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A method of dynamic analysis of mechanical systems considering probabilistic properties is
proposed in this paper. Probabilistic properties that result from manufacturing tolerances can be
represented by means and standard deviations (or variances). The probabilistic characteristics
of dynamic responses of constrained multi-body systems are obtained by two ways : the pro-
posed analytical approach and the Monte Carlo simulation. The former necessitates sensitivity
information to calculate the standard deviations. In this paper, a direct differentiation method
is employed to find the sensitivities of constrained multi-body systems. To verify the accuracy
of the proposed method, numerical examples are solved and the results obtained by using the

proposed method are compared to those obtained by Monte Carlo simulation.
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1. Introduction

Designers want to minimize mechanical re-
sponse errors that result from manufacturing tol-
erances. Particularly in spatial systems, flexibility
of manipulators could affect the system perform-
ance including the accuracy of the dynamic re-
sponse. In the past, many researchers studied the
flexibility effect due to the joint clearance. It is
well known that the clearance often degrades the
performance of a mechanical system and causes
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wear, noise, and vibration.

Hartenberg and Denavit (1964) first addressed
the issue of mechanical errors in linkages. They
estimated the mechanical errors based on the
maximum allowable tolerances of the link lengths
in four-bar linkages. Their approach employed a
deterministic method and offered a “worst case”
analysis of tolerance. Garrett and Hall (1969) de-
veloped a statistical approach to determine mec-
hanical errors due to tolerances and clearances
and represented the errors as mobility bands.
They carried out Monte Carlo simulations for a
four-bar linkage. Dubowsky and Freudenstein
(1971) developed an impact pair and Dubowsky
(1974) presented a prediction model for the
dynamic effects of clearances in planar mec-
hanisms through the use of impact pair. Recently,
Dubowsky et al.(1987) proposed a dynamic mo-
deling of spatial mechanism with multiple clea-
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rances and flexible links. Lee (1989) proposed
an effective link model and later Choi et al.
(1998) solved the same problem with the clea-
rance vector model. They considered various un-
certainties associated with tolerances and loca-
tions. Gilmore and Cipra (1991) discussed a si-
mulation method for planar mechanical systems
with changing topologies. Farahanchi and Shaw
(1994) considered the model of planar, rigid-
link mechanism with clearance at the slider joint.
They observed that system response appears to
be chaotic, although periodic motion occurs
more commonly as dissipation effects are increas-
ed. Ravn (1998) suggested a continuous analysis
approach for a planar mechanism with a contact
force model to describe joint clearance in rota-
tional joints. Equations of motion for a multi-
body system of rigid bodies and Hertz contact
law are employed. More recently, Stoenescu and
Marghitu (2003) investigated the dynamic be-
havior of a planar, rigid-link mechanism with a
sliding joint clearance. They considered the clear-
ance of link length. When the topology change
occurs, the equations of motion are reformulated
to reflect the changes of the system topology.
Most of the studies mentioned so far are li-
mited to the application of planar mechanism and
mostly focus on the joint clearance modeling
issues. Little work has been done to consider un-
certainties associated with manufacturing toler-
ances. (for example, material and geometric devia-
tions) This paper presents a method of dynamic
analysis of multi-body system considering vari-
ous probabilistic properties based on a general
multi-body formulation. Especially when manu-
facturing tolerances have specific probability di-
stributions, the purpose of this paper is to propose
a numerical method to predict the dynamic re-
sponse of mechanical systems with manufacturing
tolerances. These tolerances can be represented
by variances or standard deviations in the pro-
babilistic manner. The standard deviation is usu-
ally taken as one third of the bilateral tolerance.
The mean and variances can be calculated on
a certain confidence interval. The probabilistic
characteristics of dynamic responses of mechani-
cal systems with tolerances are obtained by two

ways : the approximate approach and the Monte
Carlo simulation (Rubinstein, 1981). Since the
approximate method estimates the means and
variances of dynamic responses of a multi-body
system with tolerances by using Taylor series
expansion, it necessitates sensitivity information.
In this paper, a direct differentiation method
proposed by Serban and Freeman (1996) is used
to find the sensitivities of multi-body systems.
The first order variance is considered in toler-
ance analysis. To verify the accuracy of the pro-
posed method, numerical examples are solved and
the results obtained by using the proposed meth-
od are compared to those obtained by Monte
Carlo simulation.

2. Approximate Method

The statistical method has been used to deter-
mine mechanical errors in terms of standard de-
viations (or means and variations). The gover-
ning equations for mechanical systems are usu-
ally implicit in the form of dynamics. In general,
the equations of motion for a constrained multi-
body system are a set of index-3 differential-
algebraic equations (Brenan et al., 1989). There-
fore, the dynamic response can be obtained from
integrating the differential-algebraic equations.
For the purpose of illustration, consider a typical
response variable Y that can be represented by a
relation g of a set of random variables X; as

Y=g(X1, Xo, ", Xn) (0

If the mean and variance of each X, are known
but the distribution is unknown, the approximate
mean and variance of Y can be estimated by using
Taylor series expansion.

Expanding the function g(Xi, Xz, -+, X») in a
Taylor series about the mean values gex,, ¢x,, -,
Mx,, one obtains

_ S g
Y=g(px, px,, =, #x,) + 2 (Xi—pexs) X,
=1 i

I3 (Kimpr) () 25
1848 iTHX; i T HX; 8X,8X,

(2)

Truncating the series at the linear terms, the first
order approximate mean of Y, denoted as E(Y),
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can be obtained as

E( Y) =g(ﬂxl’ Bx, 7, ﬂX,;) (3)

The above equation indicates that the first order
mean of Y is approximated by the value of the
function evaluated at the mean values of the
Xi’S.

The first order variance of Y, denoted as
Var(Y), can be obtained as

Var(Y)= 2( 3X1) Var (X))

1&4& 08 dg
TR %, Covle X

= 08t Var (X) +5 2288, Con( X, X) (i)

) (%)) (4)

where Cov(X;, X;) denotes covariance of two
random variables. §; is constant and it repre-
sents the value of the partial derivative 0g/dX;
evaluated at the mean values of the X,’s, in gener-
al, which is defined as the sensitivity in multi-
body dynamics. In engineering practice, since the
random variables are assumed to be independent

of each other, the variance of Y reduces to

Var(Y)éS? Var (X5) (5)

=

Including the higher order terms in the Taylor
series expansion, the second order mean of Y can
be obtained as

E(Y) :g(p)(p Bx,, s ﬂXn) 2((;92;‘)V07(X1)
' (6)
28'(11)(1, Hxy s ﬂX,.) +7§H5V07<X,‘)

Again, the partial derivatives H;'s are evaluated
at the mean values of all X,’s. However, to esti-
mate the second order variance, the information
on the third ‘and foufth moments of the X,’s
must be available. Unfortunately, in most cases
this information is rarely available. In general,
the first order variance is considered adequate
for most practical engineering applications.

3. Sensitivity Analysis of CMBS

The Euler-Lagrange equations of motion for a
constrained multi-body system can be expressed

in the form
Mg+ PiA=Q 7
along with the algebraic constraint equations
?(q) =0 (8)

where q is a generalized coordinate vector, M is
a mass matrix, € is a generalized force vector,
and A is a Lagrange multiplier vector.

Let b be a random variable, which is assumed
a scalar for derivational simplicity. Taking the
derivative of Egs. (7) and (8) with respect to the
design variable b results in the following system
of equations

Mo+ @7 A=—Mog— (M) 4qs— (D3A)
- (¢<1TA) a@s+ Qs+ Qoo T Qoo

and
O.9:=— D, (10)

where subscripts mean partial derivatives.

The fact (the system sensitivity equations ex-
pressed by Egs. (9) and (10) is not a set of DAE’
s) leads to inconsistent solutions when applying
DAE solution techniques. Considering Eq. (7)
through Eq. (10) together, Serban and Freeman
(1996) proposed a sensitivity equation as the
form of DAE’s which can be solved using stan-
dard technique. Sensitivity equations for a con-
strained multi-body system can be obtained as

M+ p=0Q (11)
I71=0 (12)
where

ﬁ=[<M";P) 0] (13)
~{2)

B o, 0
”"[{(@qqaﬁ@b)q} d)J (s
{3
Q:[Qb+ québ+ Qqu} (17)

The composite constraints II are defined as
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H={ o }zo (18)

¢qu + ¢b
A new matrix P is defined as
(M@) .qo= Py (19)

where the components, p;;, of the matrix P are
given as

n
pz’j:kgl_a(%i—<4k>b (20)
In order to solve the differential-algebraic sensi-
tivity equations given by Egs. (11) and (12), a
set of r and r must be defined. It can be shown
(Haug, 1987) that this procedure yields unique
initial conditions for r and 7.

Therefore, after obtaining sensitivity values, if
the distributions of random variables are defined,
then the means and variances of response vari-
ables can be obtained from Egs. (3) and (5).

4. Numerical Examples

The simple pendulum example is shown in
Fig. 1. The rigid bar, mass m=3 kg and length
L=1m, is connected by a pin joint. At initial
state, the angle 6 is 0.5236 radian and it oscil-
lates under the influence of gravity. In this sys-
tem, since only the length of pendulum affects the
dynamic response, so it is taken as a random
variable. Figure 2 shows the mean values of the
dynamic response of the angle &, when the length
of the pendulum has the normal distribution with
99.73% confidence interval and its tolerance is
10.0%. Two analytic methods and a Monte Carlo
method are used. Since the second order approxi-
mate method necessitates the partial derivative of

%

Fig. 1 Simple pendulum

sensitivity with respect to random variable, the
finite difference method is used in this paper. As
shown in the plot, the mean value obtained by
using the second order approximate method is
almost identical with the result of the Monte
Carlo method. Especially, the amplitude of mean
value is decaying as time progresses. The reason is
that, in this system, the variation of the length
directly causes the variation of the natural fre-
quency of the system.

In the Fig. 2, the mean value obtained by using
the first order approximate method still oscillates
with the same amplitude. The reason is that there
are no sensitivity values concerning the tolerances
in calculating the first order mean value.

Figure 3 shows the variation of mean value
with respect to the variation of the magnitude of
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Fig. 3 Mean values w.r.t. tolerances
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tolerance. The second order approximate method
is used. Naturally, it shows that the response has
the more error as the tolerance increases and time
progresses.

Figure 4 shows the variance of the angle &,
when the length of pendulum has 10.0% toler-
ance. The first order approximate method is used.
Since the sensitivity value with respect to the
length, 6., is directly proportional to time, the
variance from the approximate method diverges
as time progresses. Since the actual tolerance is,
in general, less than 1 percent of nominal value,
the first order variance is considered adequate for
most engineering applications. However, to ob-
tain the reliable responses from the approximate
method, the simulation should be done under one
or two period when the dynamic responses of the
mechanical system represent the periodic motions.

As a second example for the tolerance analysis
of multibody systems, consider the slider-crank
mechanism shown in Fig. 5. Body 1 of the system
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Fig. 4 Variances of angle of pendulum

Fig. 5 Slider-crank mechanism

is the crank and its mass ;=10 kg and its length
is L1=1.414 m. Body 2 is the connecting rod and
its mass is m2=2 kg and its length is L,=2m.
Body 3 is the slider and its mass is ms=1 kg.
The crank and the ground ; the crank and the
connecting rod ; and the connecting rod and the
slider are all connected by revolute joints. The
slider and the ground are connected by a trans-
lational joint. At initial state, the orientation of
the crank is 0.7854 radian. In this example, the
constraint force acting on the slider from the
ground (with respect to the tolerance of the mass
of crank) is considered.

Figure 6 shows the mean value of reaction force
when the mass of the crank has the normal distri-
bution with 99.73% confidence interval and its
tolerance is 10.0%. Figure 7 shows the standard
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deviation of reaction force. As shown in the res-
ults, the results of the proposed method are al-
most identical with the results of Monte Carlo
method.

5. Conclusions

In this paper, a computational algorithm is pro-
posed to predict the various dynamic responses
of mechanical systems with probabilistic pro-
perties, which result from various manufacturing
tolerances. These tolerances can be represented by
standard deviations or means and variances in
the probabilistic manner. The means, variances,
and standard deviations of dynamic responses of
mechanical system with tolerances are obtained
by two ways: the analytical method and Monte
Carlo method. Monte Carlo method is very ex-
pensive although it gives accurate results for
means and variances. In this paper, the approxi-
mate method using Taylor series expansion is
used as the analytical method. Since the approxi-
mate method necessitates the sensitivity informa-
tion, the direct differentiation method is used to
calculate sensitivities of a constrained multi-body
system. To verify the accuracy of the proposed
method, two numerical examples are solved and
the results obtained by using the proposed meth-
od are compared to those obtained by Monte
Carlo method. It is proved that the proposed
method provides accurate means, variances, and
standard deviations.
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