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CERTAIN SUMMATION FORMULAS DUE TO
RAMANUJAN AND THEIR GENERALIZATIONS

ARJUN K. RATHIE, SHALOO MALANI,
RACHANA MATHUR, AND JUNESANG CHOI

ABSTRACT. The authors aim at deriving four generalized summa-
tion formulas, which, upon specializing their parameters, give many
summation identities including, especially, the four very interesting
summation formulas due to Ramanujan. The results are derived
with the help of generalized Dixon’s theorem obtained earlier by
Lavoie, Grondin, Rathie, and Arora.

1. Introduction and the main results

Recently Lavoie et al.[4] have obtained a large number of interest-
ing summation formulas contiguous to Dixon’s theorem (cf. [5, p.250,
Eq.(4)] in the following form:
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where [z] denotes, as usual, the greatest integer less than or equal to
z throughout this paper. The coeflicients A; ; and B; ; appear at the
tables in the last section.

The aim of this paper is to give four general summation formulas and

then their some special cases. The main results are as follows:
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where the coefficients o; ; and 8; ; can be obtained by simply putting

a=b=1/2and c=1/4in A;; and B;; given at the tables of the last
section.
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(i=0,7=0,1,2,3i=1,j=0,1,2;i=2,7=0,1,2; i =3, j =0),
where the coefficients ; ; and d; ; can be obtained by simply putting
a=1/2and b=c=1/41in A;; and B; ; given at the tables of the last
section.
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where the coefficients ¢; ; and (;; can be obtained by simply putting
a=b=c=1/2in A;; and B, ; given at the tables of the last section.
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(1 =0,1,2,3,4,5), where the coefficients 7; and 6; can be obtained by
simply putting @ = b= 1/2 in C; and D; given at the tables of the last
section.

Note that the special case of (1.1) when ¢ = j = 0 reduces immediately
to the classical Dixon’s theorem (cf. [5, p.250, Eq.(4)]. Some interesting
summation formulas due to Ramanujan (see [2, p.24, Entry 7, Examples
16-19]) are easily derivable as some special cases of our main results.
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2. Derivation of the summation formulas (1.2) to (1.5)

In order to prove (1.2), if we take a =b=1/2, ¢ =1/4in (1.1), we
see that the resulting left-hand side is
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which is just the left-hand side of (1.2). Also it is seen that the resulting
right-hand side of (1.1) in taking @ = b = 1/2, ¢ = 1/4 corresponds to
the right-hand side of (1.2).

In the exactly same manner, the formulas (1.3)—(1.5) can be obtained.

3. Special cases

Now we will record some of the special cases of (1.2) to (1.5). Setting
(i,7) = (0,0), (0,1), (1,0) in (1.2), (1.3), (1.4), and i = 0, 1, 2 in (1.5),
we obtain :
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L Ll (153713
92 2 9-13 2-4

(3.6) o 257%? 125 7%/2
S 96v2{T(})} 28vE{r(})}
(3.7) 1+ <%>3+ <;—:—2)3+-~ = {Fé)}4
09 1 (1) oD (B e m -
(3.9) 14—21—2 (%)3 +3i2 (—;—if = {rg)}“ -2 {I;T:S%)}él

1 /1\* 1 /1-3)\?  Var o VR {r(®))
(311) 1~ <§> = (ﬂ) s

11\ 1 /1-3\®  16v2r  16v2{r(})}’
(312) 1-3 (5) +3 (”27) BRI R

It is remarked that (3.1), (3.4), (3.7), and (3.10) are known results
due to Ramanujan, which are recorded in [2, p.24, Examples 16-19] as
noted in Section 1.
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4. Tables of special values of the coefficients A4;; and B, ;,
and Tables of C; and D;

SPECIAL VALUES OF A; ;
Ao =A10=—Ao1=1 Ai1=c—a—1;
1
Aoz =3 {(a-b-c+ 1)’ +(c~1)(c~3) - " +a};

Apz=3ab+cla—b—c+4)-(a+1)(a+2)— (a—1)(b-1);
Aig=ala—1)+ (b+c-3)(c—2a—1);

La—1)(a=4)— (B =5a+1)— (a—b+1)(b+c)

A2,0=§
b—1)(b-2)—(a-b+1)(a—b—c+3);

Agn =
A2,2=%(a—c+2)(a—2b—c+5){(a—c+2)(a-2b+2)
—a(c=3)} = (b= 1)(b - 2)(c — 2)(c - 3);
Aso=5a~b"+(a+1)? = (2a-b+1)(b+c).
SPECIAL VALUES OF B; ;
Boo=0; Boy=—-Bipo=1
Boy=Byg=-2; Biji=a—-2b—c+3;
Boz=(a+2)(a+4)—b(2a+5)—3cla—b—c+4)+3;
Bio=—-{(a—b—c+2)(a-b—c+3)—(b-1)(b—c+1)};
By =—{(b-1)(b~-2)—(a~b—2c+5){a—b~c+3)};
By =-2(a—c+2)(a—2b—c+5);
Bsog=-a+3b—(a+3)%+(2a—3b+5)(b+c)

TABLE oF Cj _
Co=1=-C1; Co=14+a-b; C3=3b—2a—5;
Ci=2(a-b+3)(1+a—-b)—(b—1)(b—4);

Cs = —4(6+a—b)> +2(b+11)(6 + a — b) + b2 — 13b — 20.

TABLE OF D;

Dy=0; Dy =1; Dy = -2
Ds=2a —b+1; Dy=—4(a—b+2);
Ds =4(6+a—b)?>+2(b—17)(6 +a — b) — b% — b + 62.
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