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(Fast GPU Implementation for the Solution of Tridiagonal
Matrix Systems)

o3’ ol & 7"
(Yonghee Kim) (Sungkee Lee)

R 2 AFH scgoly #4439 Aoz W =Z2AHA JFY(Graphics Processor Units
GPUs)2 A% vz tdEd 4& 598 BASA Hol ¥4 Al Bo] F&FHT gloH, 53
Axr 7k Ea] 7)1k A& o] d(physics based simulation)®] GPU F&o] sl 7€ gt
BT 7t AlEg o)A JiRel i w2 o) HAA HF 2 Hltridiagonal matrix) Al&H
< F3AE(finite-difference) At 2siH AF Uehle AgA2don B8 7§k AlEHolA &3
A AFiizeld A2de] wEg Folx 83 A7 Hololth

E =8dAE GPUNA AFulddad A2 203 m=/ 7IY & Jde PHS gt ¥EH
Z2AlX(vector processor) AAFAA A Agd AAdH Zo] HhHoz gy ALEEHE  cyclic
reduction %=+ odd-even reduction &iE]Z & GPUA FEIATH B =FA A9d e 430
ZE A2 o] Wiog & 4#A JE Thomas WHH GPUS oj&3 AFA2E Foldy &
A2 Holia SJE conjugate gradient W HimE o) AFE As TN IL 5 AW ®=2F, &€
A% (heat conduction) WA4), o]F FAiHadvection-diffusion) A4, €& E(shallow water) 7420
A% =g 7)§t A EHolAe GPU 7R B =FdA A3 whie ALSste] 1024x1024 AAFe] A4k
FYGlA 2% BEHY old B 45 S RAFAT

1A= a8y =244 HY, Cyclic Reduction ®HH(0dd-Even Reduction), 24&tizsid, X34l

28 Fo], E8] 7|9 AlE#H o)A

Abstract With the improvement of computer hardware, GPUs(Graphics Processor Units) have
tremendous memory bandwidth and computation power. This leads GPUs to use in general purpose
computation. Especially, GPU implementation of compute-intensive physics based simulations is
actively studied. In the solution of differential equations which are base of physics simulations,
tridiagonal matrix systems occur repeatedly by finite-difference approximation. From the point of view
of physics based simulations, fast solution of tridiagonal matrix system is important research field.

We propose a fast GPU implementation for the solution of tridiagonal matrix systems. In this paper,
we implement the cyclic reduction(also known as odd-even reduction) algorithm which is a popular
choice for vector processors. We obtained a considerable performance improvement for solving
tridiagonal matrix systems over Thomas method and conjugate gradient method. Thomas method is
well known as a method for solving tridiagonal matrix systems on CPU and conjugate gradient
method has shown good results on GPU. We experimented our proposed method by applying it to heat
conduction, advection-diffusion, and shallow water simulations. The results of these simulations have
shown a remarkable performance of over 35 frame-per-second on the 1024x1024 grid.

Key words : GPU(Graphic Process Units), Cyclic Reduction Method(Odd-Even Reduction),

Tridiagonal Matrix, Linear System Solver, Physics Based Simulation
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9] gAx W2l aAe}; o] 5&o] gle XA
g9 o)FE vehlie WEYeE 234 A 3y
g 2o
or ar* or:
E[Ex—ﬂ M
A7IN, Te £58 9usty cx @ 4 AF o
oo (Dol &3 SAFH W¥H(fully implicit scheme)
£ FEA7E g BeiE PEAE 48 & Utk
Tj:«]ﬂ ‘T.nj =C(TH‘ _2Tn+\ Tlnlﬂj T]n;\] _2Tn+\+]-;n1+11]

i+l 7
Ah2 AR

TIA B TPRAE TEA 32 5
Yehtn B 2 L3IUAWY PPHol

AT;nH + Tn+1+CTn+1 +DTn+l +ETn+l __ n‘ (2)

i+1,j i,j-1 i,j+1 ij

o714 4, B, C, D, Ex At, Ak, co) B3 3
Folgh, 22 A (el ADI %HE olgsled Azt 7]
29 53 AR H O 4 DF 2ol 2399 3
S xRyl WA 47 Ethaes 93
4E 28 4 2o ADI uws° 2 A F WA

COA 1 (e > @
Ty, . T - or 4 LT +T:nj+‘ -1 417,
ALT2 % A’

Alad g ol A A A 12 Z(00612)

A 2 (y-EEh
L R VA AR VR R L
At/2 AR AR

X (399 BA 194 o) 21 Q& Lo Hog

s ogaa I 8 78e Aoz Zzd | -3AR

gel geN @A 19 PRae A8asa L
WA A @), A G e AzUAAg B

A Hu oz 3y 72 78 # Aok
AT+ BT+ O =K, @
j=L.,N
B, I K,
4, B G Tz'f}‘” K,

AN«] BN—] CN—] T;;j]l/]z KN—I
4y By | | To)"] L Ky

A ()9} A 2008 9 1904 73 T g olg
Aoz zzte] i-Az Aol A
AaAAE aa L) o asid 45

meE 1Rae 9 9n 1) ¢ 72 & Ao,
2.2 O} &t 8iE A (advetion-diffustion equation)
: MDM-TEMEY %‘E&l
olf it 1RAe AZM-FTEH(hyperbolic and
parabolic)¥ & o7éé.°i 7] A Z(planetary
boundary layer)olx 29 . 8429 HF F=& 453
71 9% 7154 gyl B4 244 dg F49n 23
olfF A WAL taE Rt
2 2
E+u§£+va~c-=D 6C2 +8C
ot ox oy 9
2 @4 Ce 29 B2 sZ(pollutant concen-
Q'}\]' 74] L}E}LHII] (u,V)_E_ X—%_TL]-
g SCeyde aAndd AfAE 2
Z uj§t}. &r)o] SAlF e A4
A71E thge] HulE g4 4 ¢ drk
aCll +bC +dCys +eClil + O = CF + S, At
)

s L)' g 7ate
@ 29 wAAe

+S(x,y,0)
j oy 6)

tration)& D



HFRAYY 29 Folo WME GPU A 695

voan & T g
_ DAt
f=1+4a7 a= /Ah2

AT ABY o)A AHstEso] oA Ee

ol Z8z vk %3, A (19 LFtigyde] A
FAEL 2AR b (conditionally stable)dltl =,
Uy, Vij, At, Ah, D 29

95 gl wek Azdol
ABAAG Basle] HE B 5 GE A B
2 el olo) isiA 4 (B

ADI ¥ ARgs

o

I EFX(upwind) TR QA= ARSI The A (8)

2
)d.

7 Zo] N2"Eg Fx2A ¢H¥(unconditionally stable)

sl wEUA AFO49E Aadoew wE 4

2

{141,
cr o
iJ Lj _ n+1/2 n
A2 - 1/ th/ vlexC1/
n+1/2 7"
(Axxcr J +Ay»Cz j) Sz./' (8)
oo
L Ly n+l/2 n+l
At/2 ul /AXCZ J X]AXCI 7

( Cn71/2+A Cw) S,j

xx L WL

R P37
| AEH oMo &2
AIZE A (time step, Af)ol whafiA Aol Jhssled
A At Beg A9 543 mdey,

2.3 Laplace HEAR Poisson WA4| - ElYY &t
4y
B4% WAL Laplace %7343} Poisson ¥3g2e

2 YESE @R wgdos B Hoplq By
Al e Ao o g

azf 3 f

o gy 8EY) )

A Gauss-Seidel HHEH, A SOR(Line Successive
Over-Relaxation), ADIS} #Z& A wrEH(line-itera-
tive methods)& AH&ate] Fold “H AEAgE b9
Aol vehdt, @]i ADI W& A4 AMgste AS
© e 22 F WAE Y wriA wEsle A
he Aem 4 gdAE AEudadd wgelt
sTA 1
»f;:l»?—ljlz _2f1",nj+”2 + iﬁlJr.Ij/2 4 fi,nj+1 Azf;fi +];,n/v1

AR’ AR

=g(x,y)

« A 2

n+l/2 n+l/2 n+1/2 n+l n+l n+l
Jing =280 SN +fi,j+1~2f;,j + S
2
AR AR

=g(x,»)

3. Cyclic reduction

3.1 Cyclic reduction g1al&

Cyclic reduction W2 A5zt d g 2E £7]
&4 Hockneyol o3iA] Alt=dom(ll], W ==
A Al (vector processor) AdtA AFUiztald A2
Folg " AgsHe Wt dndEe F FH
A= e

reduction®) 11

odd-even reduction EE HZ cyclic
2 3= odd-even elimination =&
WE cyclic reduction®]tH12]. # =&olMe F ¢l
F FolA dEdaite] H2 A o
1¥EE GPUR +dsAdck A E cyclic reduction &
1E &L FxHsequential) YaLE]Eo] HBAAHL ZwhA
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b BAsE sbAch ¥ME cyclic reductiong O
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ZAMANM OllogN) At ks 3T o HAFde
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a"=aa,
(l) _71 i+1
b‘” =b+ac  t+ya,
0} l l =-a,/b., B =-c/b.
kP =k +ak_ +yk. ’
2 (DS 25 FHS HE2g ojfox Jlu, Af
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X
o) BA& A7 (filling) FFolg} s T s-1
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F ot A4 R dAm=E o A 15)
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reduction WY o= & FIE FPE TojojaPe R
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-1
(S) = ata,(sz(:)—l)

(s) _ 4, A(s=D)
G =ViC e

B =l +ac(s s +ya’)

1420651

ki(” k(s‘]) + ak(s (2,, + 7k(52“_,,
where (15)
@, =~a" ”/b‘sz(s s 7, =—cf“"/b" 1

i 4207
R EEE
Jor s<qtol,
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X, =(ki(s-1) _ai(s—l)x — 6Dy X ,))/b("]) (16)
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ing language)2 Z#HIWE A o|(fragment shader)
& AHgete TEsATh

Cyclic reduction 9] =¥ &8 AL 543}
71 #A30A] OpenGL® pbuffer(pixel buffer)?} ping
pong 71H-g ©]&3 ) pbuffers LTAmY T Y
WM (offscreen frame buffer) 24 o2}  H(multi-
7} 4 otk pbuffersd] W(surface)&
front, back, aux0, aux1%52] Z@# I (color buffer)E
gugict, oAl 23R phuffere o8 g8 HAE 7}
A 5 otk 4 9e 47ty Ady s gaAHE v
AH  ol&el AF(switching) vi$ w=c}
pbufferes @238 AHFY A (offscreen rendering
target) 9] AME-E FHEET WYY €A 270 DAY
olulAE AAsy] ¢ dy wWHEH Age] 7Hsdt
I, B3 8 HAMER AMEo] JHed viYe HEE
dHolch AHH ehAlo] thE DAl 44 dAHE A}
Lo] 7}5ste] o] 4L RTT(Render-To-Texture)
2} ¥t} ping pong 71'H-L pbufferd] o]H EAL o
48 Aoz A9y ZRE shiel dey wHd 23
g @AY o] FY HHE d" "d2AHz AM-ShY
HoletE glo]& 4 stk o] W oW wlojely BAht
OE XEE g 3 derh wE o) 94 €
AQE ey e WY ARE oA € F Sth
pbuffer$} ping pong 71H& AREFozZH ol A
B8 cyclic reductiond] W2 GPU F&#o] 713tk
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=%

el geld dz & N=15=2"-1 (=4 7
2ol th3fA] cyclic reduction ¥8e GPU F&E tho]

ager HAF otk 1€ 2& AlF PHEHE A
e 24 APoz o WY A5Ee H2H
(texture) POol AAsm 2 ©AolA Axe PHEE
= HHl(s) BZ shte] Fel wWue dA&Hog A
gt G714 PlE P2 pbufferd W(surface) B4
2y Wejeolny "ol Ay wWme doel ¥4

A9l A4 (floating—point) L4AE 7FR|= WE o]

2

o @y 1(s=lelde @2a pooly BV uelgs

glo] 9hq 2} (15)e] Jsh ANBhe] PL wisle] &tk ¥
W 2(s=2)lE P1 Wel 438 B goge 9

o] b4 P¥2 Ansied p2 wue] 2m €W 3

—
[}

=3)o 4 o Add ARE oA 9ol g4 B
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z weprqger BV, BY B0 Agme axs

MNPE
4z

g2 At tisAe Held A9 Aotk

29 38 9 PAe Asd AaF P0% F4 B
oA AxE PHErs AFE Hiad Plog HE 3
<2 73 A9 AAolth A7 X1, X2 Ad W
dA| pbufferd] W(surface)o]x, wlole} FAL 17h9]
A5 aas AT AR B Fax HAR AR
oodE ds=4)slNE B2 Pl B goes
9oy 9 A (16)d sl R AEe x9o dd
K 2ok @ 3(s=3)% e dxaX P13 X1 B
HAoNH dolekg el S %ok Ko F Axbsel X2
o] 2tk Y 1(s=1)7Ax= X1 HAL X2 WA
olx Wzol 7l Heolelg glolen, AME HAAE
X1, X2 WHel el 7} 2= ping pong FAE W
2o Aol Brpd shiel Hdz A zolE
1=

le) =(a,¢,h k)
P =(a,c,b,,k)

P =(a ,c,b.k)
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7 gy Ave B se sue e Age
o2R A% PHE) 3 x AW BN e AN
o) WREE GPU AMeE 92d HE wPos
e a9 4= As PuE AdMe RE uY
£ BoET, B =TT Aus AYE e &)
HA3A [0, A2A dnBl(texture width)] H$le] ZEE
AHEERE texRect FHhSl 924 HES A& [01]
W9 HEE A8 texaD Feel B2H sTolN
= Age U8t 2 dueld Adsde By ps
(PCe PC=N'12"-lojz B o o) Azts
AAPS e s-1eARARy FCo ¢ o B
dAsdos ARPez Aol ARHe A9 7
o desith oeRe dad Aue w(Wo)e
TW,=N'12" Loz axq gxe) Az 42(TS))

e

£ s-20ARAY PCoo gt Aase uen
4=
PC,=N'/2° -1
PS,=PC,+.+PC,, (s22)
PS, =0
TW,=N'/2"" -1
TS, =PC,+.+PC,, (s23),
75,=0 T5,=0
glTexCoord2f( IS, TS,y
glVertex2f( PS; | PS,);
glTexCoord2f(TS;, TS, +TW, );

glVertefo(PSs, PS,  PC, );

#12] OpenGL ZEE} o] €23 HFEEZ wPAR)
o 2X AY Z2ZAHM(vertex processor)L} T IHE
Z 2 M M(fragment processor)olx] Zaagjoz )
A FnT Qdda Aake] el Wk F oxZa
Ao 2 st AR gket) ol ¥aEo] 2
o wiEEA LT BV #g THRAI] dEY B
(interpolation) A4tel 4% @23 AR mjduto=
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ol ddx AL Nol mat HaAE 44 FE ol
22 GPU 789 £713 SAlA mle) Axtaied AMe
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i malw| N - D

12 1 12 12
13 4] 13 13
14 14 4

Iy 4 23 FAE o)

AGAAE 1244 #E PPN FEEH AFHT
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tEia EYHolr) wiFEelty 23 79 2% 8L 234
uE gl AFuiddd Aade did GPU 78

i

j=L.,N
fors 110 g1
fori<— 2" to N'—2°, step=2°
B9 = (@f2,0..K2) compue

fors<—qto 1, step=-1
fori e 2% to N'— 27, step=2°
%,; compute

a9 5 2% TR PP 4EUARE Asde) Fol

for s¢~1to gl
forie2° to N'—2°, step=2°
},)(;}. = (at(;),!sbx(;’),k:q‘;’),h'ki(zh) compute

fors¢-qto 1, step=-1
fori« 2 toN' - 2%, step=2°"1
X; 74 COmpute
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LY 99} o] 22kl el Ao dloJelg AgEe] At
& 5 dnh & =3cME 1349 AR Wgae rde
2™ 290 3d 394 Bl Ao] 1244 HAAE A
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oo TR AR e 23tdold 339 ®
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4. N8 AT U BY

dd F Aol mE WHYY Zo|s} e Are
g2 X (texture fetch) Al%so] HA Ade] & 3
FE vAHI5] A Nztel "ax wx = Fue
e AL AT olE ZAZ AN AFE G2
4 ok dEgA B =F9XE GPU 789 o] con-
jugate gradient(CG) 83} cyclic reduction(CR)
W Hax A syt B 1L AN 3HS
HAZT A (17)9] $4o] 29 107 & Cg F&=Z
FJ9Ey /B8 o, SixF A shie] A4 o]
B 848 7MX= A2Z8Hscalar) DAHE AL8SE 3
ol At B9 Nl dis]A x, p T4 &2z wx)7}
gAgtty Btk 223 packing 71H-E AMESlS]
A5 ot 47lle] 848 7R WE(vector) 2R
€ AHEEte FSEE AL 99 Nx1/4d disiA 270
9 #HA7t BAs NFGel X 1/2719) 7}
TAEE Zor Adste] vmsgch ® 14 Ry
#A5%o] cyclic reduction W'H9 &2 #HxFe con-
jugate gradient o] WHES47) 1819 ASET 3
== ¢ & Jo

a9 112 AFuZdE A2Re Zo] dHEY o)
g AL AlZEe BajFEth CPUYA Y A4S Thomas
W9, GPUAME A& conjugate gradient ®PHt

Al2g] B olg Al 322 A Al 12 3(2006.12)

void cg_program( float2 coord : TEXO,
out float NewX : COLOR,
uniform float alpha,
uniform samplerRECT X,
uniform samplerRECT P}
{
float x = fitexRECT(X, coord);
float-p = f1texRECT(P, coord);
NewX = x + alphax*p ;

!
3% 10 GPU F8olA A (17)9] Cg 2=

cyclic reduction W tis]A BlaslHct. o] Pen-
tium IV 3.0GHz, 1024dMB Zvi=3d, PCIE ®Z,
256MB 2#l® vl=EE &3 NVIDIA GeForce
68008] GPUSIA H¥HRS™ OpenGLT Cg Aol
dolz 7Yt GPUMNAM cyclic reduction e
conjugate gradient W] W& Z=r) 230 HER
o WES 2 5 Jok £F conjugate gradient HHEo
2 AU E A2 Eo)E 3w A4S No| F&
Y (2¥ 11(a), GPU 7€ A 4% F4L 78l
71 AARE £ 4 Utk

n+l

X =x,.','].+ap,.’j, hLje1,2,..,N an

ge 2304 49E vl PFYe) @ B )
g AEeolde] GPU F8E HAZT.

X 1 GPUT8A conjugate gradient$} cyclic reduction ¥#e] ©lAx X8 vl

Conjugate Gradient A4k B Cyclic Reduction A Ak A%
(CQ) Eug& %9 2 A (CR) ¢xad& 29 X A
r’ =k - My N 7 Jor se1:q-1 g-1
, 227=N-q|
for it «1:n p.; compute =1
=N
P = (Y ! N 1 for i,j«<1:N
Nx1/3 4 N 6
i x,; compute
ﬂ = P /iIAZ
P

p'=r'""+pp"" N 2
q" = Mp" N 6

it-1 N 1
a= -1\ 1 it-1

")y Nx1/3 4
xil - xit—l +apit N 2
rll = rir—l _aqit N 2
3 22} g2 7 + 155 4 278 2z 18
e gz 1.75 + 39xn HE "xH 45

* B2 A A AS A9 Z a4 Akl e Pad dx As
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Thomas (CPU)

n =10 CG (GPU)

n =86 CG (GPU)

n=4 CG(GPU) =

n=2 CG (GPU} E5Z

CR {GPU)
0 1 2 3 4 5 8 7
time{ms}
56X25 (e)
(a) N=256x256

O 13 AT A EHoAA At mE &= W}

Thomas (CPU)
n =10 CG (GPU)

Thomas (CPU)

n=6 CG (GPU) &

n=4 CG (GPU} n=6 CG (GPYU)

n=2 CG (GPY) n=4 CG(GPU)

CR {GPU) n=2 CG(GPU)

0 10 20 30 40 50 60 70 CR (GPU) " —— ) - .
fime{ms) 0 50 100 150 200 250 300 350 400
FPS
(b) N=1024x1024
P
a9 11 AEUEE AjAE Zo] wpye] A Azh (a) N=256x256

H

Thomas (CPU)

[AEd o)A 1] ne6 GG (GPU)

n =4 CG (GPU)

I8 127 A (DY AR e EAE AlEYo] =2 ce(ery)
A9 APEAo|. AA e =o|HNeumann) %A criery
21 ALSHI FAY 5T 5o AU L= FPS
o IS Tty I¥ 138 wAA A 229 (b) N= 1024x1024
W3S BoFErh a9 14& 29 1144 vlzg & 7} aY 14 A= AEHeIAY AF v
A o w TES GAT AEHolAHe AES FPS
(Frame Per Second)& HoiFEth A %S Agst [N EH o)A 2] !
A Mmsr) YaiA Fad st FEle Ak Aelst a# 15~188 & (B disiA T A RS AlE
Gt At AE el a9 119 AEvhdEE Al Hold starHiel R HA 48 #4& 29 1544

Zolo Ao} et

?_T,',,;() —p
On v
v = constant velocity (m/sec)
a9 15 £F B i AlEdel 84 0 2 B
¥ 12 €d% AEHeld 84 A 4

a7 16 ARkl We 29 e Fw W 0@ B 9% #9)
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@ = angular velocity (rad /sec)
A i Aedold 374 - o9 B3
717 #4

ag 17

fo ng

2
&
BAFE AXY y-& 38 SEE 00T k-3 B
o2 AT &2 FolA BANA FL A% AW

ol d&oz 09 Edo] fEth T WA 4y 873
dlXe 28 1743 dR AESE e x5

AZro] ZAahgtel wel Wstehe YL HojFr)

[(AE#elA 3]

AFE2AGS BopollA] HJHAY wE LAY
ADI S H83 A2, 4o] vlud olr B2
2%°] vt JFS s Ee E(shallow water) Al
By ojAo|tH17]. ¢ & "84 (shallow water equ-
ation)oll tigt ZABIE FIe Ao E BF LE(wave

velocity)7h V89 Q1 55 WA fAEY 24e o
23 2o

8*h 0%k 9%h
017 gd(

+
ox*  ay? ) (18)

|74 g= SHIIEE olm de 4l water depth)
o Tg $A3 ol v AYe) me wskse
#elth
d(x,y)=h(x,y)-b(x,y) be vigtel o
4 (18)°] ADI W& #8319 o33 2o
&*h *h
cwA 1 o2 807

Az D o] A 2 A A 12 T(200512)

o’h o’h
_zzg'd~7
GA 2 o oy
9 19 A% AR dof| A thE 2L 4F
fAgd e et

{ & Jo |
Jo € A
A €
[ ]
[ ]
€ Jfus
Sz s S
L Joa € J
e =1+ g(Ar)? [——d""’j ALTLLEE )
2w,

_ 2 di,j+di+1,j
fi=-g(an) [—Z(Ah)z ]

ojd AlE#EolAMME FBY AFst WEA &7
2o A&l 27 @ANA vl AtEA AE
#oldo] Mg ue} U} FFE AMEIAT &
2 E ABHo)AdAE AEHOIAL u Aztwitt £
Aol ¥gtaly] W@ w A)ztelch §E Aol A4te]
dasith 1Y 198 W5 325 e B iz W
oz oA Fol JEAE L & AEHIHY
A} ol

(Hs £4]

AlEH ol 13} AlEdlo)l A 29] 79 N=1024x1024
o) AxF JHA cyclic reduction WS o) o
7HN3E EFstY 35 FPSY A BAFYTh NS
gold 3ellMe | Alztuic} B Ao A 334
7WNEE A% AFo| FrlHo R Peasith E ¥
Eolgt & WY ®olE RE At HA #WE(nor-
mal vector) HjoJele] wWEjA VBO (vertex buffer
object)®} PBO(pixel buffer object)Z A}&-3le] s
sk Aol Basiri1s] whakA N=1024x1024¢] A4t
Qo) sl 17 FPSS A%& BoFch

(a) ®) ©

(d) (e) (69]
3Y 18 Azl WE oY e ¥x W3 oF B &L 77 #Y
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