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ON THE ALMOST SURE CONVERGENCE
OF WEIGHTED SUMS OF NEGATIVELY
ASSOCIATED RANDOM VARIABLES

JoNG IL BAEK, SUNG TAE PARK, SUNG Mo CHUNG,
AND HYE YOUNG SEO

ABSTRACT. Let {X, X,|n > 1} be a sequence of identically nega-
tively associated random variables under some conditions. We dis-
cuss strong laws of weighted sums for arrays of negatively associated
random variables.

1. Introduction

Let {X, X, | n > 1} be a sequence of independent identically dis-
tribution (i.i.d.) random variables and let {an; | 1 < ¢ < n, n > 1}
be an array of constants. Up to now, many authors studied the almost
sure (a.s.) limiting behavior of weighted sums > ; an; X; of i.i.d. ran-
dom variables. Bai and Cheng|3| proved the strong law of large numbers
S 1 aniXni/bn — 0 a.s., by Bernstein inequality when {X, X,, | n >
1} is a sequence of i.i.d. random variables with EX = 0 and

(1.1) E("X1") < 0o for some k> 0 (y > 0),

and {an; | 1 <7< n, n>1} is an array of constants satisfying
n

(1.2) Aq = lim sup Agy < 00, AF, = > Jand®/n
i=1

for some 1 < a < 2, where b, = nl/®(logn)/7+¥(e-D/e0+7) and 0 <
v< 1

Received June 15, 2004.

2000 Mathematics Subject Classification: 60H60, 60F15.

Key words and phrases: strong laws of large numbers, almost sure convergence,
arrays, negatively associated random variables.

This paper was supported by Wonkwang University Grant in 2004.



540 Jong Il Baek, Sung Tae Park, Sung Mo Chung, and Hye Young Seo

Sung|[18] extended this result and obtained another a.s.limiting law when
condition (1.2) is replaced by stronger condition

(1.3) E(M"X1"y < o0 for any h > 0 (v > 0),
where b, = n'/*(logn)/7if0 < v < 1, b, = nl/*(logn)/r+r(e=1)/a(1+)
ify > 1.

In this paper, we obtain an almost sure limiting behavior on the
weighted sums by using negatively associated random variables on the
moment generating function E(eMX”) < oo for any h > 0 (y > 0).
Note that the results of Sung[18] extend from i.i.d. random variables
to negatively associated setting. The definition of negatively associated
random variables is as follows.

DEFINITION. A finite family of random variables {X; | 1 <i <n}is
said to be negatively associated (N A) if for every pair of disjoint subsets
A and B of {1,2,--- ,n},

Cov(fl(Xivi € A)af?(Xjaj € B)) S O;

whenever f; and f» are coordinatewise increasing such that the covari-
ance exists. An infinite family of random variables is N A if every finite
subfamily is N A.

The notion of NA was introduced by Alam and Saxena[l] and were
carefully studied by Joag-Dev and Proschan[10] and Block, Savits and
Shaked[6]. Joag-Dev and Proschan[10] showed that a number of well
known multivariate distributions possess the NA property, such as (a)
multinomial, (b) convolution of unlike multinomials, (¢) multivariate
hypergeometric, (d) Dirichlet, (e) Dirichlet compound multinomial, (f)
negatively correlated normal distribution, (g) permutation distribution,
(h) random sampling without replacement, and (i) joint distribution of
ranks. Because of its wide applications in multivariate statistical analy-
sis and reliability, the notion of NA has received considerable attention
recently. We refer the reader to Joag-Dev and Proschan[10] for funda-
mental properties, Newman[14] for the central limit theorem, Matula[13]
for the three series theorem, Su et al.[17] for a moment inequality, a weak
invariance principle and an example to show that there exists an infi-
nite family of non-degenerate non-independent strictly stationary NA
random variables, Shao and Su[11] for the law of the iterated logarithm,
Shao[16] for the Rosenthal type maximal inequality and the Kolmogorov
exponential inequality, Liang and Su[11], Liang[12] and Baek, Kim and
Liang[2] for complete convergence, and Roussas[15] for the central limit
theorem of random fields, some examples and applications.
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The organization of this paper is as follows. In Section 2, we give main
results and some corollaries. Throughout this paper, a,; = a:i -a,,
+

where a,. = max(an;,0), a,; = max(—an;,0), C denotes a positive

constant whose values are unimportant.

2. Main results

We will deal with an almost sure convergence theorem for weighted
sums of identically(but not necessary independent)distributed depen-
dent case.

THEOREM 1. Let {X,; | 1 < <mn, n> 1} be an array of rowwise
N A random variables with EX,; =0 for 1 <i<n andn > 1. Assume
that {an; | 1 < ¢ < n, n>1} is an array of constants. Suppose that the
following conditions hold;
(a) |@niXniI (Xni > 0)| < un|X;|?/logn a.s., for some 0 < 8 < ~ and
some sequence {u,} of constants such that u, — 0,
(b) X2,5°% a2, < v,|X;|°/logn a.s., for some § > 0 and some se-
quence {v,} of constants such that v, — 0. '
Let {X, Xp|n > 1} be a sequence of identically distributed random vari-
ables satisfying (1.1), then

o n
Zn’"P(| Eam-Xnd >¢e) < oo foranye >0 andr > 0.

n=1 i=1

ProoF. It suffices to show that

oo n

(2.1) anP(] Za:;anﬂ > ¢) < oo for any ¢ > 0,
n=1 i=1
oo n

(2.2) ZnTP(l Za;anﬂ > ¢g) < oo for any € > 0.
n=1 i=1

We prove only (2.1), the proof of (2.2} is analogous. To prove (2.1),
we need only to prove that

(2.3) Zn’"P(Z at Xni > €) < 0o for any € > 0,
n=1 =1
o0 n

(2.4) Zn’P(Z af{iXm < —¢) < oo for any € > 0.

n=1 =1
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We first prove (2.3). From the definition of NA variables, we know
that {a:;-Xm- |1 <i<n,n>1}isstill an arrays of rowwise N A random
For all z € R, by putting t = M logn/e, where M is a large

variables.

constant and |z|® < O(e(h/2)|x|ﬁ) and inequality e* < 14z + §m2e|w|, we

have

IA

IN

IN

(A

IA

IA

IA

IN

00 n
T +

E n" P( E a Xni > €)
n=1 i=1

oo

E : nre—etEetZ;;l af Xni
n=1

oo n .

E :nr—M H Eetam.Xm
n=1 =1

o0 n

| | (1 + (M?/2%) log® n(a;h;)?

n=1 i=1

- (BX2,+ EX2I(Xns > 0)eM/?) lognla::ixm-l))

o0

Z n"~M ﬁ (1 + (M?/2e%)v, log n(a2;/Sa,)

n=1 i=1

- (B(1X:l) +E|Xi|5e(M/€)un|Xm|ﬁ))

[e o] n

S ML (1+ (04222 lognfa/ B

n=1 i=1

1B
- B(X,[feM/DIX ))

oo

Z n’—M H (1 + O(1)vy, log "(aii/xaii)E(ehlxﬂﬂ))
i=1

n=1
00

Z n—M H (1 + Clog n(aii/Ea?ﬂ))
i=1

n=1
o)

Z nr—M+C

n=1

3

3

< o0,
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proved M > r+ C + 1. Thus, (2.3) is proved. By replacing X; by — X,
from the above statement and noticing {a;,(—Xp;) | 1 < i < n, n >
1} is still an arrays of rowwise NA random variables, we know that
S n"P(YT  at Xy < —€) < oo for any £ > 0. Hence the result

=1 "ni

follows by (2.3) and (2.4). O

The following corollary shows that if condition(1.1) of Theorem 1 is
replaced by stronger condition(1.3), then condition(a) can be replaced
by weaker condition (a') |an; XniI(Xni > 0)] < C|X;|?/logn a.s., for
some 0 < 8 <+ and some constant C' > 0.

COROLLARY 1. Let {X,X,, | n>1}, {Xni |1 <i<n, n>1}, and
{ani | 1 <i<mn, n>1} be same as in Theorem 1 except that (1.1) and
(a) are replaced by (1.3) and (a'), respectively. Then

oo n
ZnTP(] Zamel >e¢g) < oo foranye >0 andr > 0.

n=1 =1
PROOF. The proof is similar to that of Theorem 1 and is omitted. [

THEOREM 2. Let {X, X, | n > 1} be a sequence of identically dis-
tributed NA random variables satisfying EX, = 0 and (1.3), and let
{ani | 1 < i < mn, n > 1} be an array of constants satisfying (1.2) for
1 < a < 2. Then for some 0 <~y <1andb, = nl/a(logn)lm,

7
Zam-Xi/bn —s 0 a.5. as n — 0.

=1

Proor. Since Z?:l am-Xi/bn = ?21 a:;iXi/bn — Z?:l a;iXi/bn,
we may assume, without loss of generality, that an; > 0. Let X, =
(logn) V7 I(X; > (logn)V/")+ X;I(1Xi| < (logn)/7) and X, = X;— X/,
for 1 <i < nandn > 1. Note that X, and X, are still NA random
variables by property of NA (see, Joag and Proschan[10]) and so,

n n n
’ "
E an; X; E ani X, ni E aniXm'
i=1 i=1 =1

Note that E(eX|") < oo is equivalent to S°°° | P(|X,,| > (logn)'/7) <
oo. Hence, by the Borel-Cantelli Lemma, Y |X,.| is bounded a.s., it

/bnS /bn+ /bn =11 + Is.
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follows that
Iy = |ZaniX;z/il / bn

n
< lg%land;lxﬁil / bn

1 1l/a n
- (— max |am~|a) ST IX) [ log" '
=1

n 1<i<n
1 n 1/a n

< (EZIand“) Z|X7I{z / log!/7m
i=1 i=1

k23
= Aa,nz | Xl / log'/"n — 0 a.s. as n — oco.
i=1

To prove |an; Xpn;i|/bn — 0 a.s. as n — oo, we will apply Corollary 1 to

random variable X,,; and b, ay;.

Note that EX,, + EX,; = EX; =0 and EX,; > 0,0 EX,, <0. In

addition, we observe that
|aniX':n'I(X;n' > 0)|/bn

1
——a X 1(0 < X; < (logn)/?)

<
nl/a

/(logn)*/

1
——ani[(X; > (log n)l/"’)

+ nl/a

1 n 1l/a
< (;Zlaml"> {IX: (1 X:] < (logn)*7)/(logn)*/?
=1
+ I(X; > (logn)l/'y)}
< Aan{(logn) 07X,/ (logn)'/7 + | Xi[7/ logn}

< Aapnl X7/ logn
and
2 n n
Xni Z@Zi/bi < Xizzagi/bi
i1 i=1

< A2, X2 /(logn)?/".
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Hence, conditions (a') and (b) of Corollary 1 are satisfied the results
above, and so Corollary 1 implies that

i3
E aniX,;/bn — 0 a.s. as n — oo.
i=1

Hence the result of Theorem 2 follows by /1 and /5. ]

The following theorem is a slight modification of Theorem 2. The
following theorem shows if constant b, is stronger than that of Theorem
2, then condition (1.3) of Theorem 2 can be replaced by weaker condition
(1.1).

THEOREM 3. Let {X,X,, | n > 1} be a sequence of identically dis-
tributed NA random variables satisfying EX, = 0 and (1.1), and let
{an; | 1 < i < n, n > 1} be an array of constants satisfying (1.2) for
1 < a <2 Then for 0 <+ <1 and b, = n'/*(logn)Y/7*+# (3 > 0),

k(3
ZamXi/bn — 0 a.s. as n — oo.

=1

ProoF. Let X, = X;I(|X;| < (h™ logn)/?) + (A logn)/7I(X; >
(h~log n)/") and X/, = X; — X!, for 1 <i < n and n > 1. Since the
proof is similar to that of Theorem 2, it is omitted. O

REMARK 2.1. Suppose that {X, X,|n > 1} are i.i.d. random vari-
ables with EX = 0. Sung[18] discussed Theorems 1, 2 and 3. Obviously,
Theorems 1, 2 and 3 extend the result of Sung[18| from i.i.d. case to
N A setting.
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