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THE RESIDUAL FINITENESS OF
CERTAIN HNN EXTENSIONS

WonNG PENG CHOON AND WONG KOK BIN

ABSTRACT. In this note we give characterizations for certain HNN
extensions with central associated subgroups to be residually finite.
We then apply our results to HNN extensions of polycyclic-by-finite
groups.

1. Introduction

A group G is called residually finite if for each z € G, = # 1, there
exists a normal subgroup N of finite index in G such that z ¢ N. Many
groups, including the free groups and polycyclic groups, are known to
be residually finite. Finite extensions of residually finite groups are
again residually finite. However the HNN extensions of residually finite
groups need not be residually finite. Indeed one of the simplest type of
HNN extensions, the Baumslag-Solitar group, (h,t | t~1h%t = h3) is not
residually finite (see [6]).

Baumslag and Tretkoff[5] began formally the study of the residual
finiteness of HNN extensions. Then Allenby and Tang[l] proved the
residual finiteness of some one-relator groups with torsion by consid-
ering them as HNN extensions. In [9], Shirvani considered necessary
conditions for HNN extensions to be residually finite. Around the mid
1980s, Andreadakis, Raptis and Varsos began their study of the residual
finiteness of HNN extensions of finitely generated abelian groups. In
a series of papers ([2], [3], [4], and [8]), they gave characterizations for
these HNN extensions to be residually finite. Then Raptis and Varsos|[8§]
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extended these results to HNN extensions of finitely generated nilpotent
groups.

In this note we investigate the residual finiteness of HNN exten-
sions with central associated subgroups. We shall show that if G =
(t,A| t71Ht = K,¢) is an HNN extension where H and K are sub-
groups in the center of A, H # A # K and A is central subgroup
separable, then G is residually finite if and only if its subgroup (HNN
extension) G; = (t, HK| t"'Ht = K, ¢) is residually finite. Thus we are
able to extend the results of Andreadakis, Raptis and Varsos by giving
characterizations for HNN extensions of polycyclic-by-finite groups with
central associated subgroups to be residually finite.

More importantly, our result shows that the study of the residual
finiteness of HNN extensions with central associated subgroups can be
reduced to that of the residual finiteness of HNN extensions of abelian
groups. Thus the characterizations given in the papers [2], [3], [4], and
[8] of Andreadakis, Raptis and Varsos can be applied to these HNN
extensions.

2. Preliminaries

The notation used here is standard. In addition, the following will be
used for any group G:
N < G means N is a normal subgroup of finite index in G.
G = (t,A] t7'Ht = K, ¢) denotes an HNN extension, where A is the
base group, H, K are the associated subgroups and ¢ : H — K is the
associated isomorphism.

DEFINITION 2.1. A group G is called H-separable for the subgroup
H if for each x € G\ H, there exists N <y G such that z ¢ HN.

G is termed subgroup separable if G is H-separable for every finitely
generated subgroup H.

G is termed central subgroup separable if G is H-separable for every
finitely generated subgroup H in the center of G.

The followings lemmas and theorem will be used to prove our main
result.

LEMMA 2.2. [2] Let G = (t, A| t *Ht = K, ¢) be an HNN extension.
If A is finitely generated abelian and either H = A or K = A, then G is
residually finite.
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Proof. Theorem 1 of [2]. O

Since abelian groups satisfy the identity w(z,y) = =z~ 'y lzy, the
following theorem can be derived from Theorem 3’ of [9] and Theorem
4.2 of [5].

THEOREM 2.3. Let G = (t,A| t"*Ht = K, ) be an HNN extension
where H and K are subgroups in the center of A and H # A # K. Let
A={N<s Al o(NNH)=NNK}. Then G is residually finite if and
only if Vyea N =1, Nyea NH = H and (\yepa NK = K.

The following lemma is similar to Corollary 2.1 of [8].

LEMMA 2.4. Let G = (t,A| t7*Ht = K, ) be an HNN extension
where H and K are subgroups in the center of A and H # A # K.
Suppose G is residually finite. If H C K or K C H then H = K.

3. The main results

LEMMA 3.1. Let G = {t,A| t"'Ht = H,y) be an HNN extension
where H is a finitely generated subgroup in the center of A and H # A.
If A is H™-separable for every positive integer n, then G is residually
finite.

Proof. Let A = {N <5 A| (NN H)=NnH}. By Theorem 2.3, it
is sufficient to show that (Jyca N =1 and (Jyep NH = H.

First we show that (\yea NH = H. Let a € A~ H. Since A is
H-separable, there exists M, <y A such that a ¢ M,H. Then M, H <5 A
and M, H € A. This implies that (),c4_g MoH = H and hence that
Nyea NH=H.

Next we show that [|yca IV = 1. But first we construct a subgroup
N,, € A for each n > 2. Let hg =1, h1,..., hn be coset representatives
of H" in H where n > 2. Since A is H"-separable, there exists M, <y A
such that h; ¢ M, H™ for all h;,; 1 <i < m. Let N, = M,H". Then
N, <5 A. We claim that N, € A, that is, N, N H = H". Clearly we
only need to show that N, " H C H™. Suppose a € (N, " H) — H™.
Since a ¢ H™, we have a = hih where h; # 1 is a coset representative
of H™ in H and h € H™. On the other hand, since a € N, = M, H",
we have a = mh, where m € M, and h € H™. But this implies that
h; € M,H™, a contradiction. Hence N,, " H C H™. Therefore N, € A
for each n > 2. -
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Let a € A, a # 1. If a ¢ H, then as above, there exists M, <y
A such that a ¢ M,H. If a € H, then a ¢ H" for some n, since
N,>; H™ = 1. This implies that a ¢ N, since N, N H = H™. Therefore
ﬂa;A—H MoH(,>2 Nn = 1 and hence that Nyea N = 1. The theorem
now follows by Theorem 2.3. O

THEOREM 3.2. Let G = (t, A| t " 1Ht = K, ¢) be an HNN extension
where H and K are subgroups in the center of A and H # A # K.
Suppose H ¢ K,K ¢ H and A is M-separable for every subgroup M <y
HK. Then G is residually finite if and only if G, = (t, HK| t"'Ht =
K, ) is residually finite.

Proof. Suppose G is residually finite. Since G; is a subgroup of G,
(1 is residually finite.

Suppose G is residually finite. Since H # HK # K, then by The-
orem 2.3, Nyrea, M = 1, Npgea, MH = H and (yep, MK = K,
where Ay = {M < HK| p(M NH) =M NK}.

Let A = {N<sA| o(NNH) = NNK}. By Theorem 2.3, it is sufficient
to show that yea N =1, Nyea NH = H and (\yep NK = K. But
first we construct a subgroup Ny € A for each M € Aq. Let M € Aq.
Let ho = 1,h1,...,hm be coset representatives of M in HK. Since
A is M-separable, there exists Py <y A such that h; ¢ Py M for all
hi, 1 < i < m. Let Nyy = PyM. Then Ny a5 A. Next we show
Ny NHK = M. Clearly we only need to show that Ny N HK C M.
Suppose a € (Npy N HK) — M. Since a ¢ M, then a = h;m; where
h; # 1 is a coset representative of M in HK and m; € M. On the other
hand, since a € Ny = Py M, we have a = pmg where p € Pp and
mo € M. But this implies that h; € Pyy M, a contradiction. Therefore
Ny NHK = M. Similarly we can show that Nyy NH = M N H and
Ny NK=MnNK. Hence Ny € A.

Now we show that (\yn NH = H. Leta € A—H. Supposea ¢ HK.
Since A is HK-separable, there exists M, <y A such that a ¢ M, HK.
Then M ,HK <5 A and MoHK € A. Next suppose a € HK. Since
a ¢ H and Npen, MH = H, there exists M € Ay such that a ¢ MH.
We claim that a ¢ Ny H, where Nyy = Py M is as defined above.
Suppose a € NpsH. Then a = nh for some n € Np and h € H. This
implies that n € HK N Nj) = M and thus a € M H, a contradiction.
So a ¢ Ny H. Therefore (\yep NH = H. Similarly we can show that
MNnea NK = K.

Finally, we show that (\yca N = 1. Let a € A, a # 1. Suppose
a ¢ HK. Since A is HK-separable, there exists M, <y A such that
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a ¢ M;HK. Then M,HK <y A and M,HK € A. Suppose a € HK.
Since Npren, M = 1, there exists M € A; such that a ¢ M. We claim -
that a ¢ Njs where Ny = Py M is as defined above. Suppose a € Nyy.
Since a ¢ M, we have a = h;m; where h; # 1 is a coset representative
of M in HK and m; € M. On the other hand, since a € Ny; = Py M,
we have a = pmg where p € Py and ms € M. But this implies that
h; € Py M, a contradiction. So a ¢ Njs. Therefore [ Nea N = 1. The
theorem now follows from Theorem 2.3. N

THEOREM 3.3. Let G = (t,A| t 1Ht = K, ) be an HNN extension
where H and K are finitely generated subgroups in the center of A.
Suppose A is central subgroup separable. Then G is residually finite if
and only if one of the following holds:

(a) H=Aor K = A;

(b) H =K;

(c) HZ K,K ¢ H and there exists a torsion free normal subgroup
N <y HK such that (NN H)=NNK and NNK,NNH are
isolated in N.

Proof. Suppose G is residually finite and suppose H # A # K and
H # K. If H C K, then by Lemma 2.4, H = K, a contradiction.
Therefore H # HK and similarly K # HK. So by Theorem 3.2, G; =
(t, HK| t7'Ht = K, ¢) is residually finite. Then by Theorem 5* of
[8], there exists a torsion free normal subgroup N <y HK such that
o(NNH)=NNK and NN K, NN H are isolated in N.

If H= Aor K = A, then A is abelian. Hence by Lemma 2.2, G is
residually finite. If H # A # K and H = K, then by Lemma 3.1, G is
residually finite.

Suppose H ¢ K,K ¢ H and there exists a torsion free normal sub-
group N <y HK such that p(NNH) = NNK and NNK,NNH
are isolated in N. Then H # HK # K. So by Theorem 5* of [§],
G = (t, HK| t 1Ht = K, ) is residually finite. Therefore by Theorem
3.2, G is residually finite. a

COROLLARY 3.4. Let G = (t, A|t"1Ht = K, ) be an HNN extension
where A is a polycyclic-by-finite group. Suppose H and K are finitely
generated subgroup in the center of A. Then G is residually finite if and
only if one of the following holds:

(a) H=Aor K = A;

(b) H=K;
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(c) H¢ K,K ¢ H and there exists a torsion free normal subgroup
N <y HK such that (NN H)=NNK and NNK,NNH are
isolated in N.

Proof. Since polycyclic-by-finite groups are subgroup separable, they
are also central subgroup separable. Therefore the corollary follows from
Theorem 3.3. O

COROLLARY 3.5. Let G = (t,A|t~1Ht = K, ¢) be an HNN extension
where A is a polycyclic-by-finite group. Suppose H and K are finitely
generated subgroup in the center of A such that H N K is finite. Then
G is residually finite.

Proof. Let T(H) and T(K) be the torsion subgroups of H and K
respectively. Since H is finitely generated abelian, there exists Sy <y H
such that SyNT(H) = 1. Let Sk = ¢(Sk). Then Sk NT(K) = 1. This
also implies that Sy N K =1 = Sk N H since H N K is finite. Clearly
SgSk <y HK. We claim that SySk is torsion free. Let (hk)" =1,
where h € Sy, k € Sk and 7 is a positive integer. Then A" = k™" €
Sy N K = 1. This implies that h € Sy NT(H) = 1. Similarly k = 1.
Thus Sy Sk is torsion free.

Let i(H) and i(K) be the isolated closures of H and K respectively
in HK. Since 3(H) is finitely generated and every element in i(H)/H
has finite order, 4(H)/H is finite. Let ug,u1,. .., um be a complete set of
coset representatives of H in i(H), where ug = 1. Since HK is finitely
generated abelian and thus subgroup separable, there exists M <f HK
such that u; ¢ M1 H for ¢ > 1. Similarly there exists Mz <y HK such
that v; ¢ MpK for i > 1, where 1 = vp,v1,...,v, form a complete
set of coset representatives of K in i(K). Clearly My Ni(H) € H
and Mo ﬂ'L(K) C K. Let My = M, ﬂHﬂ(p_l(Ml ﬂK), My =
o(MpNnH)NMNK and N = (MgNSy)(MgNSk). Then o(My) = Mg
and N <y HK. Furthermore NNi(H) = (My NSy)(Mk NSk)Ni(H) =
(MH N SH)(MK NSk N ’L(H)) - (MH N SH)(Ml N ’L(H)) C H since
MK ﬁSK Q Ml. Slmllarly Nﬂz(K) Q K.

We claim that N is a torsion free normal subgroup of finite index in
HK such that o(NNH)=NNK and NNK,NNH are isolated in N.

Clearly N is torsion free. Observe that NN H = (Sy N My)(Sk N
Mg)NH = (SHQMH)(SKHMKQH) = Syp N Mg since Sk NH =1.
Similarly we have N N K = Sg N Mg. Therefore o(N N H) = ¢(Sg N
My) = ¢(Sg) N(Mg) = Sk N Mg = NN K. Next we show that
NNH isisolated in N. Let n” € NNH, where n € N and r is a positive
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integer. We need only to show that n € H. Since n” € H thenn € i(H).
Hence n € NNi(H) C H. Similarly we can show that N N K is isolated
in N. The corollary now follows from Corollary 3.4. O

REMARKS. One of the easy and natural applications of Corollary
3.4 and Corollary 3.5 is the HNN extensions of abelian groups with
cyclic associated subgroups. Residual finiteness of such HNN extensions
is known to Kim and Tang[7].

References

[1] R. B. J. T Allenby and C. Y. Tang, The residual finiteness of some one-relator
groups with torsion, Arch. Math. 37 (1981), 97-105.

[2] S. Andreadakis, E. Raptis, and D. Varsos, Residual finiteness and hopficity of
certain HNN extensions, Arch. Math. 47 (1986), 1-5.

(3] , A characterization of residually finite HNN extensions of finitely gener-
ated abelian groups, Arch. Math. 50 (1988), 495-501.
(4] , Extending isomorphism to automorphism, Arch. Math. 53 (1989), 121-

125.

[5] B. Baumslag and M. Tretkoff, Residually finite HNN-extensions, Comm. Algebra
6 (1978), 179-194.

[6] G.Baumslag and D. Solitar, Some two-generator non-hopfian groups, Bull. Amer.
Math. Soc. 68 (1962), 199-201.

[7] G. Kim and C. Y. Tang, Cyclic subgroup separability of HNN extensions with
cyclic associated subgroups, Canad. Math. Bull. 42 (1999}, no. 3, 335-343.

[8] E. Raptis and D. Varsos, The residual finiteness of HNN extensions and gener-
alized free products of nilpotent groups: a characterization, J. Aust. Math. Soc.
53 (1992), 408-420.

[9] M. Shirvani, On residually finite HNN-eztensions, Arch. Math. 44 (1985), 110
115.

WonNG PENG CHOON AND WONG Kok BIN, INSTITUTE OF MATHEMATICAL SCI-
ENCES, UNIVERSITY OF MALAYA, 50603 KUALA LUMPUR, MALAYSIA
E-mail: wongpc@um.edu.my

kbwong@um.edu.my



