, W.H.
Freeman, San Francisco.

Shih, C. L., Li, Y. Z., Churng, S., Lee, T.T.

and Cruver, W. A., 1990, “Trajectory Synthesis
and Physical Admissibility for a Biped Robot
During the Single-support Phase,” Proceedings
of the IEEE international Conference on Robotics
and Automation, pp. 1646~ 1652.

Silva, F. M. and Machado, J. A. T., 1999, “En-
ergy Analysis During Biped Walking,” Procee-
dings of the IEEE international Conference on
Robotics and Automation, pp. 59~ 64.

Takanishi, A., Ishida, M., Yamazaki, Y. and
Kato, I, 1985, “The Realization of Dynamic
Walking - Robot WL-10RD,” Proceedings of
international Conference on Advanced Robotics,
pp. 459 ~466.

Vukobratovic, M. and Juricic, D., 1969,
“Contribution to the Synthesis of Biped Gait,”
IEEE Trans. Bio-Med. Eng., Vol. BME-16, No.
I, pp. 1~6.

Zerrugh, M. Y. and Radcliffe, C.W., 1979,

"“Computer Generation of Human Gait Kine-

matics,” J. Biomech., Vol. 12, pp. 99~ 111.

Zheng, Y. F. and Shen, J., 1990, “Gait Synthe-
sis for the SD-2 Biped Robot to Climb Sloping
Surface,” IEEE Trans. Robot. Automat., Vol. 6,
pp- 86—~96.

Appendix :
Constraints for a Revolute Joint

Figure Al shows the revolute joint which con-
nect adjacent bodies 7 and J. In the figure, a point
D is common to the bodies. Constraint equations
for revolute joint(2D) can be written as

@Kzrj'i_AjS_;'_ri—AiS:‘

(A1)

Fig. A1l Revolute joint between body j and 1
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where

(A2)

i

:l:COS(ei) —‘Sin(&')]
sin(8) cos(6)
Time derivative of Eq. (Al) gives the following
velocity constraints.

P =05 Y. +05Y; (A3)
where

&% =[—1 —D.s'] (A4)

®%,=[1 D;s;] (A5)
_ | —sin(8) —cos(8)
i-[ cos (6) —Sin(@)] (A6)

Similarly, acceleration constraints are obtained
by taking time differentiation of Eq. (A3).

<.I.>K=¢>§iYi+¢§,Yj—7K (A7>
where

r*=A8i0?—Asi0? (AR)



