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INTUITIONISTIC FUZZY IDEALS OF A RING

Kur Hur, Su YouN JANG, AND HEE WON KANG

ABSTRACT. We introduce the notions of intuitionistic fuzzy prime ideals, intuition-
istic fuzzy completely prime ideals and intuitionistic fuzzy weakly completely prime
ideals. And we give a characterization of intuitionistic fuzzy ideals and establish
relationships between intuitionistic fuzzy completely prime ideals and intuitionistic
fuzzy weakly completely prime ideals.

0. INTRODUCTION

Zadeh [17] introduced the notion of a fuzzy set in a set X as a mapping from
X into the closed unit interval [0,1]. Rosenfeld [16] applied this concept to grpup
theory. After that time, Das 7], Kumar [11], Liu [13] and Mukherjee & Sen [14, 15]
applied this notion to group and ring theory.

In 1986, Atanassov [1] introduced the concept of intuitionistic fuzzy sets as the
generalization of fuzzy sets. Recently, Coker [5], Coker & Es [6], Gurcay, Coker &
Es [8] and S. J. Lee & E. P. Lee [12] introduced the concept of intuitionistic fuzzy
topological spaces using intuitionistic fuzzy sets and investigated some of their prop-
erties. In 1989, Biswas [3] introduced the concept of intuitionistic fuzzy subgroups
and studied some of it’s properties. In 2003, Banerjee & Basnet [2] investigated intu-
itionistic fuzzy subrings and intuitionistic fuzzy ideals using intuitionistic fuzzy sets.
Also, Hur, Jang & Kang [9] and Hur, Kang & Song [10] studied various properties
of intuitionistic fuzzy subgroupoids, intuitionistic fuzzy subgroups and intuitionistic
fuzzy subrings.

In this paper, we introduce the notions of intuitionistic fuzzy prime ideals, intu-

itionistic fuzzy completely prime ideals and intuitionistic fuzzy weakly completely
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prime ideals. And we give a characterization of intuitionistic fuzzy ideals and es-
tablish relationships between intuitionistic fuzzy completely prime ideals and intu-

itionistic fuzzy weakly completely prime ideals.

1. PRELIMINARIES

We will list some concepts and one result needed in the later sections.

For sets X, Y and Z, f = (f1,f2) : X — Y x Z is called a complex mapping if
fi: X > Y and f5: X — Z are mappings.

Throughout this paper, we will denote the unit interval [0,1] as I.

Definition 1.1 (Atanassov [1]). Let X be a nonempty set. A complex mapping
A= (ua,va): X — I x1is called an intuitionistic fuzzy set (in short, IFS) in X
if uga +va <1, where the mapping 4 : X — I and v4 : X — I denote the degree
of membership -(namely p4(z)) and the degree of non-membership (namely v4(z))
of each £ € X to A, respectively. In particular, 0. and 1. denote the intuitionistic
fuzzy empty set and intuitionistic fuzzy whole set in X defined by 0..(z) = (0,1)
and 1.(z) = (1,0), respectively.

We will denote the set of all IFSs in X as IFS(X).

Definition 1.2 (Atanassov [1]). Let X be a nonempty set and let A = (u4,v4) and
B = (up,vp) be IFSs in X. Then

(1) AC Biff pg < pp and va > vp.

(2) A=Biff AC Band BC A.

(3) A° = (va,pa)-

(4) ANB = (uaApup,vaVvs).

(5) AUB = (paV iB,va AVB).

(6) [1A=(ra,1—pa), ()A=(1-va,va)

Definition 1.3 (Coker [5]). Let {A;}ics be an arbitrary family of IFSs in X, where
A; = (pa,,va,) for each i € J. Then

(@) NAi = (Apa;, Vra,).

(b) UAi = (Via,, Ava,)

Definition 1.4 (Hur, Jang & Kang [9]). Let A be an IFS in a set X and let (A, i) €
I x I with A+ p < 1. Then the set AM® = {z € X : pa(z) > X and va(z) < u} is
called a (A, p)-level subset of A.
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Definition 1.5 (S. J. Lee & E. P. Lee [12]). Let (A, 1) € I x I with A+pu < 1. Then
an intuitionistic fuzzy point (in short, IFP) z(y ,) of X is the IFS in X defined as
follows : for each y € X,

o) = {(o, 1) ify#z.

In this case, z is called the support of z(y ,) and A and p are called the value and
nonvalue of z(y ., respectively. An IFPz(, ,) is said to belong to an IFS A =
(1asva) in X, denoted by z(» 4 € A if A < pa(z) and va(z) > p.

It is clear that an intuitionistic fuzzy point z(y ;) can be represented by an ordered
pair of fuzzy points as follows:
T = (@21 = 21-p)

We will denote the set of all IFPs in X as IFp(X).

Result 1.1 (S. J. Lee & E. P. Lee [12, Theorem 2.3]). Let A, B € IFS(X). Then
A C B if and only if for each z(y ,) € IFp(X), z(» ,) € A implies z(y ,) € B.

Definition 1.6 (Hur, Jang & Kang [9]). Let (X,-) be a groupoid and let A,B €
IFS(X). Then the intuitionistic fuzzy product of A and B, Ao B is defined as follows:
for each x € X,

Ao Blz) = {(mez a@) A (D)), Awmyelva®) V vs(2)]) if 2=y,
0,1) otherwise.

Result 1.2 (Hur, Jang & Kang [9, Proposition 2.2]). Let (X, ) be a groupoid, let
T(xpu)r Yt,s) € IFP(X) and let A, B € IFS(X). Then

(1) 2w © Yes) = (TY) (Ant,uvs)-

(2) AoB= Ux()‘,“)eA,y(t,s)GB fL'(A,”) ° y(t:s)'

Definition 1.7 (Hur, Kang & Song [10]). Let G be a group and let A € IFS(G).

Then A is call an intuitionistic fuzzy subgroup (in short, IFG) of G if it satisfies the
following conditions:

(1) palzy) > pa(z) Apa(y) and va(zy) < va(z) Vwvaly) for any z,y € G.
(ii) pa(z™!) > pa(z) and va(z~!) < va(z) for each z € G.

We will denote the set of all IFGs as IFG(G).
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Result 1.3 (Hur, Kang & Song {10, Proposition 2.6]). Let A be an IFG of a group
G with identity e. Then A(z™!) = A(z) and pa(z) < pale),va(z) > va(e) for each
z €G.

Definition 1.8 (Hur, Kang & Song [10]). Let (R, +,-) be a ring and let 0. # A €
IFS(R). Then A is called an intuitionistic fuzzy subring (in short, IFSR) of R if it
satisfies following conditions:

(i) A is an IFG with respect to the operation “+”.
(i) pa(zy) 2 pa(z) Apaly) and va(zy) < va(z) Vva(y) for any z,y € R.

We will denote the set of all IFSRs as IFSR(R).

2. InTurTIONISTIC FUZZY IDEALS

Definition 2.1 (Hur, Kang & Song [10]). Let A be a non-empty IFSR of a ring R.
Then the fuzzy subring A is called

(1) an intuitionistic fuzzy left ideal (in short, IFLI) of R if ,uA(zy) > pa(y) and
va(zy) < va(y) for any z,y € R.

(2) an intuitionistic fuzzy right ideal (in short, IFRI) of R if pa(zy) > pa(z) and
va(zy) < va(z) for any z,y € R.

(3) an intuitionistic fuzzy ideal (in short, IFRI) of R if it is an IFLI and an IFRI
of R .

We will denote the set of all IFRIs (resp. IFLIs and IFIs) of R as IFRI(R) (resp.
IFLI(R) and IFI(R)).

Result 2.1 (Hur, Kang & Song [10, Proposition 4.6]). Let R be a ring. Then A is
an ideal (resp. a left ideal and a right ideal) of R if and any of (x4, xac) € IFI(R)
(resp. IFLI(R) and IFRI(R)).

Lemma 2.2. Let R be a ring and let A,B € IFS(R).

(1) If A,B € IFLI(R) (resp. IFRI(R) and IFI(R)), then AN B € IFLI(R) (resp.
IFRI(R) and IFI(R)). |
(2) If A € IFRI(R) and B € IFLI(R), then Ao BC AN B.
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Proof. (1) Suppose 4, B € IFLI(R) and let z,y € R. Then

pans(x —y) = pa(z — y) A up(z —y)
> [pa(z) A pa)] A lps(@) A up(y)]
= panB(®) A pans(y)
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and
vane(z — y) =va(z —y) Vvp(z —y)
< [valz) Vva()] v [ve(z) v ve(y)]
= vang(z) V vanB(y)-
Also
tans(zy) = palzy) A pa(ey)
2 pa(y) Apas(y) (Since 4, B € IFLI(R))
= panB(Y)
and

vanB(zy) = va(zy) vV ve(zy) < valy) Vvaly) = vans(y).
Hence AN B € IFLI(R). Similarly, we can easily see the rest.

(2) Let z € G and suppose A o B(z) = (0,1). Then there is nothing to show.

Suppose A o B(z) # (0,1). Then
Ao B(@) = (\/ [ua®) Aus(2)], N\ valy) vvs(2)).

r=yz r=yz

Since A € IFRI(R) and B € IFLI(R),

pa(y) < payz) = pa(z),valy) > va(yz) = va(z)

and
pe(2) < pp(y2) = pp(z),ve(2) > vB(y2) = vB(2).
Thus
paos(@) = \/ lra) A up(2)] < pa(z) A pp(z) = pans(z)
and

vaos(@) = N [valy) Vvs(2)] 2 va@) V vs(e) = vans(z).

=Yz

Hence Ao B C AN B. This completes the proof.
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A ring R is said to be regular if for each a € R there exists an £ € R such that

a = azxa.

Result 2.2 (Burton [10, Theorem 9.4]). A ring R is regular if and only if JM =
J N M for each right ideal J and let ideal M of R.

Proposition 2.3. A ring R is regular if and only if for each A € IFRI(R) and each
B € IFLI(R), Ao B= AN B.

Proof. (=) Suppose R is regular. From Lemma 2.2, Ao B C AN B. Thus it is
sufficient to show that AN B C Ao B. Let a € R. Then, by the hypothesis, there
exists an z € R such that a = aza. Thus

nala) = palara) 2 palar) > pala)
and
va(a) = va(aza) < va(az) < va(a).

So A(az) = A(a). On the other hold,

paos(@) = \/ [na(y) A pp(2))

a=yz

> palaz) A ug(a) (Since a = aza)
= pala) A ppla) = panp(a)

and

Vaog(a) = /\ valy) Vve(z) <valaz) Vvp(a)

a=yz

= VA(LZ) A2 I/B(a) = VAﬂB(a)‘

Thus ANB C Ao B. Hence Ao B=ANB.
(<=) Suppose the necessary condition holds. Let J and M be right and left ideals
of R, respectively. Then, by Result 2.1,

(x7,xJ¢) € IFRI(R) and (xm, xme) € IFLI(R).

Let a € JN M and let A = (xJ,xJ¢), B = (Xm,xme). Then, by the hypothesis,
(Ao B)(a) = (AN B){(a) = (1,0). Thus

pacs(@) = \/ (wala) Apsla)l = \/ [xs(a) Axmlaz)) =1

a=a1a2 a=aiaz
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and

vaop(a) = N\ [vala) Vus(ag)l= A [xse(a1) V xare(az)] = 0.

a=ajay a=ajay
So there exist by,by € R such that xs(b;) = 1, xse(b1) = 0 and xam(b2) = 1,
xme(b2) = 0 with a = byby. Thusa € JM, i.e., JAM C JM. Since JM C JN M,
JM = J N M. Hence, by Result 2.2, R is regular. This completes the proof. d

3. InTUITIONISTIC FUZZY PRIME IDEALS

Definition 3.1. Let P be an IFI of a ring R. Then P is said to be prime if P is
not a constant mapping and for any A, B € IFI(R), Ao B C P implies either A C P
or BC P.

We will denote the set of all intuitionistic fuzzy prime ideals of R as IFPI(R).

Proposition 3.2. Let J be an ideal of a ring R such that J # R. Then J is a
prime ideal of R if and only if (xs, xJc) € IFPI(R).

Proof. (=) Suppose J is a prime ideal of R and let P = (x, xJc). Since J # R, P
is not a constant mapping on R. Assume that there exist A, B € IFI(R) such that
AoBCPand A¢Z P and B ¢ P. Then there exist 2,y € R such that

palz) > pp(z) = xs(x), valz) <vp(z) = xJe(T)
and
pe(y) > ppy) = xs(W), v(y) <ve(y) = xs<(y)-

Thus pa(z) # 0, va(z) # 1 and pp(y) # 0, ve(y) # 1. But xy(z) = 0 and
xs(¥) =0. Soz ¢ J and y ¢ J. Since J is a prime ideal of R, by the process of
the proof of Theorem 2 in Mukherjee & Sen [14], there exist an 7 € R such that
zry ¢ J. Let a = zry. Then clearly, xs(a) = 0 and xe(a) = 1. Thus

Ao B(a) = (0,1). (%)
On the other hold,
paon(@) = \/ [1a(0) Aus(d)] > pa() A us(ry) (Since a = zry)
a=cd
= pa(z) A ps(y) (Since B € IFI(R))

>0 (Since pa(z) # 0 and pp(y) # 0)



200 Kur Hur, Su YOuN JANG, AND HEE WoN KANG

and

vaop(a) = N\ [va(e) Vus(d)] < va(z) Vvp(ry) < valz) vV va(y)
a=cd

<1 (Since v4(z) # 1 and vp(y) # 1)
Then A o B(a) # 0~. This contradicts (). So P satisfies the second condition of
Definition 3.1. Hence P = (x s, xsc) € IFPI(R).

(<) Suppose P = (x,xsc) € IFPI(R). Since P is not a constant mapping on
R, J # R. Let A and B be two ideals of R such that AB C J. Let A4, B € IFI(R).
Consider the product AoB. Letz € R.

Suppose A o E(m) = (0,1). Then clearly Ao B C P.

Suppose A o E((E) # (0,1). Then

L5 =V xalw) Axs(z)] #0
r=yz
and

Vi@ = /\ xac(®) v xpe(2)] # L.

T=yz

Thus there exist y,z € R with x = yz such that

xa(y) #0, xac(y) #1 and xp(2) #0, xB-(z) # 1.

So xa(y) = 1, xae(y) = 0 and xp(z) = 1, xpe(z) = 0. This implies y € A and
z€ B. Thusz = yz € AB C J. So x5 =1 and xje(z) = 0. It follows that
Ao B c P. Since P € IFPI(R), either A C P or B C P. Thus either A C J or
B C J. Hence J is a prime ideal of R. This completes the proof. g

Proposition 3.3. Let P be an intuitionistic fuzzy prime ideals of a ring R and let
Rp={z € R: P(zx)=P(0)}. Then Rp is a prime ideal of R.

Proof. Let z,y € Rp. Then P(z) = P(0) and P(y) = P(0). Thus
up(z —y) 2 pp(z) A pp(y) = pp(0)

and
vp(z —y) < vp(z) vV vp(y) = ve(0).

Since P € IFI(R),

pp(0) = pp(0(z - y)) = pp(z —y)
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and
vp(0) = vp(0(z ~y)) <vp(z —y).
Sozxz—y € Rp. Now let r € R and let z € Rp. Then

up(rz) > up(z) = pp(0) and vp(rz) < vp(z) = vp(0).

By Result 1.3, P(rz) = P(0). So rz € Rp. Similarly we have zr € Rp. Hence Rp
is an ideal of R. Let J and M be two ideals of R such that JM C Rp. We define

two complex mappings
A=(pa,va):R—IxI and B=(up,vg):R—>Ix1I (resp.)
by
A= P(0)(xs,xse) and B = P(0)(xa, Xme), (re;ep.)

where P(0)(x.7,xs¢) = (up(0)xs,vp(0)Xsc). Then we can easily prove that A, B €
IFI(R). Let z € R.

Suppose A o B(z) = (0,1). Then Ao B C P.

Suppose A o B(z) # (0,1). Then

paos(@) = \/ [wa@) Aps(2)] = \/ [up(0)xs() A up(0)xa(2)] # 0
T=Yyz T=yz
and
vaop(@) = J\ va) vvs(2)] = N vp(0)xse() v vp(0)xme(2)] # 1.
r=yz T=yz

Thus there exist y, 2 € R with £ = yz such that

pp0)xs(y) A p(0)xar(2) # 0 and vp(0)xse(y) V vp(0)xme(2) # 1.

So xj(y) =1, xse(y) =0 and xp(2) =1, xpre(2) =0. Thusy € Jand z € M, i.e.,
z=yz € JM C Rp. So P(z) = P(0), i.e., Ao B C P. Since P € IFPI(R) and 4,
B € IFI(R), either AC Por BC P.

Suppose A C P. Then P(0)(xs,xJe) C P. Assume that J C Rp. Then there
exists an a € J such that a ¢ Rp. Thus P(a) # P(0). By Result 1.3, up(a) < up(0)
and vp(a) > vp(0). Then

pa(a) = pp(0)xs(a) = up(0) > pp(a)
and
va(a) = vp(0)xse(a) =0 < vp(0) < vp(a).
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This contradicts the assumption that A C P. So J C Rp. By the similar arguments,
we can show that if B C P, then M C Rp. Hence Rp is a prime ideal of R. This
completes the proof. d

Remark 3.4. Let P € IFI(Z). Then, by Proposition 3.3, Rp is an ideal of Z. Hence
there exists an integer n > 0 such that Rp = nZ.

Proposition 3.5. Let P € IFI(Z) with Rp = nZ # (0). Then P can take at most

T values, where r is the number of distinct positive divisors of n.

Proof. Let a € Z and let d = (a,n). Then there exist 7, s € Z such that d = ar + ns.
Thus

up(d) = pplar +ns) > pp(ar) A pp(ns) > pp(a) A pp(n)
and

vp(d) = vp(ar + ns) < vp(ar) Vvp(ns) < vp(a) vV vp(n).

Since n € Rp = nZ, by Result 1.3,
pp(n) = pp(0) > pp(a) and vp(n) = vp(0) < vp(a).

Thus pp(d) > up(a) and vp < vp(a). Since d is a divisor of a, there exists at € Z
such that a = dt. Then

pp(a) = pp(dt) > up(d) and vp(a) = vp(dt) < vp(d).
So P(a) = P(d). Moreover, by Result 1.3, P(z) = P(~z) for each z € R. Hence

for each a € Z there exists a positive divisor d of n such that P(a) = P(d). This
completes the proof. 0

The following result gives a complete characterization of intuitionistic fuzzy prime
ideals of Z: A

Theorem 3.6. Let P € IFPI(Z) with Z, # (0). Then.P has two distinct values.
Conversely, if P € IFS(Z) such that P(n) = (A1, u1) when p | n and P(n) = (Ag, u2)
when p { n, where p is a fived prime, A\; > Ao and py < pg, then P € IFPI(Z) with
Z, # (0).

Proof. Suppose P € IFPI(Z) with Z, = nZ # (0). Then, by Proposition 3.3, Z,
is a prime ideal of Z. Thus n is a prime integer. Since n has two distinct positive
integers, by Proposition 3.5, P has at most two distinct values. On the other hand,
an intuitionistic fuzzy prime ideals cannot be a constant mapping. Hence P has two

distinct values.
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Conversely, let P be an IFS in Z satisfying the given conditions. Let a,b € Z.
(i) Suppose p | (a —b). Then P(a — b) = (Ar, 1). Thus
A1 = up(a—0b) > pp(a) A up(b) (Since A1 > Ag)
and
p1 = vp(a—b) < vp(a) vV vp(d). (Since p1 < p2)
(ii) Suppose p  (a —b). Then p {f a or p 4 b. Thus either P(a) = (A2, u2) or
P(b) = (Ag, u2)- So
A2 = pp(a—b) > pp(a) App(b) and pz =vp(a—b) <vp(a)Vvp(b).

(iii) Suppose p | ab. Then clearly pp(ab) > up(b) and vp(ab) < vp(b).
(iv) Suppose p{ab. Then p{a and p{b. Thus

pp(ab) > up(b) and vp(ab) < vp(b).

Consequently, by Result 1.3, P € IFI(Z) with Zp = pZ # (0). Moreover, by the
similar argments of the proof of Proposition 3.2, we can see that P € IFPI(Z). This
completes the proof. 0

Proposition 3.7. Let R be a ring with 1. If every IFI of R has finite values, then

R is a Noetherian ring.

Proof. Let {J;};cz+ be a sequence of ideals of R such that J; C Jo C J3 C -+ and
let J = U;ez+ Ji- Then clearly J is an ideal of R. We define a complex mapping
P = (up,vp): R— I x I as follows:

For each z € R,
Pls) = {(01,1> el
Gpl-3) ifzeld,
where 47 = min{i : € J;}. Then it is clear that P € IFI(R) from the definition of
P. Moreover, we can easily see that P € IFI(R). If the chain dose not terminate,
then P takes infinitely many values. This contradicts the hypothesis. Thus the
chain terminates. Hence R is a Noetherian ring. This completes the proof. O

Proposition 3.8. Let A:Z — I x I be the complex mapping such that

(1) A(x) = A(—z) for each x € Z.

(it) pa(z+y) > pa(x) A paly) and va(z +y) < valz) Vvaly) for any 2,y € Z.
If there exists a non-zero integer m such that A(m) = A(0), then A can take at most

finitely many values.
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Proof. 1t is clear that A € IFS(Z) from the definition of A. Moreover, we can easily
show that A € IFI(Z) such that Z4 # (0). Hence, by Proposition 3.5, the mapping
A can take at most finitely many values. O

4. INTUITIONISTIC FUZZY COMPLETELY PRIME IDEALS

Definition 4.1. Let P be an IFI of a ring R and let (A, u) € I x I with A+ p < 1.
Then P is called an intuitionistic fuzzy completely prime ideals (in short, IFCPI) of
R if it satisfies the following conditions:

(i) P is not a constant mapping.
(ii) For any T(apu) Y,s) € IFD(R),T(\ ) © Ygr,s) € P implies either z(y ) € P or
Yit,s) € P.
We will denote the set of all IFCPIs of R as IFCPI(G).

Proposition 4.2.

(1) Let R be a ring. Then IFCPI(R) C IFPI(R).
(2) Let R be a commutative ring. Then IFPI(R) C IFCPI(R). Hence IFCPI(R) =
IFPI(R). |

Proof. (1) Let P € IFCPI(R) and let A, B € IFI(R) such that Ao B C P. Suppose
A ¢ P. Then, by Result 1.1, there exists an z(y ,) € IFp(R) such that z() ,) € P
but z(5 ) & P. Let y(,s) € B. Then, by Result 1.2 (1), Z(x ) ©Y(t,5) = (BY) (Mt,uvs)-
On the other hand,

pp(zy) > pao(@y) = pa(@) Apup(y) = ANt = piggy oy . (TY)
and

VP(xy) S VAOB(CL'?J) _<. VA(‘T) V VB(y) = l‘l‘ V s = Vm(,\,#)oy(t,s) (my)

Let z € R such that = # zy. Then clearly [z(),) © Yu.s))(2) = (0,1). Thus
T © Yit,s) € P. Since P € IFCPI(R), Z(Au) € Por Yt € P. Since T Z P,
Yt,s) € P. So, by Result 1.1, B C P. Hence P € IFPI(R).

(2) Let P € IFPI(R) and let z(y ), Y(,s) € [Fp(R) such that z(y ) © y(s.) € P
Then

'u'z(z\,p)oy(t,s) (.’E’y) S I‘I‘P(xy) a‘nd Va:()‘,”)oy(t’s) (xy) 2 UP(.'L'y).
Thus, by Result 1.2 (1),

ANt < up(zy) and pVs > vp(zy). (x%)
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We define two complex mappings
A= (pua,va): R—IxI and B=(up,vg): R—Ix1I

as follows: For each z € R,

_JQp) ifze(z) _Jts) ifze(y)
Alz) = {(0, 1) otherwise and B(z) = {(0, 1) otherwise

where (z) is the ideal generated by z. Then clearly A, B € IFS(R) from the defini-
tions of A and B. It is easily seen that if 2 is not expressible in the form z = uv for
some u € (z) and v € (y), then Ao B(z) = (0,1). Suppose there exist u € (z) and
v € (y) such that 2 = uv. Then
paon(2) = V [a(u) Aup(v)] = ANt
z=uv,u€(z),v€(y)
and
vas)= N\ la@ Vi) =uvs.
z=uv,u€(x),v€(y)
Since R is commutative and v € (z), there exist n € Z and b € R such that
u = nz + zb. Since v € (y), there exist m € Z and ¢ € R such that v = my + yc.
Since R is commutative, for some d € R,

w = (nz + zb)(my + yc) = ryd + mnzy.
Then

pp(uwv) > pp(zy) (Since P € IFI(R))
> ANt (By (x+))

and

vp(uv) <vp(zy) SpVs.
Thus z(antuvs) = U © Vis) € P. So, in all, Ao B C P. On the other hand,
from the definitions of A and B, we can easily prove that A, B € IFI(R). Since
P € IFPI(R), either A C P or B C P. Thus either z(y ,) € P or y,) € P. Hence
P € IFCPI(R). This completes the proof. O

Proposition 4.3. Let P be a non-constant IFI of a ring R.

(1) If P is an IFPI (resp. IFCPI) of R, then
(i) Rp is a prime ideal (resp. a completely prime ideal) of R.
(ii) Im P consists of ezactly two points of I x I.
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(2) If P(0) = (1,0) and P satisfies the conditions (i) and (ii) above, then P €
IFPI(R) (resp. IFCPI(R)).

Proof. (1) We shall confine our proof to the case of intuitionistic fuzzy prime ideals.
An anologous proof can be given by for intuitionistic fuzzy completely prime ideals.
Suppose P € IFPI(R). Then, by Proposition 3.3, Rp is a prime ideal of R. Assume
that Im P contains more than two values. Then there exist z,y € R~ Rp such that
P(z) # P(y). Suppose without loss of generality that up(z) < pup(y) and vp(z) >
vp(y). Since P € IFI(R) and A(y) # A(0), by Result 1.3, up(z) < pp(y) < up(0)
and vp(z) > vp(y) > vp(0). Let (X, ), (t,s) € I x I be chosen such that

pp(z) < A < pp(y) <t < pp(0)
and
vp(z) > p < vp(y) > s > vp(0). (* % )
Let (z) and (y) denote respectively the ideals generated by x and y. We define two
complex mappings
A= (ua,va):R—>IxI and B= (ug,vg): R— I xI (resp.)

as follows:

A= (AX(z)) BX(z)e) and B = (tX(y), SX(y)c) (resp. ).
Then it is easily seen that A, B € IFI(R) from the definitions of A and B. Let
z € R which cannot be expressed in the from z = uv for v € (z) and v € (y). Then
Ao B(z) =(0,1). Thus Ao B C P. Now let z € R. Suppose there exist u € (z) and
v € (y) such that z = v for some u € (z) and v € (y). Then

taoB(2) = \V4 [ba(u) Aup(V)] = AAE=A

z=uv,u€(z),ve(y)

and

s = N a@Ves@)=pvs=p.

z=uv,u€(x),ve(y)
Since u € (z), there exist m € Z and r; € R (¢ = 1,2,3,4) such that u = mz +
71T + Tr9 + T3274. Similarly, there exist n € Z and s; € R (i = 1,2,3,4) such that

v =ny+ s1y + ys2 + s3ysq. Since P € IFI(R), by Result 1.3,
pp(2) = pp(wv) 2 pp(z) V pp(y) > A

and
vp(z) = vp(w) < vp(z) Avp(y) < p.
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Thus pao(2) < pp(2) and v40p(z) > vp(z) in this case also. So Ao B C P.
Since P € IFPI(R), either A C P or B C P. Then either pa(z) = A < pp(z),
va(r) = p > vp(z) or up(y) =t < up(y), ve(y) = s > vp(y). This contradicts
(* % x). Hence Im P consists of exactly two points of I X I.

(2) Suppose P(0) = (1,0) and P satisfies the conditions (i) and (ii). Then, by the
similar arguments of proof of Proposition 3.2, we can see that P € IFPI(R). This
completes the proof. O

Corollary 4.3. Let P be an intuitionistic fuzzy completely prime ideal of a ring R.
Then for any z,y € R,

P(zy) = (up(z) V up(y), ve(z) Ave(y)).
Remark 4.4. Proposition 4.3 generalizes Proposition 3.5.

Definition 4.5. Let A be a non-constant IFI of a ring R. Then A is called an
intuitionistic fuzzy weakly completely prime ideal of R if for any z,y € R, A(zy) =
(ba(z) vV pay),val@) Avaly))-

The following is the immediate result of Definitions 4.1 and 4.5.

Proposition 4.6. Let A be an intuitionistic fuzzy weakly completely prime ideal of
a ring R. Then for each (A p) € I x I with A+ pu <1, T(5 ) © Yr,s) € A tmplies
that either () .y € A or Yy s) € A. Furthermore, for each (A p) € I x1I such that
A4pu < 1LA < pa(0) and p > v4(0), ACE 45 g completely prime ideal of R. In
particular, AV s a completely prime ideal of R.

Conversely if for each (\,p) € I x I with A+ pu <1, AN s g completely prime
ideal then A is an intuitionistic fuzzy weakly completely prime ideal.

The following is the example that an intuitionistic fuzzy weakly completely prime
ideal need not be an intuitionistic fuzzy completely prime ideal.

Example 4.7. Let R=7Z x Z, let S = {0} x Z and let T = (2) x Z. We define a
complex mapping A = (u4,v4) : R — I x I as follows : for each z € R,

(1,0) ifzeS,
Alz)=<(3,}) ifzeT\S,

(0,1) ifzeR~\T.
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Then clearly A € IFS(R) from the definition of A. Moreover, we can easily show
that A is an intuitionistic fuzzy weakly completely prime ideal but, by Proposition

4.2, A is not an intuitionistic fuzzy weakly completely prime ideal.
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