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Performance of Convolutionally-Coded MIMO Systems
with Antenna Selection

Walaa Hamouda and Ali Ghrayeb

Abstract: In this work, we study the performance of a serial con-
catenated scheme comprising a convolutional code (CC) and an
orthogonal space-time block code (STBC) separated by an inter-
leaver. Specifically, we derive performance bounds for this con-
catenated scheme, clearly quantify the impact of using a CC in
conjunction with a STBC, and compare that to using a STBC code
only. Furthermore, we examine the impact of performing antenna
selection at the receiver on the diversity order and coding gain of
the system. In performing antenna selection, we adopt a selection
criterion that is based on maximizing the instantaneous signal-to-
noise ratio (SNR) at the receiver. That is, we select a subset of
the available receive antennas that maximizes the received SNR.
Two channel models are considered in this study: Fast fading and
quasi-static fading. For both cases, our analyses show that sub-
stantial coding gains can be achieved, which is confirmed through
Monte-Carlo simulations. We demonstrate that the spatial diver-
sity is maintained for all cases, whereas the coding gain deterio-
rates by no more than 10log,,(M/L) dB, all relative to the full
complexity multiple-input multiple-output (MIMO) system.

Index Terms: Antenna selection, convolutional codes, flat fast-
fading channels, multiple-input multiple-output (MIMO), space-
time block codes (STBC), space-time trellis codes (STTC).

I. INTRODUCTION

Much work has been published recently on the use of an-
tenna diversity for achieving reliable communication over wire-
less links. These works include the early work by Guey et al. [1]
in which signal design techniques that exploit the diversity pro-
vided by employing multiple antennas at the transmitter were
considered. Then in 1998, Tarokh et al. [2] introduced a new
class of codes (referred to as space-time trellis codes (STTC))
suitable for systems equipped with multiple transmit antennas.
In their paper, they develop design guidelines for space-time
codes over Rayleigh and Rician channels. They show that the
performance of space-time codes depends primarily on the num-
ber of transmit and receive antennas employed in the system, in
addition to the underlying code. The performance of space-time
codes (over fading channels) is typically characterized by two
parameters: The coding and diversity gains.

In 1998, Alamouti [3] introduced a very simple, and yet ef-
ficient, scheme which involves using two transmit antennas at
the base station (BS) and one receive antenna at the other end
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of the down-link. A simple decoding algorithm was introduced
for this scheme, which can be extended for arbitrary number of
receive antennas. Motivated by the simplicity of the Alamouti
scheme, Tarokh et al. [4] generalized that scheme to an arbitrary
number of transmit antennas, resulting in the so-called space-
time block codes (STBCs). For the same number of transmit
and receive antennas, both STTC and STBC normally achieve
the same spatial diversity. However, despite the low complexity
they offer, STBCs do not provide any coding gain, unlike the
case for STTCs. Therefore, STBCs may need to be combined
with an outer channel coding scheme in order to provide such
coding gains.

To this end, a few papers have appeared recently in the litera-
ture in which various coding schemes concatenated with STBC
were considered, including [5]-[10] among others. The coding
scheme that was studied in most of these works involves con-
catenating a STBC with a channel code such as a turbo code,
trellis code, convolutional code, and block code, where the chan-
nel code in this case serves as an outer code. It was observed in
these works that a substantial coding gain can be achieved. In
some cases, it was demonstrated that a STBC used in conjunc-
tion with an outer channel code can be superior, in terms of per-
formance, to a STTC at even a lower complexity [5]. However,
in all these works, the conclusions were based on Monte-Carlo
simulations and no rigorous analysis was performed.

Another aspect of space-time codes that has been of inter-
est lately is the complexity associated with employing multi-
ple antennas at the transmitter and/or receiver. (This applies to
both STBC and STTC.) The complexity stems from the fact that
a separate RF chain is required for every employed antenna,
which results in a significant increase in the implementation
cost. In addition, the physical limitation of some wireless de-
vices, such as mobile phones, prohibits using many RF chains.
In an effort to overcome these problems, while utilizing the ad-
vantages of using multiple antennas, several papers (e.g., [11]
and [12] and references therein) have recently addressed the no-
tion of antenna selection. The idea behind antenna selection is
to use only a subset of the transmit and/or receive antennas in
multiple-input multiple-output (MIMO) systems. With this, the
number of RF chains required now becomes equal to the num-
ber of selected antennas, which can lead to a dramatic cut down
in cost and physical size of MIMO systems.

In [11], Molisch er al. studied the effect of antenna selec-
tion from a channel capacity perspective. It was shown that only
a very little loss in capacity is suffered when the receiver uses
a good subset of the available receive antennas. In [13], the
authors studied the impact of antenna selection at the receiver
on the diversity order and coding gain provided by the under-
lying space-time code. It was shown that, for full-rank STTC
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codes and quasi-static fading channels, the diversity order of the
underlying STTC code is maintained, whereas the coding gain
deteriorates by a value upper bounded by 10log,,(M/L) dB
where M is the number of available receive antennas and L is
the number of selected antennas. A more comprehensive anal-
ysis of the setting considered in [13] is presented in [12] along
with code construction with antenna selection. The authors in
[14] considered antenna selection for STTCs over fast fading
channels. It was shown that the diversity order deteriorates with
antenna selection and it becomes a function of the number of se-
lected antennas and not the number of available antennas. The
implication of this result is that employing more receive anten-

. nas while maintaining the same number of selected antennas un-
changed will only provide additional coding gain.

Recent works on STBCs with and without antenna selection
can be found in [15]-[17]. In [15], a simple decoding algo-
rithm for the full-complexity (i.e., no antenna selection) STBC
was proposed. In [16] and [17], MIMO systems with receive
antenna selection were analyzed but no concatenated code was
used. In this paper, we first study the performance of the coding
scheme that comprises a convolutional code and a STBC based
on orthogonal designs [4] concatenated in a serial fashion and
separated by an interleaver. In particular, we derive analytical
bounds for the probability of error performance for this coding
scheme. We quantify the effect of the CC and STBC on the over-
all performance. We also examine the performance of this con-
catenated system in the face of antenna selection at the receiver.
In this study, we consider two fading channels: Fast fading and
quasi-static fading. For both cases, we show that considerable
coding gains are possible to achieve when employing a CC in
conjunction with a STBC. In addition, with antenna selection,
we demonstrate that the spatial diversity is maintained for all
cases, whereas the coding gain deteriorates by no more than
10log,o(M/L) dB, all relative to the full complexity MIMO
system.

- We remark that concatenating a STBC with an outer chan-
nel code such as a CC code may result in reducing the spectral
efficiency due to the added redundancy. In such cases, the com-
bined concatenation scheme is not full rate. This is unlike the
case for STTCs where such codes are normally full rate. How-
ever, this problem can be rectified by using a trellis-coded mod-
ulation (TCM) code as an outer code. In this case, the redun-
dancy is compensated for by expanding the constellation size of
the transmitted signal. As for complexity, if we were to compare
the complexity of a combined outer channel code/STBC with a
STTC, for the same number of code states, both schemes will
roughly have the same complexity. However, the former scheme
is more flexible in the sense is that it is easy to design full rate
codes for any number of transmit antennas and any number of
code states. This is not an easy task for STTCs (see [2] as an
example). In addition, a MIMO channel employing a STBC, af-
ter combining at the receiver, may be viewed as a single-input
single-output (SISO) system. As such, channel coding schemes
developed for SISO systems can be applied to MIMO systems in
a straightforward manner. Again, this is not possible for MIMO
systems employing STTCs.

The rest of the paper is organized as follows. In Section IJ,
we present the system model. Performance analysis for the full-
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Fig. 1. Block diagram CC-STBC system with antenna selection.

complexity system is presented in Section II1. In Section IV, we
present performance bounds and simulation results for the full-
complexity system. We also include in that section simulation
results for the coded system with antenna selection at the re-
ceiver for various scenarios. Finally, Section V concludes the

paper.

II. SYSTEM MODEL

The system under consideration is shown in Fig. 1, which
models a wireless communication system that employs N an-
tennas at the transmitter side and M antennas at the receiver
side. As shown in the figure, the incoming data is encoded by a
convolutional code, interleaved, and then encoded by the space-
time block encoder. The output of the space-time block encoder
is then transmitted from the N transmit antennas. Blocks that
involve modulation, demodulation, etc. have been suppressed
from the figure due to their irrelevance in the analysis.

Without loss of generality, and for the purpose of this study,
we consider the case of two transmit and M receive antennas
where the STBC introduced in [3] is used. In this case, the
received signal r{ at antenna j, after demodulation, matched-
filtering, and sampling, is given at time ¢ by

r] = hjib1 + hyaby + w] D
and at time ¢ + 7" by
T‘g = _hjlbz + hjgbl + w% (2)

where * denotes complex conjugate, b, and b, are the two sig-
nals transmitted simultaneously from antennas 1 and 2 at two
consecutive transmission periods; the noise w; at time ¢ is mod-
eled as independent samples of a zero-mean complex Gaussian
random variable with variance 0 = Ng/2 per dimension. The
coefficients hy; = ajiej %5 model the fading between the i-th
transmit and j-th receive antennas and are assumed to be com-
plex Gaussian random variables with variance 0.5 per dimen-
sion.

In this study, we consider two channel models. The first one
is a quasi-static flat fading channel, i.e., the fading coefficients
hj;fori=1,2,---  Nandj=1,2,---, M are constant dur-
ing a frame and vary from one frame to another, and the sub-
channels fade independently. The second is a fast fading chan-
nel in which case the fading coefficients h;; fori = 1,2,--- | N
and j = 1,2,--- , M are constant over a block of symbols of
length N within a frame and vary independently from one block
to another (within the same frame). This assumption is valid
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only when perfect interleaving is assumed. Furthermore, the
underlying space-time block code is assumed to have full rank.

Using maximum likelihood (ML) detection, and assuming
binary-phase-shift-keying (BPSK) transmission, the soft esti-
mate of the transmitted data bits are given by [3]

Zh’jlrl

J*
hjary

N=2 M
ZQ?bl‘f—% Zh*lwl +§R Zh 2’11)2
i=1 j=1
N=2 M
= Za?lbl —f—z%(h wl) + R(hj2)R(w3")
i=1 j=1 j=1
= S(h51)3(w]) - S(hy2)S(wd), 3

M
o =R Z hjari = hjiry”
7=1
N=2 M M ‘ ‘
= 303 akbe+ 3D R(R@) — R R(w])
i=1 j=1 3=1
= S(R5)S(w]) + S(hj1)S(wh") “)

where R and & denote the real and imaginary parts operations,
respectively. Note that in (3) and (4), we assume that the receiver
has perfect knowledge of the channel fading coefficients.

III. PERFORMANCE ANALYSIS

In this section, we evaluate the upper bound for the bit error
rate (BER) of the space-time convolutionally coded system over
flat fading channels with ideal channel interleaving. This can
easily be justified if the channel is fast fading, where small in-
terleavers can be adequate to provide independent fading statis-
tics from one bit to another. By ideal interleaving, we mean that
an independent fading variable exists for every two consecutive
transmitted bits. Note that the BER upper bound is based on the
Viterbi decoding algorithm with infinite quantization levels.

Considering a window of d bits, the conditional pairwise error
probability is given by [18]

d
P(dl6)=P{Zﬁnzo} (5)

where the vector @ = [0n1,1, ", Qjipn, -+, Cnar,a), and the
summation in (5) is taken over the incorrect path of d bits as-
suming the all zero path has been transmitted. Note that in (5)
we assume a perfect interleaving process where the fading coef-
ficients are independent from one-bit-to-another. Using (15) and
(20) in [15], the pairwise error probability in (5) can be written
as

Jun (6)

where E is the average energy per coded bit, and is related to
the uncoded bit energy through R, E}, where R, is the code rate.
Now, assuming independent fading coefficients among different
antennas and from bit-to-another, the pairwise error probability
is given by

Pld]@) = (M

Using the upper bound for the probability of bit error given in
[18], we have

Po<m) S aPld) ®)

d:dfree

where the terms 3, represent the coefficients of the derivative of
the CC transfer function and P{(d) is the pairwise error proba-
bility given in (7).

Note that the fading coefficients are assumed independent re-
sulting in a total diversity order equal to N3 d where d corre-
sponds to the time diversity delivered by the convolutional code
with ideal channel interleaving, and N M corresponds to total
spatial diversity given by the space-time block code.

Now, the o terms in (7) represent a chi-square distribution
with 2N M d degrees of freedom. Averaging of (7) over the chi-
square distribution [19], gives the probability of error as

1 NMA=1  NMd—14+n\ 1
P(d) = [5(1~ SIINEEEDY ( n n) 5+
n=0
)
where
SIN R,

T=VSINR, +1 (10)

and ‘
SINR,, = (E/20%)E(a?) (1D

is the average signal-to-noise plus interference ratio per coded
bit, and E{-} denotes statistical expectation. Having obtained
the pairwise probability of error, it is now easy to find the proba-
bility of bit error upper bound in (8). Note that the generalization
of this bound to quasi-static channels is straightforward, given
that a sufficiently large interleaver is used to obtain independent
fading variables within the transmitted data block. Note that the
probability of bit error in (7) is similar to the maximal-ratio com-
bining receiver (MRC) with a diversity order equal to NMd.
This is not surprising since channel coding is some form of time
diversity with diversity order equal to the minimum Hamming
distance of the used code. '

For the case where antenna selection is used at the receiver
side, an upper bound as in [13] can be used to roughly estimate
the BER for the CC-STBC system. In this case, the pairwise
error probability is upper bounded by

P(d) < [5(1— 4o
NMd—-1

x Z (NMd_H") AT ()
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7
SNR (dB)

Fig. 2. Performance bounds for the convolutionally-coded space-time
system over flat fast-fading channels with ideal channel interleaving.

Note that the factor (%) represents the coding gain loss- due
to antenna selection. For the case when L = M, the system
achieves its maximum coding gain at full complexity (i.e., no
antenna selection). In the following section, we present simula-
tion results that confirm the validity of this bound.

1V. SIMULATION RESULTS

. In the following simulation results, we consider a space-time
system with ideal channel interleaving. In our study, we also
consider the performance of the space-time coded system over
quasi-static flat-fading channels, where we compare it with the
results obtained for the fast fading case. The remaining system
parameters used in our simulations are as follows.

e Binary-phase shift-keying (BPSK) transmission.

e Convolutional coding with rate R = 1/2 and a constraint
length L = 7.

e The space-time block code used is based on Alamouti’s code
31

e The channel is modeled as a fast fading one, or else men-
tioned.

A.- BER Upper Bound

Since it is difficult to obtain an exact expression for the CC
generating function at large constraint lengths, we only consider
the first five, distinct, Hamming distances and their coefficients
to evaluate the BER in (8). Note that at low BERs, the trellis
paths with the least Hamming distances will constitute the major
error events effecting the overall system performance.

Fig. 2 shows the BER performance of the CC system with
and without space-time block coding. Also shown for compari-
son reasons is the performance of the Alamouti space-time code
with two transmit and one receive antennas, along with the BER
upper bound for the CC system. An important observation on
these results is seen from the large coding gain achieved when
using soft-decision (SD)-CC with STBC. The large diversity or-
der delivered by the CC space-time system (seen from the slope
of the BER curve) is mainly due to the perfect interleaving as-
sumption. The effect of nonideal interleaving will be considered

— = STBC (2 Tx, 2 Rx, select max}

~©~ CC/STBC (2 Tx, 1 Rx)

—8~ CC/STBC (2 Tx, 2 Rx)
i:1| —O- CC/STBC (2 Tx, 2 Rx, select max) R
i| =~ CC/STBC (2 Tx, 3 Rx) :
~#~ CC/STBC (2 Tx, 3 Rx, select max 2)
‘| % CC/STBC (2 Tx, 3 Rx, select max 1)

SNR (dB)

Fig. 3. BER performance of STBC with and without SD-CC, and employ-
ing antenna selection. The channel is fast-fading with ideal channel
interleaving.

later when we discuss block versus fast fading results. Moving
on to the BER upper bound derived in Section III, one can see
that the bound is in a good agreement with simulation results,
Note that the BER bounds become more tight as the SNR in-
creases and as such, a use of these bounds becomes essential
where computer simulations are impractical at low BER levels.
For instance, the SNR tolerance incurred using such a bound is
shown to be approximately 1.5 dB at a BER of 10~5.

It is worth mentioning that the error bound we considered as-
sumes a system with infinite quantization whereas the simulated
results are based on an 8-level quantization scheme, which is
usually used in practice. Note that, our comparison is similar to
the one in the classical paper [20] for the AWGN channel case.

B. Antenna Selection

As discussed earlier, the use of maximum SNR antenna se-
lection can reduce the number of RF chains at the receiver side
of a MIMO system while maintaining the same diversity order.
In what follows, we denote the number of antenna selected by
the letter L. Here, we examine the BER performance of both
the STBC system and convolutionally-coded one when antenna
selection is employed at the receiver side. The results of this
investigation are shown in Fig. 3 for the system BER, and in
Fig. 4 for the frame error rate (FER) with a frame of size 130
symbols, both for the fast-fading channel. In these results, we
fix the number of transmit antennas, N, to two elements, and
consider a receiver with M = 2 and 3 antenna elements. We
also include the N = 2 and M = 1 case for comparison pur-
poses. From these results, some important observations are
e for both STBC and CC-STBC, the use of antenna selection
only affects the system’s coding gain while the total diver-
sity order is maintained. This result is quite clear from the
slope of the BER curves with and without antenna selection.
A similar observation was reported for STTC’s over quasi-
static flat-fading channels [13].

e Inthe N = 2and M = 2 with CC-STBC, the antenna se-
lection provides a coding gain of approximately 2 dB higher
than the corresponding N = 2 and M = 1 case. Note that
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Fig. 4. FER performance of STBC with and without SD-CC, and employ-
ing antenna selection. The channel is fast-fading with ideal channel
interleaving.

the loss incurred due to antenna selection is in the range of
1.5 dB. This SNR loss is almost the same as for the STBC
alone (with the same number of antennas).

e Forthe N = 2 and M = 3 scenario, we can see that the L =
1 case results in a coding gain reduction of approximately
2.5 dB relative to the full diversity case (L = 3, no antenna
selection). Note that the I = 1 case offers a larger coding
gain than the N = 2, M = 2 case with antenna selection.
Also for L = 2, one can see that the SNR reduction from the
full diversity case is very small (approximately 0.5 dB).

¢ The BER results for the antenna selection case are in a good
agreement with the bound given in (12). We have also noted
that the error bound in (12) becomes loose as the number of
selected antennas decreases relative to the total number of
receive antennas.

C. Antenna Selection for Quasi-Static Fading Versus Fast Fad-
ing

Having examined the performance of the convolutionally-
coded space-time system over fast fading channels with ideal in-
terleaving, it is of interest to examine its performance on block
fading channels. In the following simulation results, we con-
sider a block fading channel where the channel fading is consid-
ered constant over a frame of length 130 symbols. To simplify
the comparison, we only focus on the V = 2 and M = 2 system
when we discuss the effect of antenna selection on the receiver
BER performance.

In Fig. 5, we compare the performance of the CC-STBC sys-
tem in fast fading with that over block fading channels. As seen
from these results, the fast fading channel provides much larger
diversity order than the block fading case for the same space di-
versity order (same number of transmit and receive antennas).
This large diversity order is due to the time diversity delivered
by the channel interleaving process which dominates the overall
system diversity. One important remark on antenna selection is
that regardless of the channel model, the diversity order is main-
tained and only a reduction in the SNR gain is incurred.

~5~ block fading (2 Tx, I Rx)

~O- fast fading (2 Tx, 1 Rx)

—6— block fading (2 Tx, 2 Rx)

—#— block fading (2 Tx, 2 Rx, select max)
| =0~ fast fading (2 Tx, 2 Rx)

+3 —#— fast fading (2 Tx, 2 Rx, select max)

7
SNR (dB)

Fig. 5. BER performance of the SD-CC/STBC with antenna selection.
Quasi-static fading versus fast-fading.

V. CONCLUSIONS

In this paper, we analyzed the performance of the serial con-
catenation of convolutional coding with space-time block cod-
ing. We obtained an error bound for the space-time coded sys-
tem with ideal channel interleaving. Our results indicated that
these error bounds are in a good agreement with the exact BER
performance especially at low BER levels where error bounds
become more significant. We have also shown that the use of
antenna selection at the receiver side only effects the SNR cod-
ing gain, but not the overall diversity order. This phenomena
was evident for both the fast and block flat fading channel mod-
els. Moreover, we have shown that the receiver performance is
affected significantly by channel interleaving. In that, a com-
parison between the quasi-static and fast fading channels was
conducted where it was shown that the time diversity order
dominates the overall system diversity. Furthermore, we have
noted that the use of antenna selection results in almost the same
SNR reduction regardless of the channel model used. This cod-
ing gain loss due to antenna selection was shown to be upper
bounded by 10 log; (M /L) dB. In comparing the performance
of STTCs with the concatenated CC-STBC, for the case when
antenna selection is used, we observed that the diversity order
is maintained for the latter as opposed to the former where the
diversity order is known to deteriorate with antenna selection.
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