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TOTALLY CHAIN-TRANSITIVE ATTRACTORS OF
GENERIC HOMEOMORPHISMS ARE PERSISTENT

FATEMEH HELEN GHANE AND ABBAS FAKHARI

ABSTRACT. we prove that, given any compact metric space X,
there exists a residual subset R of H(X), the space of all home-
omorphisms on X, such that if f € R has a totally chain-transitive
attractor A, then any g sufficiently close to f has a totally chain-
transitive attractor Ay which is convergent to A in the Hausdorff
topology.

1. Introduction

One important goal in the theory of dynamical systems is to describe
the dynamics of generic sets in the space of all dynamical systems. Some
of new results lead us to the study and characterization of totally chain-
transitive sets that remain totally chain-transitive for all nearby systems.
The notion of chain recurrence introduce by Conley[3], has remarkable
connections to the structure of attractors. In fact, we can choose a
weaker version of indecomposability for each attractor, that is chain-
transitivity. His results tell us if the set of attractors of a flows is ordered
by inclusion, then any minimal element will be chain recurrent. Hurley[4]
showed that for generic flows any chain transitive attractor and chain-
transitive quasi attractor persists by nearby flows. Recently Abdenur(1]
showed that generic attractor (with the additional condition transitivity)
are C'-persistent. Abdenur’s result also can be follows from Hurley[4]
and recent remarkable work of Bonatti and Crovsier[2], in extension of
C'-connecting lemma to e-pesudo orbits. Here, we extend this Hurley’s
result for totally chain-transitive attractors of homeomorphisms on X.

Before stating our results precisely, we introduce some definitions.
Let X be a compact metric space, endowed with a metric d and H(X)
be the space of all homeomorphisms on X with the usual C%-topology.
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Recall that a subset is residual, if it contains a countable intersection of
open and dense sets. We say that a property is generic if it holds on a
residual subset.

Now, let FX composed of all the nonempty closed subsets of X. Let
A and B be in FX, put

dy(A,B) =inf{a > 0: A C Uy(B) and B C Uy(A)},

where U, (.) denotes the a-ball measured in d. By [5], dy is a complete
metric on FX, called the Hausdorff metric.

Let (X;,d;) be metric spaces, i = 1,2, and let X3 be compact.
Suppose that, (FXs,ds) as above, is the set of closed subsets of Xo
equipped with Hausdorff metric. A map h : X; — FX is said to be
lower semi-continuous at z, if each a > 0, there is a § > 0 such that
h(z) C Ua(f(y)), whenever di(x,y) < B. The map h is called lower
semi-continuous on X, if it is lower semi-continuous at z for all z € Xj.

An attractor of f € H(X) is a nonempty, compact f-invariant set
A that has a neighborhood U satisfying (,cn f"(U) = A and f (U) c
U (for different definition of attractors see Milnore[6]). The basin of
attraction A is the set of all points in X that approach A under the
forward iterations of f and denoted by B(A). We say that an attractor
A of f is persistent if any g sufficiently close to f has an attractor A,
such that, A; — A in Hausdorff topology as g — f.

For given € > 0, an e-chain of f from z to y is a finite set {xg, 21, -,
z,} such that 29 = z, zn = y and d(f(zk-1),2k) < ¢ for all k =
1,---,n. If for each € > 0 there is an e-chain from z to itself, then z is
said to be chain-recurrent. The set of all chain recurrent pomts is closed
and we denote it by CR(f).

A nonempty compact f-invariant set A is f-chain transitive, if for
each z,y € A and any € > 0, there is an e-chain of f from z to y. A
is said to be totally chain transitive, if it is f”-chain transitive, for any
neN.

For z € M, let w(z) be the set {lim f™(z) : n; — oo}. We say
that £ € M is an w-recurrent point of f, if € w(z, f). The set of all
recurrent points of f is denoted by R(f). In general R(f) is not closed.

A closed nonempty f-invariant set A C X is minimal set, if A does not
contain any proper closed nonempty f-invariant set. Our main result
in this article is the following theorem, which says that generic totally
chain transitive attractors are persistent.

THEOREM A. There is a residual subset R of H(X) such that, if
f € R and A is a totally chain transitive attractor of f, then any g
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sufficiently close to f has a totally chain transitive attractor Ay such
that A, — A in Hausdorff topology as g — f in C°-topology.

2. Proof of results

First, we define two binary relations which are equivalent relations
and their equivalence classes present the e-chain transitive components
and totally e-chain transitive components.

DEFINITION 2.1. Let € > 0 be given, we say that z € CR(f",¢), (z €
CR(f™), when € = 0) if for every € > ¢, there is an €-chain of f" from
z to . We define ~ on CR(f",¢) as follows: for any z,y € CR(f",¢),
we say that z~y if and only if for any € > ¢, there is an ¢/-chain of f"
from z to y a.nd conversely, from y to z.

Clearly ~ defines an equivalence relation on CR(f",€). For z €
CR(f™,¢), we denote the equivalence class of z with respect to +, by
I'(z,n,¢, f). For any f, put

CR®(f,¢) = (| CR(f"€) and CR®(f) = [ | CR™(f,¢).

neN >0

DEFINITION 2.2. For z,y € CR*(f, €), we say that z~ y if and only
if z~y for each n € N.

Let z € CR*®(f,¢) and I'(z,¢, f) be the equivalence class of x with
respect to equivalence relation . Clearly

I(z,e, f) = ﬂf‘xnef)

nenN
First, we show that CR*°(f) is nonempty, compact and

R(f) € CR™(f) € CR(f).

LEMMA 2.3. For each f € H(X), R(f) C CR>*(f). In particular,
CR>(f) is nonempty.

Proof. By compactness of X and Zorn’s Lemma, f has a minimal
set. Clearly if A C M, is minimal set, then for any z € A, Ot(z) = A.
Therefore, A C R(f) and in particular, R(f) is nonempty. Let z € R(f),
then z € w(x, f). We claim that z € w(z, f*). First, for any given
n € N, we find m € {0,1,...,n — 1} such that f™(z) € w(z, f").
Let {nx}ren be a sequence of positive integers such that n, — oo and
f™(z) — z, as k — oo. For each k, we choose an integer 0 <1 <n—1
such that n divides ng + r. Since the limit set of {f™*"(z): k € N}
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is contained in {z,..., f*"}(z)}, so for some 0 <m <n—1, f*(z) is a
limit point of {f™*7*(x) : k € N'}. Therefore, f™(z) € w(z, f™).

Now if m = 0 the claim is done, otherwise, we prove that for any
k > 1, f'™(z) € w(z, f*). By induction, let f*(z) € w(z, f*), we
have f*+HU™(z) = f™(f*™(z)) € f™(w(z, f*)) = w(f™(x), f*). Since
f™(x) € w(z, f*), so f&tU™(z) € w(x, f*). In particular for k = n,
f™(z) € w(z, f*). So for any n € N, thereism € {0,1,...,n— 1} and
a sequence {k;} of positive integers such that fm*(z) — f™"(x) and
therefore f™(¥=™)(z) — 2. So the claim is done.

Now for any € > 0, choose k € N such that d(f**(z),z) < e. Clearly,
the set {z, f*(z),... f*~D"(z)} is an e-chain of f™ from z to itself and
thus z € CR(f™). Since n € N and € > 0 are arbitrary, this implies that
z € CR*™(f). ' O

PROPOSITION 2.4. Suppose that € > 0 is given and x € R®(f,¢).
Then, T'(z,¢, f) is compact.

Proof. First we show that for any n € N, I'(z, n, ¢, f) is closed. For
the proof let z,, € I'(z,n, ¢, f), be a sequence convergent to z'.

Let € > ¢, then there is an integer m € N such that d(zp,z’) < (¢ —
€)/2. By Definition 2.1, there is an (¢’ + €)/2-chain, z = yo, y1,...,¥s =
Zm of f* from z to z,, and so Yo, ¥y1,...,Ys—1,2 is an €-chain of f™
from z to z/. Similarly there is an ¢/-chain of f™ from z’ to z and
then, ' € I'(z,n,¢, f). Therefore, I'(z,n, ¢, f) is compact. Now since
D(z,¢, f) = Mpen (@, n,¢, f), this implies that I'(z,¢, f) is compact
too. O

We note that CR*®(f) C CR™(f,€).

PROPOSITION 2.5. There are many finitely equivalence classes I'(z, €,
f), which cover CR*(f).

Proof. By the argument like as the above proposition, it is easy to see
that CR™(f) is compact. Let ¢ € CR™(f) and it’s equivalence class
at CR®(f,€) be I'(z,¢, f). For each n € N, there is an €¢/2-chain of f"
from z to z. Now, if d(z,y) < €/2, then any €/2-chain from z to x is
an e-chain from z to y and conversely. So B/ (z) C I'(z,¢, f). Since
CR*(f) = Uzers(s) Bes2(x) and CR™(f) is compact then there exist
Z1,...,Tn € CR®(f) such that

CR*®(f) = Bej2(x1)U ... U Beja(mn) C T(z1,6, f)U... Ul (¢, f). O
PROPOSITION 2.6. For each ¢ > 0 the mapping f — CR>®(f,€) is

lower semi-continuous. In particular, the mapping f — CR*>(f) is lower
semi-continuous.



Totally chain-transitive attractors 635

Proof. Let g, — f in C%topology, Zm € CR*®(gm,¢€), Tm — = and
let € > € be given. We show that z € CR(f™,¢), for each n € N. Let
n € N be fixed. Since z,, € CR*®(gm,¢), so for any.m € N, there is an
(e4+1/m)-chain of g}, from x,, to &, say T,. Since any Ty, is compact,
so there is a subsequence of {Ty, }men which is convergent in Hausdorff
topology to a subset Tp.

Now choose 0 < & < (€ — €)/4, such that if d(z,y) < 4, then
d(f™(z), f"(v)) < (¢ —€)/8. Also, let m € N be large enough, such
that 1/m < (¢ —¢€)/2, d(g%, ") < (¢ —¢€)/8 and dg(Tm, To) < J, where
as before dy is the Hausdorff metric in the set of all compact subsets
of M.

Suppose that Tr, = {p[",...,p]'} is the (e + 1/m)-chain of g}, from
Ty t0 Ty, and choose 1,...,z; € Tp such that d(x;,p]*) < 0. Since
pl" = pj" = Tm and Ty, — T, SO We can choose 1 = z; = z. Now, we
have

d(f™ (1), zip1) < d(f"(@), [ 0F)) + d(f"(®F), gm (PF))

+ d(gm, (9F), Py) + d(pi, i)

€—€ €—¢ 1
5 T3 +(e+‘E)+6

! , €—¢e  €—c¢

+ (¢ — 5 )+ 4

<

It means that £ € CR>({, e)‘ and therefore the mapping f —
CR>™(f,¢) is lower semi-continuous. The second statement follows im-
mediately. O

In the sequel, we need the following topological lemma. For the proof
see [5].

TorPoLOGICAL LEMMA 1. If X and Y are metric space with Y com-

pact, and if f : X — FY is either upper or lower semi-continuous, then
the set of continuity points of f is residual subset of X.

By Topological Lemma I, we have the following result.

COROLLARY 2.7. There is a residual subset R*™ C H(X) such that
the mapping f — CR*(f) is continuous on it.

PROPOSITION 2.8. There is a residual set Ry such that, if f € R,
and A is an attractor of f, then each g € H(X) sufficiently close to f,
has an attractor Ay such that, A; — A in Hausdorff topology as g — f
in C°-topology.
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Proof. Let {Up}nen be a countable basis for X and C be the family
of all finite union of U,’s. Then C is countable and denote it by C =
{Vi}nen. For each Vi € C, we define the mapping Ay, : H(X) — 2%
by Ay, (f) = Nnen M (Vk). We show that, this mapping is lower semi-
continuous. For-this, let Ay, (f) € U, where U is an open subset of X.
Then ey /™ (Vi) € U and hence

vec |J oy
neEN
Since U° is compact, then there is an integer No € N such that

Np
vec |JUr )
n=1
Now, if g sufficiently close to f, then

No
vec J@ W),

n=1
and thus
Ay, (g) = ﬂ g" (V) C ﬂ g (Vk) CU.
neN n=1

This implies that the mapping f — Ay, (f) is lower semi-continuous
and so by topological lemma, I, there is residual subset Ry, such that
Ay, is continuous on Ry, . Put

Ri= (] Ry,
keN
Let f € R1 and A be an attractor of f. Then, there is an open set
U such that A = ,,cy f™(U) and f(U) C U. Let Vi € C be such that
ACV, CVp CU. Then A =),y /™(Vx), therefore A = Ay, (f). By
continuity of Ay, at f, Ay, (9) — Av,(f) in Hausdorff topology and so

A=) 9" (V&) = Av(g) — 4. O
neN

Now, for every ¢ > 0 and open set U, take N¢(f,U) the number of
distinct equivalence class I'(x, €, f) that intersect U, where z € CR*(f).
Note that by Proposition 2.5, N.(f,U) is finite.

LEMMA 2.9. For any ¢ > 0 and open set U C M, the mapping
[ N(f,U) is lower semi-continuous on R*°.
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Proof. Let f € R® and N.(f,U) =n. Let I(z1,¢, f),...,T(2n, € f),
z; € CR™®(f), be the equivalence classes which intersect U. Since
I'(z;,€, f)’s are closed and disjoint, there exists an 6 > 0, such that
for each i # j, Us(T'(zi, ¢, f)) N Us(D(zj, €, f)) = 0, where Us(T(wy, ¢, f))
and Us(T(z;, €, f)) are d-neighborhoods of T'(z;, ¢, f) and I'(z;,¢, f), re-
spectively. If g € R™ is sufficiently close to f, then CR*(g) is close
enough to CR*(f). Thus

CR™(g,¢) C Us(T(z1, 6 f)),- - -, Us(T(@nr €, F))-

These two facts imply that Ne(g,U) > n and therefore, the mapping
f — N(g,U) is lower semi-continuous on R*. O

Note that R is a Baire space. Now, we recall the second topological
lemma. For the proof see [5].

ToproLOGICAL LEMMA II. Let X be a Baire topological space and
I': X — N be a lower semi-continuous map, then there exists a residual
set N of X such that T'|y is locally constant on each point of N.

By Lemma 2.8 and Topological Lemma II, we obtain the following
result immediately.

COROLLARY 2.10. There is a residual subset Ry (€) of R*™ such that
the mapping f — N.(f,U) is locally constant on it. O

Note that Ry (e) is residual in H(X). Now we are ready to prove the
main result.

Proof of Theorem A. Let {Up}nen be a countable basis for X and
suppose that the family C = {Vi, }men is the all of the finite union of it’s
element. By Proposition 2.7, associate to each V,, there is a residual set
Ryv,, (€) of H(X), such that the mapping N.(—, V) is locally constant
on Ry, (€). Put Re =, nen Rvm(%). Then, Ro is residual set of
H(X). Finally, we put

R =RiNRy,

where R, is given by Proposition 2.7. Now, let f € R and A be a
totally chain-transitive attractor of f. Let g be sufficiently close to f,
since f € R1, g has an attractor Ay, which is close to A in Hausdorff
topology.

Now, let V € C be such that A CV C V C B(A), if k € N is large
enough then the equivalence class of CR>(f, %) which intersect A is
contained in V, thus Ny (f,V) = 1. If g is sufficiently close to f, by
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continuity of Ny(f, V) at f, we have Nyk(g,V) = 1 and so for each
s>k,
Nl/s(g, V) =1

This implies that A4 is totally chain-transitive. |
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