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THE SPECTRAL PROPERTY o(Re(T)) = Re(c(T)) OF
p-HYPONORMAL OPERATORS

JUN IK LEE

ABSTRACT. In this note we consider the projective property o Re(T) =Re o(T)
of p-hyponormal operators and log-hyponormal operators.

1. INTRODUCTION

Let H be complex Hilbert spaces and let B(H) denote the set of all bounded
linear operators on ‘H. For T € B(H), we denote the spectrum and the approximate
point spectrum of T by ¢(T") and o,(T), respectively.

An operator T' € B(H) is called p-hyponormal if (T*T)P — (T'T*)P > 0 for some
p € (0,00). If p=1, T is hyponormal and if p = %, T is semi-hyponormal. By the
consequence of Lowner’s inequality (cf. Lowner [10]) if T is p-hyponomal for some
p € (0,00), then T is also g-hyponormal for every ¢ € (0,p]. Thus we assume,
without loss of generality, that p € (0, %) An operator T' € B(H) is called log-
hyponormal if T is invertible and satisfies log (T*T) > log (TT*). Since

log : (0,00) — (—00,0)

is a monotone function, every invertible p-hyponormal operator is log-hyponormal.
But there exists a log-hyponormal operator which is not p-hyponormal (cf. Tana-
hashi [12, Example 12]). An operator T € B(H) is said to be paranormal if | T%z| >
|Tz||? for every unit vector x € H. It is well known (¢f. Ando [1], Cho & Jin {5],
Fujii, Himeji & Matsumoto (8]) that

p-hyponormal == log-hyponormal = paranormal.
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For the study of spectral theory of operators, spectral mapping theorems are
important. It is familiar that if T is normal then for every polynomial p (A, A\*) the
spectral mapping theorem holds;

U(p(T)) =p(o(T)) = {p(/\, Ap A€ O’(T)}.

In particular, if p(A, A*) = %()\ + A*) = Re(A), then we have that

o(Re(T)) = Re (o(T)) (1)

for any normal operator T. We called the equality (1) the projective property.

The projective property for semi-normal operators was shown by Putnam [11] and
the projective property for Toeplitz operators was showed by Berberian [2]. Cho,
Hwang & Lee [4] has showed the subprojective property for p-hyponormal or log-
hyponormal operators. There are two typical examples which are semi-hyponormal
but not hyponormal (cf. Cho & Jin [5], Xia [13]). Cho, Huruya, Kim & Lee [3] has
showed that the two typical examples satisfy the projective property. In this paper,
we will show the projective property for p-hyponormal operators and log-hyponormal

operators with some constraints.

2. THE PROJECTIVE PROPERTY

For an operator T' € B('H), a point z is in the normal approximate point spectrum
0na(T) of T if there exists a sequence {z,} of unit vectors such that

(T—-2)z, -0 and (T -2)'z,—0 as n— oo.

Theorem A (Cho, Hwang & Lee [4, Lemma 1.1]). If T € B(H) and 0,(T) =
Ona(T), then '
Re(o(T)) Co(ReT) and Imo(T) C o(ImT).

From this theorem, we can show the “subprojective” property, Re(o(T)) C
o(ReT), for the spectra of p-hyponormal operators and log-hyponormal operators.
Let T € B(H) and let iso o(T') be the set of all isolated points of the spectrum
a(T) of T. If X € iso a(T), the Riesz idempotent Ey of T with respect to A is

defined by
1
Ey=— (T — 2)"dz,
2mi Jap

where D is an open disk which is far from the rest of o(T’).
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Theorem B (Cho & Tanahashi [6, Theorem 7]). Let T € B(H) be p-hyponormal
(or log-hyponormal). Let A € o(T) be an isolated point of o(T) and let Ey be the
Riesz projection for A. Then E) is self-adjoint and

E\H =ker(T — A) = ker(T — \)*.

An operator T € B(H) is called convezoid if convo(T) = cl W(T') where W(T) =
{(Tz,z); ||z|| = 1} is the numerical range of T and conv denotes the convex hull. An
operator T is restriction-convezoid if the restriction of T to every invariant subspace

is covexoid.

Theorem 1. Let T be a p-hyponormal (or a log-hyponormal) operator. If T has
the following conditions;
(i) T is restriction converoid, and

(ii) Reo(T) consists of a finite number of connected components,

then o(ReT) C Reo(T).

Proof. Let P be the projection on the complex plane C such that P(A) = Re A\. Write
Reo(T) = U, S;, where S; are components of Reo(T) and o, := P~1(S;) No(T).
Using the Rlesz idempotent, by Theorem B, H can be decomposed by H = EB 1 Hs,
where T; = T|y, and o(T;) = 0; and hence Reo(T;) = S, i. e,

7 0 -+ 0 Hy
0 b --- 0 Ha
r=1. . : :
0 0 - T,/ \H,
Since T is restriction convexoid, T; (i = 1,...,n) is convexoid. Moreover,
Reo(T U Reo(T,
Let [o, B;] is the smallest interval contalnlng o(ReT;),t=1,...,n. Sinceoc(ReT) =

Ui, 0(ReT;), we have o(ReT) C J;_,[0s,0:]. We want to show that [a;, 8;] C
Reo(T;), i = 1,...,n. Since Reo(T;) is connected, it will suffice to show that
a;, B; € Reo(T;), i = 1,...,n. Assume to the contrary that o; € Reo(T;). If L is
the vertical line Re A = a;, then ¢(7;) must lie in a side with respect to L.
Suppose that o(7;) lies in the right-side of L. Thus there exists € > 0 such that
Reo(T;) > a;+e. Since T; is convexoid, it follows that inf{Re W (T;)} > «;+¢. Thus
inf{WReT;)} > o +¢, i.e.,, ReT; > (a; + €)I and hence inf{oc(ReT})} > «o; +¢.
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Therefore a; > «; + ¢, which leads to a contradiction. If o(T;) lies in the left-side of
L, applying the preceding argument with o —¢ in place of a+¢€ gives a contradiction.
Therefore [a;, 3;] C Reo(T;) for i = 1,...,n, and therefore 0(ReT) C Reo(T). O

In Theorem 1, the condition (ii) can be easily applied to the case that o(T") does
not consist of connected components: For example, if T' = 11 @ D, where Tj is a
p-hyponormal operator and convexoid whose spectrum is the unit disk and D is a
diagonal operator whose diagonals are {2 + i}°2; then Reo(T) = [—1,1], which is

connected.

Corollary 2. Let T be a p-hyponormal (or a log-hyponormal) operator. If T is re-
striction convezoid and Rea(T') consists of a finite number of connected components
then o(ReT) = Reo(T).

Proof. This follows from Theorem A and Theorem 1. a

3. AN EXAMPLE

It is well known (cf. Hildebrandt [9]) that T is convexoid if T — A is normaloid
for every complex numbers. Therefore, any normaloid opertor which is translation-
invariant is convexoid.

Let £2(Z) be the Hilbert space of all doubly-infinite sequences a = {ax} of com-
plex numbers such that |ja||? = > 5o lak|* < oo and let V' be the bilateral shift:

(Va)r = ak-1.
Let K be a Hilbert space and let H be the Hilbert space of all doubly-infinite se-
quences = {z3} of elements of K such that |z| = Yoo _ llzxl|*? < co. Then

we have H = 2(Z) ® K. Let e, = {ax} € £*(Z) such that a,, = 1 and 0’s else-
ex @ xx. Let {Ag}3
be a doubly-infinite sequence of positive operators on K such that {||Ag||}32_ is
bounded. We define bounded operators A and U (resp.) on H by

where. Every z = {z;} € H has the representation Y po oo

Ae, @z, = e, ® Az and Uep ® 2 = exy1 ® i (resp.)

where k = 0,41,%2,.... Then U has the form V ® idg. Put T = UA. Such an
operator is called an operator valued bilateral weighted shift (cf. Clancey [7]) and
provides an interesting example (cf. Chd & Jin [5]). If positive operators {Ag}



THE SPECTRAL PROPERTY OF p-HYPONORMAL OPERATORS 165

satisfy that Ay,1 > Ay for every k and there exists j such that A? 172 A?, then T
is semi-hyponormal but not hyponormal.

Theorem C (Cho, Huruya, Kim & Lee, Theorem 2). Let A be an operator valued
bilateral weighted shift such that r(A) = ||A||. Then A is convezoid and

o(Re A) =Rea(4).

Theorem 3. There exists an operator valued weighted shift T' such that T is semi-

hyponormal and T — A is not p-hyponomral for some A, which p is any p € (0, %)

Proof. Let K be a two-dimensional complex vector spacé and let H be the direct

sum of countably many copieis of K. Explicitly, H is the set of all sequences

z={(..,T-1,[Z0],T1,.-.)

of vectors in K such that ||z]| = Y_po _ l|lzx]|* < co. Let T = UA be an operator
valude bilateral weighted shift. Let positive 2 x 2 matrices C and D be given by

4 2 5 4
C=<2 1) and Dz(4 5).

Let {A,} be a sequence of positive 2 X 2 matrices defined by

C, n<0
A"_—{ D, n>1

Then operator T' = U A has the matrix form as follows:

0 0
c o
T = 3
¢ [o]
D 0
0 D 0

We now claim that

(i) T is semi-hyponormal, and
(ii) T — 4 is not p-hyponormal for any p > 0.
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(i) By a direct calculation, we have

CZ
C2
r7-
D2
D2
and
Cz
02
TT* =
D2
D2

Thus T*T — TT* = D — C? < 0, but (T*T)3 — (TT*)2 = D — C > 0. Hence T is
not hyponormal but semi-hyponormal.

(ii) To show that T — 4 is not p-hyponormal for any p > 0. It suffices to show that
T — 4 is not paranormal. Let

T = (...,O,m_l,@,0,0,...) and z_, =(

)

)

Sl
Sl

be the unit vector in H such that ||Z|| = |lx-1]| = 1. Then
(T ~ 4)%z|| = ||7%% — 8Tz + 16z||

¥ <@> (1) ()
iCo1e

2
and
st | (3) ()| (D) -2

which shows that
(T - 93| > || - 4],

which implies that T — 4 is not paranormal. O
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The semi-hyponormal operator valued bilateral weighted shift 7" which is provided
Theorem 3 is convexoid by Theorem C. Therefore it is the example which is

convexoid semi-hyponormal but not translation-invariant.
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