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SOME CRITERIA FOR STARLIKENESS
AND STRONGLY STARLIKENESS

NENG XU AND DINGGONG YANG

ABSTRACT. In this paper we derive certain sufficient conditions for
starlikeness and strongly starlikeness of analytic functions in the
unit disk. Our results generalize and refine the related results due
to Li and Owa[l, 2] and Ramesha et al.[5]. Some other new results
are also given.

1. Introduction

Let A be the class of functions of the form
f(z)=z+ Zanz"
n=2

which are analytic in the unit disk £ = {2 : |z| < 1}. A function f(z)
in A is said to be starlike of order o in E if it satisfies
!
o2 )
f(2)
for some a (0 < a < 1). We denote by S*(a) (0 < a < 1) the subclass

of A consisting of all starlike functions of order « in E. A function f(z)
in A is said to be strongly starlike of order a in FE if it satisfies

2f'(z)
f(z)
for some a (0 < a < 1). We denote by S*(a) (0 < a < 1) the subclass

of A consisting of all functions “which are strongly starlike of order « in
E. Also we denote by S*(0) = S*(1) = S*.

>a (z€E)

<92£ (z€ E)

arg
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Let f(2) and g(z) be analytic in E. Then the function f(z) is said
to be subordinate to g(z), written f(z) < g(2), if there exists an an-
alytic function w(z) with w(0) = 0 and |w(z)| < 1(z € E) such that
f(z) = g(w(z)) for z € E. If g(z) is univalent in E, then f(z) < g(z) is
equivalent to f(0) = g(0) and f(E) C g(E).

A function f(z) in A is said to be in the class S*(a,b) if it satisfies

zf'(z) l4az

f(z) ~1 + bz _
for some @ and b(—1 < b < a < 1). The class §*(a,b) (-1 < b <
a < 1) can be reduced to several well known classes of starlike functions
by selecting special values for a and b. Note that S*(1 — 2a, —1) =
S*(a)(0<a<).

Recently, Li and Owa proved the following two results which are the
main theorems of [1].

THEOREM A. If f(2) € A satisfies f(z) #0in 0 < |z| < 1 and

(LA @) e
R{ 6 +f(Z)}> g (2€E)

for some o (e > 0), then f(z) € 5*.
THEOREM B. If f(2) € A satisfies f(z) #0in0 < |z| <1 and

(] Otzzf/l(z) Zf/(Z) —Olz — &l V4
R{Q ) +f(z)}> (1-2a) (€ E)

for some a (0 < o < 1), then f(z) € S*(a).
In [2], Li and Owa have derived
THEOREM C. If f(2) € A satisfies f(2)f'(z) # 0in 0 < |2| < 1 and

2f"(z) _2f"(z)| _3
fz)  f2) | 2

<

(z€ E),

then f(z) € S*.

For Theorems A and B in [1], the condition f(z) # 0(0 < |z| < 1)
was not assumed, but it is necessary to complete the proof, because
p(z) = 2f'(2)/f(z) (z € E) must be analytic in the proof. Also the
condition f(2)f'(z) # 0(0 < |z] < 1) is necessary to complete the proof
of Theorem C in [2].

Ramesha et al.[5] have given
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THEOREM D. If f(2) € A satisfies f(z) #0in 0 < |z| < 1 and

21(2) | 2f(2)
I“{ 0 *‘fu>}>0(ZEE”

then f(z) € S*(1).

The object of this paper is to derive some sufficient conditions for
starlikeness and strongly starlikeness of functions in A. In particular,
we extend and refine Theorems A (with 0 < a < 1), B, C, and D.

To derive our results, we need the following lemmas due to Miller and
Mocanu.

LEMMA 1. [3] Let g(z) be analytic and univalent in E and let 6(w)
and o(w) be analytic in a domain D containing g(E), with ¢(w) # 0
when w € g(E). Set

Q(z) = 29 (2)0(9(2)), h(z) =0(9(2)) + Q(2)
and suppose that
(i) Q(z) is univalent and starlike in E, and

(i) Re 8 = Re { Z82) + 228} > 0 (= € B).
If p(z) is analytic in E, with p(0) = g(0), p(E) C D and
0(p(z)) + 20 (2)p(p(2)) < 0(9(2)) + 29'(2)0(9(2)) = h(2),
then p(z) < g(z) and g(z) is the best dominant of the subordination.
LEMMA 2. [4] Let p(2) be analytic in E with p(0) = 1 and p(z) # 1.
If 0 < |20| < 1 and Rep(zp) = miny,<|,, Rep(2), then

/ 11 — p(z20))?
z0p'(20) < _5—(1——Re;3(zT)) '

2. Conditions for starlikeness

THEOREM 1. If f(z) € A satisfies f(z) 20in 0 < |2| < 1 and

2f"(2) | 2f'(2)
(1) ) + A e < h(2),
where
SR 1 P G R e ¢ Gl B R ) VR

(1+ bz)? ’

|b] l-a
—-1<b < d >2| —— —
(3) —1<b<a<l and X2 <1+|b| T3 )
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then f(z) € S*(a,b).
Proof. Let us define the analytic function p(z) in E by

()
p(z)— f(Z) N
Then
2112 | 2f'(2) _ 2f'(2) (2"(2)
@ ™ e T T <f’(z) “)

= 2p/(2) + ((2))* + (A = 1)p(2).
From (1) and (4) we have

(5) 2p (2) + (p(2))* + (A — 1)p(2) < h(2).
Let a, b and ) satisfy (3) and choose
6 9z =% gw)=uwP+ (A -1u, ew)=1.

1462’

Then g(z) is analytic and univalent in E, g(0) = p(0) = 1, 6(w) and p(w)
are analytic with ¢(w) # 0 in the w—plane. The function

.y _ (a—b)z
™ Q2) = 26/ (plo() = { o
is univalent and starlike in E because
, —
RezQ(z):R1 bz>0 (€ E).

o) 1tz
Further, we have

bla) +0) = (F22) s - () + 0%

1+bz
(8) _ala—b+ A)22 + (2(a—b) + A(a+ b))z + A
B (1+b2)2 ‘
= h(2)
and
zh () 1+az 1-bz
_Re 0] 2Re1+b +)\—1+Re1+b
9) 2(1 - a) 13|
—1
> AN T
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for z € E. The inequality (9) shows that the function h(z) is close-to-
convex and univalent in E. Now it follows from (5)—(8) that

0(p(2)) + 20'(2)p(p(2)) < 8(g(2)) + 29'(2)p(9(2)) = h(2) -
Therefore, by virtue of Lemma 1, we conclude that p(z) < g(z), that is,
f(z) € 8*(a,b).

Making use of Theorem 1, we can obtain a number of useful conse-
quences.

COROLLARY 1. If f(z) € A satisfies f(z) #0in 0 < |2|] <1 and

2f"(2) |\ 2f'(2) | 2
(10) 5 +A @) <a’z°+a(A+2)z+ A,
where 0 < a <1 and A > —2(1 —a), then
G|
(11) ) ll<a (z€E)

and the bound a in (11) is sharp.

Proof. Letting b = 0 in Theorem 1 and using (10), we have the
inequality (11). If we take f(z) = ze®*, then

20'G) | G _
02) +A o +a(A+2)z+ A
e £(2)
) —1ll=al|z| —a

as |z| — 1. The proof of the corollary is complete.

COROLLARY 2. If f(z) € A satisfies f(z) #0in 0 < |z| < 1 and

25 (2O )| < anan
(12) ) +)\(f(z) 1>'< (A+2—-a) (z€E),
where 0 < a <1 and A > —2(1 — a), then
2f'(z) _
5 ll<a (z€E).

Proof. Since the function @222 4 a(\ + 2)z is univalent in E and
a2z + a(A +2)z| >a(A+2-a) >0 (|2|=1),

the subordination (10) holds true by using (12). Hence the corollary
follows immediately from Corollary 1. O
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COROLLARY 3. If f(z) € A satisfies f(z) #0in 0 < |2| < 1 and
Y /
21 D

19 f(z) f(2)
where
(14)  h(z) = (1-20)(2 20— X)2* +2(2 - 2a — aX)z + X

(1-2)? ’
0<a<1landX>1-2q, then f(z) € S*(a) and the order « is sharp.

Proof. Settinga =1-2a, 0 <a <1and b= -1 in Theorem 1, it
follows from (13) and (14) that f(z) € S*(a).
To show that the order « cannot be increased, we consider

f(z)=m-

It is easy to verify that the function f(z) satisfies

A1) 26

f(2) f(2)
and )
zf'(z)
Re — o as z— —1.
f(2) |
The proof of the corollary is complete. a

For the univalent function h(z) given by (14), we now find the image
h(E) of the unit disk E.
For A = 1 — 2, we can write
z

(1-2)2

So w = h(z) maps E onto the w-plane slit along the negative real axis
from w = —(1 — a + 202)/2, that is,

(15) h(E) = {w : |arg (w + 1—_3—;&)‘ < 7r} .

For A > 1—2a, let h(e®¥) = u + iv, where u and v are real. We have

(1 —a)(1—2a)+ar)cosf+2(1 —a) —ar
1—cosf

h(z)=1-2a+2(1 - a)(3 —2a)

U= —

and
(1-a)(A—1+2a)sinf

1—cos#

v =
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Elimination of 8 yields v? = —ag(u — bo), where
2(1 — a)(A — 1+ 2a)? 20% — a1 —2)) -1
ap = ) bO = .
3 - 20 2

Therefore, we conclude that
h(E) = {w=u+iv:v* > —ag(u —by)},
which properly contains the half plane Rew > bo.

Setting A = 1/(2a) (0 < a < 1), Corollary 3 reduces to
COROLLARY 4. If f(z) € A satisfies f(z) #0in0 < |z| < 1 and
2f"(z) | 2f'(2)
20 +
f(2) f(z)

< h(z2),

where

(20 —1)322 + 203 — 4a)z + 1
=2

and 0 < a < 1, then f(z) € S*(a) and the order o is sharp.

(16) h(z) =

REMARK 1. For the function h(z) given by (16), we have
h(E) |

= {w =u4iv:v?> _a= a§:3__2;a;. 4oy’ (u — o*(2a ~ 1))} )

which properly contains the half plane Rew > —a?(1 — 2a). Hence
Corollary 4 refines Theorem B by Li and Owa.

Taking o = 0 in Corollary 3, we have
COROLLARY 5. If f(2) € A satisfies f(z) #0in0 < |2| < 1 and

2 e ! '

21"(2) |\ 2()

f() f(z)

< h(z),

where A > 1 and
(2= 42+ )
h(Z) - (1 _ z)2 ’

the f(z) € S* and the order O is sharp.

REMARK 2. For A = 1/a(0 < a < 1), it is easy to find that Corol-
lary 5 is better than Theorem A (with 0 < a < 1) by Li and Owa.

Letting A = 1 — 2¢ in Corollary 3 and using (15), we obtain
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COROLLARY 6. If f(z) € A satisfies f(2) #0in0 < |z| < 1 and
22f"(2 2f'(z) 1—a+2a?

arg{ f(z() ) +(1-2a) jj:(i)) + 5 }
for some o (0 < a < 1), then f(z) € S*(«) and the order « is sharp.

For A = 0, Corollary 3 yields

COROLLARY 7. If f(2) € A satisfies f(2) #0in 0 < |2| < 1 and

22f"(2) 2(2+ (1 — 2a)z2)
f(2) (1-2)?

for some o (1/2 < o < 1), then f(z) € S*(a) and the order « is sharp.

<7m (2€E)

<2(1—a)

THEOREM 2. If f(z) € A satisfies f(2)f'(2) #0in0 < |2| < 1 and
Im{zzjf(ﬂz() ?) ZJ{,”(z } <VA2+3)) (z€E)
for some A (A > 0), then f(z) € S*.
Proof. Let us define the analytic function p(z) in £ by
L)
P =)
Then p(0) =1, p(2) # 0 and
2f"(z) _\2"(2) _ 2f"(2) (Zf’(Z) _ /\>
f(2) fiiz)  fl(2) \ f(2)
_ (2P (2) _
- 66 -3 (ZE 459 -1) e m)
Suppose that there exists a point zp (0 < |2p| < 1) such that

(19) Rep(z) >0 (|2} <lz0l), p(20) =18,
where (3 is real and 8 # 0. Then, applying Lemma 2, we get

(20) vl ) < =

Thus it follows from (18), (19) and (20) that

2 ¢l "
(@) fo=In { 2013122‘;“) - Az”f’f(j:;)) } BL+N) + %ZOP (#0).
In view of A > 0, from (20) and (21) we obtain

(22) Io > —%;?’W > VAZTEN (B<0)

(17)

(18)




Some criteria for starlikeness and strongly starlikeness 587

and

A4+ (2 2
(23) Iog——t(—;—;g—?’—)‘)ig—\h@—{—%) B>0).
But both (22) and (23) contradict the assumption (17). Therefore, we
must have Rep(z) > 0 for z € E, that is, f(z) € S*.

Taking A = 1 in Theorem 2, we have the following result which is an
improvement of Theorem C by Li and Owaf2].

COROLLARY 8. If f(2) € A satisfies f(2)f'(z) #0in 0 < |z| < 1 and
Im{sz”(z) O <5 Gen),

) f'(?)
then f(z) € S*.
Note that Corollary 8 is comparable to the result of {1, Theorem 3].

3. Conditions for strongly starlikeness

THEOREM 3. Let m be an integer, 0 < a <1, am—1| <1, mA >0
and Rep > 0. If f(2) in A satisfies f(z) #0in 0 < |z| <1, f'(2) #0
when m < 0, and '

)\, 21"(2) 22 _ (DN .,
29 A(f(z)) T T e (f(z)) < hiz),

where

(25) h(z):A(iJ_“z)ma+u<iJ_rz>a+ (1+z)1_2f(i_z)1+a,

then f(z) € S*(a) and the order « is sharp.
Proof. Let us define the function p(z) in E by
o) = 55
Then p(z) is analytic with p(z) # 0 when m < 0. In view of
')\ | 2f(2) 2f'(z) <Zf’(2) 2
() T e g - (5)
= A(p(2))™ + pp(2) + 2p'(2),
from (24) we have ‘
(26) 2p'(2) + A(p(2))™ + pp(2) < h(2).
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Set
@) o= (1) 0w =, () =1
nd
: D—{C (m>0),
=1 {0}  (m<0).

It is easy to verify that g(z), 8(w) and ¢(w) satisfy the conditions of
Lemma 1. The function
20z

(28) Q(2) = 2¢'(2)(9(2)) = 1 T-e =7

is univalent and starlike in E because

REZS(S) —1+(1-a) Re<_ﬁ)+(1+a) Reli >0 (z€E)
for 0 < a < 1. Also
0(g(2)) + Q(2)
1+2\™ /14 2\° 20z
(29) =)\<1—Z> +,uf<1_z) +(1+2)1—a(1_z)1+a
= h(z2).

Since 0 < alm — 1| <1, mA > 0 and Rep > 0, we have
jarg(9(2))" Y| < 5 (2 € E)

and so

W @) _ o Lo vt 2Q'(2)
0 ‘R{ Mol)™ 1+ 50 }>°

for z € E. Now p(0) = ¢g(0) = 1, p(F) C D, and it follows from
(26)-(29) that _

0(p(2)) + 20'(2)0(p(2)) < 0(g(2)) + 29’ (2)p(9(2)) = h(2).
Consequently, an application of Lemma 1 yields p(z) < g¢(z), which
implies that f(z) € §*(a).

For the function

f(z) =zexp/oz% ((g)a—l> dte A,

it is easy to verify that

2f'(2)\™ | 22(2) 2f'(2)  (2f()\? _
A(f(z)) T e (f(2)> = {z)

Re
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and
z2f'(2) 1+2

f(z2) 1-2
This completes the proof of the theorem.

(s %% .
—>"§— as z —1.

arg = a|arg

By using Theorem 3, we have several useful consequences.

Letting m = 2, Theorem 3 leads to .
COROLLARY 9. If f(z) € A satisfies f(z) #0in 0 < |z| < 1 and

NGO 2F(2)
4 ”(f(z)) TR Ty e,

where

14+ 2\* 1+2\° 202
h(z)= A — ‘ '
() (1—2) +'u(1——z) + (14 2)-o(1 — z)t+e’
0<a<1 A>0andReu >0, then f(z) € S*(a) and the order a is
sharp.

REMARK 3. For A =1, y = 0 and a = 1/2, Corollary 9 refines
Theorem D by Ramesha et al.[5].

Putting m = 1 and u = 0, Theorem 3 yields
COROLLARY 10. If f(z) € A satisfies f(z) #0in 0 < |z| <1 and

O OO
DT TR (f(z)> < hiz),

where
142 2z

h(z) =X (1 — z)“ T AF e = e

0 <a<1and X >0, then f(z) € 5*(a) and the order o is sharp.

For m = —1, Theorem 3 reduces to

COROLLARY 11. If f(z) € A satisfies f(2)f'(2) #0in 0 < |2| < 1

and
F2) | 2A() D) (D))
NFE T e WD (f(2)> <),
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1-2\¢ 142\ 202

0<a<1/2, A<0andRep >0, then f(z) € S*() and the order a is
sharp.
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