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CONGRUENCE EQUATIONS OF az +by’ =¢
AND az® + by? + dz! = c(modp) WHEN
p=2¢+1 WITH p AND ¢ ODD PRIMES

DaeveouL KiM*, JA Kyung Koo**, AND MYUNG-HwWAN Kim***

ABSTRACT. Let p and ¢ be odd primes with p = 2¢ + 1. We study
the number of solutions of congruence equations ax? + by’ = ¢
(mod p) and az® + by’ + dzt = ¢ (mod p)

1. Introduction

The inspiration of this article is based on the famous paper of Weil[17].
The relationship between Gauss sums (also known as Lagrange resol-
vents) and Jacobi sums was examined by Gauss (unpublished), Jacobi[7],
Eisenstein[5], Cauchy and others. Berndt and Evans studied Gauss, Ja-
cobi, and other classical character sums attached to characters of order
6,8,12,24 ([2, 3)).

On the other hand, Dickson[4] computed the number of solutions of
the congruence equation z® +y®+1=0 (mod p = ef + 1) and Rajwade
found the number of solutions of the congruences y? —z* = —a (mod p),
y?>—2® = —Dz (mod p), y> —z* = —a (mod p), y*> —2° = —a (mod p),
y? — 2% = —a (mod p) ([10, 11, 12, 16]). Meanwhile, Sun([14, 15])
found the number of cubic and quartic residues and considered various
conditions for cubic residues, nonresidues and primes. Let ¢ be a rational
prime such that t = 1 (mod 7). Williams showed that a certain triple
of a Diophantine system of quadratic forms has exactly six nontrivial
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solutions ([18, 19]). Akazawa[l] considered the case y? = x(z% + 2z + 2)
(mod p).

Let a;z'* +--- + a2 = b (mod p), where ay,--- ,a, € Z — {0} and
beZ. If b# 0 and N is the number of solutions of the above equation,
then

N=p'+> xi-xebxalar Hxa(azh) - xr(ar )T (xas - 5 xo)s

where the summation is over all r-tuples of characters x1,--- , X, such
that Xéi = ¢ and x; # € for each ¢ = 1,--- ,7(e is the trivial character).
If My is the number of such r-tuples with x;--- x» = ¢, and M; is the
number of such r-tuples with x; - - x» # €, then

|N _pr—ll < Mop(r/2)—1 _+_M1p('r‘—1)/2'

For the details we refer to Ireland and Rosen’s book([6, Theorem 5). In
the book, they remarked :

“If p is sufficiently large, the congruence has many solutions. In fact,
the number of solutions tends to infinity as p is taken larger and larger.”

In Section 3, we classify the congruence equations az® + by! = ¢
(mod p), where a,b,c,i,5 # 0. We are considering (p — 1)° curves over
Fy.
pLet p be an odd prime such that p = 2¢ + 1, where ¢ is also an other
odd prime. Throughout sections 3 and 4, we consider the number of so-
lutions of the congruence equations by utilizing some paths which satisfy
congruence equations. To this end, we need of the following notations.

Let (ai1,l1,a2,l2, - ,an,ls, c)p stand for the congruence equation

a1z +az? 4+ - 4 anzr = ¢ (mod p),
and we write the number of solutions modulo p of (a1,l1, -+ ,an,ln, ¢)p
by N(alavll1 +a2xl22 +---Faqzlr = ¢ (mod p)) or simplify |a1,l1,- -, an,
ln,clp. We say that (a,4,b,7,¢)p is quasi-isogenous to (a',i',b',5',c)p
modulo p if (a,1,b,j,¢)p and (a',7',¥, j', '), have the same number of
solutions, and write (a,1,b,7,¢), ~ (a’,7,b',5',¢')p. The set

{(a'/: ila blaj/, CI)P|(a'a i7 b7j7 C)P ~ (a'la ila bl?j/’ C/)p}

is called a quasi-isogeny class modulo p, and we denoted by [(a, , b, j, ¢)]p-
We often omit the subscript p when no confusion may arise. We derive in
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Theorem 3.19 that the number of quasi-isogeny classes of [(a,%,b, 7, ¢)]p

is 15 except when p = 7. More precisely, the numbers of solutions of
2

(a,3,b,5,c) are 0, 2, B52, p—1, p, p+ 1, 2p = 2, 2p, (557 )%, (B7),

(p—1)2, 222 ngp, (p_21)2 and 7, where

32l if g =3 (mod 4).

p—g—:’l if ¢g=1 (mod 4),
77:
2

These are all distinct if p # 7. If p = 7, only 13 numbers 0, 2, 3, 6, 7, 8,

9, 11, 12, 14, 18, 21, 36 can be the numbers of solutions of (a,%,b, j, ¢).
In section 4, we find that the possible maximum number of quasi-

isogeny classes [(a, 1, b, j,d, k, ¢)],, is the following (Theorem 4.1):

139 if ¢=5 (mod 12) except p = 11,

) .,b, '7 dak7 = 1
|[(a,%,b, c)lpl { 135 if ¢ =11 (mod 12) except p = 23.

And, for instance, we determine the exact number of quasi-isogeny
classes for p = 5,7,11, 23 as follows:

56 if p=5,
68 if p=71,

) b? .7 d) k’ =
|[(a7l? J c)]P‘ 98 lf p= 117
128 if p=23.

We rely on Mathematica 4.0 for heavy computations.

2. Preliminaries

In this section, we define some notations and introduce some basic
facts without proofs which will be used in the sequel. There are many
standard books, for example [6] and [8], in which the readers can find
proofs. Let (a,b) denote the greatest common divisor of a and b.

PROPOSITION 2.1.

(a) Ifdlp — 1, then ¢ = 1 (mod p) has exactly d solutions.
(b) Let (a,m) = 1. If ™ = a (mod m) is solvable, then there are
exactly (n, ¢(m)) solutions, where ¢ is the Euler ¢-function.
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LEMMA 2.2. Let (p—1,m) = m'. The congruence z™ =z (mod p)
is solvable if and only if z™ = xq (mod p) is solvable.

Proor. If 2™ = zp (mod p) is solvable, then there exist a,t € Z
such that a™ = o™t = zy (mod p). If z™ = z¢ (mod p), then there
exist b,s,u € Z such that b = bP-Dpme = ()™ = g (mod p).
This completes the proof. a

PROPOSITION 2.3. The congruence equation ajz'! + agz? + - +
anzir = ¢ (mod p) has the same number of solutions as alacfl + a2xl2/ +

—i-anaciL = ¢ (mod p), where I} = (li,p—1), I, = (lo,p—1), ---,
z;:= (ln,p—1).

ProOF. This is clear from Proposition 2.1 and Lemma 2.2. O

The number of solutions to 2 = a (mod p) is given by 1+ (2), where
p

(g) the Legendre symbol.

LEMMA 2.4.
() z”:l(f) =0.
(b) X0z 1(“"”” )=0ifp fa.

Through the article we adopt the following notations:

el1<abcdijt<p-1;

o 1<, r" <p—1with (r,2q) = (r',2q9) = (r",2¢) = 1,

e 1<k K, k'<qg-1;

e b* the arithmetic inverse of b modulo p, i.e., bb* =1 (mod p);

o |(a: 0)| the number of solutions of az® +b- O = ¢ (mod p)

e ax’ + by’ = ¢ and az! +by3+dz = ¢ stand for az’ + by! = ¢
(mod p) and az® + by’ + dzF = ¢ (mod p), respectively.

3. az’ + by =

We consider 16 {i,5}’ s

{17 1}7 {1’2}a {laQ}a {1a2q}7 {271}a {272}’ {27q}7 {27 2Q}7

{a,1}, {9, 2}, {9, q}, {9, 24}, {29, 1}, {2¢,2}, {2¢,4}, {24,2¢}
We classify (a,1,b,7,c) up to quasi-isogeny with the aid of Proposition
2.3.
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LEMMA 3.1. |a,1,b,1,¢c| = p.

ProoOF. Trivial. O

COROLLARY 3.2. |a,7,b,7',c| = p.

PRrOOF. It is obvious by Proposition 2.3 and Lemma 3.1. O

LemMaA 3.3. la,1,b,2,c| =p.

PROOF. Applying b* to the congruence azx + by? = ¢, we have y? =
b*c—b*ax when p fb*a. Thus the number of solutions of y* = b*c—b*ax
is

p—1 p—1
b*c — b*ax b*c — b*ax
§(1+G——;——D=p+§(—————0=p

=0 =0 p

by Lemma 2.4. O

COROLLARY 3.4. |a,r,b,2k,c| = |a,2k,b,7,c| =p.

REMARK. Asiswell-known[13],]1,3,—1,2,¢| = pwithp =2 (mod 3).
We only consider p = 2¢ + 1. Let E; : y?> = 2% + az (mod p) and
Ey : 4?2 = 23 4+ B (mod p) be two elliptic curves. If we ignore the point
at infinity, then |Eq| = |Ea| = p.

In general, if we let Fy : y2 = apz™ + - + an (a; € Fp) with p = 3
(mod 4) and agz™ + - - - + an an odd function. Then |F1| = p.

LeMmMA 3.5. |a,1,b,q,¢c| =p.

PROOF. We know that y? = 0, 1. If y? = 0, then ax = c has a
solution (a*c,0). If y? = +1 then az & b = ¢ has ¢ solutions each with
double signs of same order. Therefore the number of solutions is p. I

COROLLARY 3.6. |a,7,b,q,¢| = |a,q,b,7,c| =p.

LeMMA 3.7.

b
p+1 if (=1,
la,2,b,2,c| = 4

ab

p—1 if (
p

)=—1.
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b
PROOF. Let (2) = (=) = 1. Since both a and b are quadratic residues
p b

modulo p, we have az? = 2 and by? = 2. Consider

N(lﬂ + y/2 — c) — Z N(xl2 — U)N(yIZ — v)

=:§Z{1+ M1+ ()
=p+u§=0<§><§>

:p+j§<c;”>(§>

—p <E><9)+(9)(§)+v§#<cp”)(%)(”j)

=1,v#c p
p—1
t -1
;(p) (p )
=p+1,
where ¢t = cv* —1 and u,v € Fp,. A similar argument can be carried over
b b
when (a—):—l or (g)z(—):—l. O
4 p p

COROLLARY 3.8. |a,2k,b,2K,c| = |a,2,b,2,¢|.

LEMMA 3.9. The number of solutions of ax? + byd = c is as follows:

(1) Ia? 2: cq, Cl = |CL, 2) -4, C'

B3 jf g=1 (mod 4) and (

3”2—"'1 if ¢=3 (mod 4) and (

33 if ¢=1 (mod 4) and (
( (

p
mod 4) and

II

II

”2;1 if ¢q=3

7)
5
)
)

=R =R =R =8

(2) If b # %c, then we get the following table.
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(%) <a(c—b)) (a(c+b)> ,2,b,q.c]
p p P
+1 +1 +1 2p
+1 +1 -1 p+1
+1 -1 +1 p+1
+1 -1 -1 2
T 1 11 W2
-1 +1 -1 p—1
-1 -1 +1 p—1
-1 -1 -1 0

Proor. If 47 =0, i.e., az? = ¢, then

(3.9.1) \(z,0) = { 2 At =1
0 if (%) =-1L
If y9 = 1, i.e., az? = ¢ — b, then
g ifec=0b,
(3.9.2) (zy)| = { 20 if (=) =1,
0 if (Hey= 1
If y¢ = —1, ie., az? = c+ b, then
g if ¢=—b,
(3.9.3) (z,) = { 20 if (=) =1,

0 if ()= 1.

a

,b=c, b= —c. Then It is impossible.
b (

| —

3p+1

la,2,¢,q,¢l =2+ q+2¢= 5

where (%) =1and ¢ =3 (mod 4).
Other cases can be shown in a similar manner.

b40)) = 1. Then 1 = (2&<) = (

473
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COROLLARY 3.10. |a,2k,b,q,c| = |a,q,b,2k,c| = |a,2,b,q,c|

LEMMA 3.11.

(1) ’aaQ>a'7 qaa' = ‘ —a,q,a, q7a| = la7q7 _a‘)q’al - |aa q,a,q9, —(1,|
=p—1.

(2) |2a,9,a,q,a| = |-2a,q,a,q,0| = |2a,q,—a,q,a| = |2a,q, a,q, —al

= |a q, 2a Q7a| = ICL qa_za; qaal = Ia,q; '—2a7Q7—a|
= |a,¢,2a,q,—a] = £
(3) If a # +a,+2a, then |a, q,a,q,a| = |a,q,—a,q,a| = |a,q,a,q,4a]
|a5 q,a,4q, —CL| _1
(4) If
a+b=candc# —a,—b or
a—b=candc# —a,b or
—a+b=candc#a,-b or
—a—b=candc+#a,b,

then |a, q,b,q,¢| = (B32)?.
(5) Otherwise, |a,q,b,q, c! = 0.

PrOOF. Put z¢ =0,1 or —1 and y? = 0,1 or —1.

If 9 =0 and y? = 0, then 0 = c.

If 29 =0 and y? =1, then b = c.

If 22 =0 and y? = —1, then —b=c.

If 29 =1 and y? = 0, then a = c.

Ifz¢=1andy?=1,thena+b=c.

Ifz?=1and y?=—-1,thena—b=c.

If 29 = —1 and y? = 0, then —a = c.

If x9=—-1and y? =1, then —a+b=c.

If 29 = —1 and y? = —1, then —a —b=c.

By the assumption we know that ¢ # 0.

Casel. b=c

If ~b=c,a+b=c,—a+b=c, then abc = 0, which is impossible by
the hypothesis.

If a = ¢, then |a,q,a,q,a] =p — 1.
If a — b = ¢, then |2q,q,a, q,a|—p_1.
If —a =c, then | —a,q,a,¢q,a| =p— 1.

If —a—b=c, then | — 2a,q,a,q,a| = ’%.
If o # +a,+2q, then |, ¢, a,q,a] = 5=
Other cases can be shown in a similar way. (]
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REMARK. A rather general result can be found in [4, p.398].
LemMA 3.12. |a,2q,b,1,¢c| = p.

PrOOF. Put 224 =0 or 1.

If 2%¢ = 0, then by = ¢ and hence |(0,y)| = 1.

If 229 = 1, then by = ¢ — a and hence |(z,y)| = 2¢. Therefore there
are exactly p solutions. O

COROLLARY 3.13. |a,2¢,b,7,c| = |a,7,b,2q,c| = |a,2¢,b,1,¢| = p.
LEMMA 3.14.

4 . acy __ a(c—b) —
0 if (%)=(5")=-1
2 if (22)=1,(450) = -1
p—1 if (¥)=-1b=c
2,b,2q,¢| = p
la, y Uy q,C| p+1 if (%)zl’b:c
_ . acy _ alc=b)y __
-2 if (%)= —1,(252) ~1
eoracy _ (ale=b)y _
Lo i (2m) = () =1

PROOF. Let y?? =0 or 1.

If 4?9 = 0 and (%) = 1(resp., —1), then |(z,0)| = 2(resp., 0).
If 429 = 1 and b = ¢, then |(z,y)| = 2¢.

If y?9 = 1 and b # c, then

0 if (D) =1,
(2, y)| = o aleb)
4q if ( .

From these follows the lemma. O

COROLLARY 3.15. |a,2q,b, 2k, c| = |a,2q, b, 2k, c| = |a,2,b,2q,c|.

The following two lemmas can be proved in a very similar manner to
Lemma 3.14.

LEMMA 3.16.

(1) |aaQ;a7 QQaal = | —a,q, G,2q,a| = &212

(2) If a # +a, then |, q,a,2q,a| =p — 1.

(3) Ifb# c,a+b+# c, then |a,q,b,2q, —a| = 252
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If a # a, 2a, then la,q,a,2q,a| = p_z_'2
—_P-p

(4) la’a q, 20’7 2q) a’l = 'aa q, —20,, 2Q7 - ‘ P} )
(5) Let a+b=c. If —a # c, then |a,q,b,2q,c| = (p“l) :

Let —a+b=c. Ifa # c, then |a,q,b,2q,c| = (p— 1)2'
(6) la,q,b,2q,c| =0, otherwise.

COROLLARY 3.17. la, q,b,2q,c| = |a,2q¢,b,q,c|.

LEMMA 3.18.

(1) I(l, 2(L a, 2q7 al = 2(19 - 1)

(2) If a # a, then |a,2q,a,2q,a| = |a,2q,,2g,a| = p— 1.
(3) Ifa+b=c, then |a,2q,b,2g,¢c| = (p— 1)

(4) |a,2q,b,2q,c| =0, otherwise.

Observe that 0,2 2t p—1,p,p+1, 20 -2, 2p, (B51)? (p__24—1),

p—1)%, -2 B2 e+l pop (p- 1) are all distinct except when p = 7.
772 0 32

Ifp= 7, then 2p—2 = %, (”71)2 8238 and the others are distinct.

From Lemma 3.1~ 3.18 and the above observation, we deduce the
following theorem.

THEOREM 3.19. The number of distinct quasi-isogeny classes of [a, 1,
b, j,clp is 15 except when p =7, i.e., the values of |a, i, b, j, c| are

p— p—1
T’ p_la D, p+1a 2p‘2a 2p7 (_>27

3p-3 pP—p (p—1)°

2
p—1 9
-1
( 4 )’ (p )’ 2 ? 2 bl 2 7777

0, 2,

where
{ ”—;ﬁ ifg=1 (mod 4),
'r) =

4L ifg=3 (mod 4).

When p = 7, the number of quasi-isogeny classes of [a,1,b, j, ¢|7 is 13,
i.e., the values of |a,1,b, j,c| are 0, 2, 3,6, 7, 8, 9,11, 12, 14,18,21 and 36.
More precisely ; let a,b and c be distinct numbers in F.
(1) If g =1 (mod 4), then the quasi-isogeny classes are the following:

Case 1. |a,i,b,j,c| =p



Congruence equations of az? + by’ = ¢ and az® + by’ + dzt = c(mod p)

(a,1,b,7,¢) condition
(a,r, b, c)
(a,r,b,2k,c), (b,2k,a,r,c)
(a,7,b,¢,0),(b,q,a,7,¢) X

(a,2q,b,7,¢), (b7, a,2q,¢)

Case 2. |a,i,b,j,c|=p+1
(a,1,b,5,¢) condition
(a,2k,b,2K, c) (%’) =1

(CL, 2k, bv q, C), (bv q,a, 2k, C)

477

a(c—b b
(&) =1, =-(*5) #0
(a,2k,b,2q,b), (b,2q,a,2k,b) (%’) =1
Case 3. |a,%,b,j,c|=p—1
(a'7 ia ba ja C) condition
(a,2k,b, 2k, c) (%) =1

(a,2k,a,q,¢),(a,q,a,2k,c) |(
c)

—1 (a(c+a)) — _(a(c—a)

el) 70

(a’7 2k7 b7 Q)

? (b, q7 a’ 2k’ C) (

)= -1 = (%) #0

(o, q,0,2¢,0),(a,2q, 00,9, a) a # +a
(o, 2q,0,2¢,0), (a,2q,a,2q,a) aFa
(a‘v q,a,4q, a)a (aa q,a,q, —(L)
(-aaqaaaq)a)’ (av(Ia_a)q,a) X
Case 4. |a,i,b,j,¢c| =2p
(a,1,b,7,¢) condition
c a(c—b
(a,2k,b,2q,0), (b,2g,a,2k,c) | (%) = ({=2) =1

Case 5. |a,i,b,7,c| =2

(a” 7:’ b, j? C)

condition

(a,2k,b,2q,¢), (b,2q,a,2k,c) [ (%) =1,(2=D) = -1

Case 6. |a,i,b,j,c| =2(p—1)

(a,,0,5,¢)

condition

(a? 2ka —a, 2qa C)a (—_aa 2qa a, 2k7 C)

%) =1, () =1

(
(a,2k,b,2q,¢), (b,2g,a,2k,c) | (%)=

-1, (1) =1

(a,2q,0,2q,a)

X
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Case 7. |a,i,b,j,¢c|l = (1!’;—1)2

(a,i,b,7,¢) condition

a+b=candc# —a,—bor

(a,q,b,q,c) a—b=candc+#a,bor

—a+b=candc#a,-bor
—a—-b=candc#a,b

. . pi-1
Case 8. |a,i,b,j,c| = &5

(a,i,b,7,c) condition
(20‘, q,a,q, a)v (2&, q,—a,q, CL)
(20‘7 q,—a,q, CL), (2&, q,a,4, _a) X

(a‘a q, 20'7 q, a)? (a’ q, _2(]’) q, a)
((I, q, —2(1’ q, _a)7 (CL, 4q, 20“’ q, —a)

Case 9. |a,i,b,j,c| = (p — 1)?
(a,1,b,7,¢) condition
(a,2¢,b,2q,a +b) X

. . 2—.
Case 10. |a,i,b, j,c| = B3P
(a,i,b,7,¢) condition
(a,9,2a,2q,a),(2a,2q,a,q,a) X
(CL, q, _2a; 2(1, _a), (-2@, 2(], a, g, ‘a)

Case 11. |a,i,b,7,¢c| = %
(a,i,b,7,¢) condition
(a,q,b,2q,a+b), (a,2q,b,q,a +b) —a#c
(a,q,b,2q,—a +b), (a,2q,b,q,—a + b) a#c

Case 12. |a,i,b,7,¢| =0

(a,i,b,7,c) condition
(a,2k,b,q,¢), (b,q,a,2k,c) [ (%) = (4= = () = 1
acy _ (ale=b)y _
(a,2k,b,2q,c),(b,2q,a,2k,c) (‘5) - (_p—) =-1
(a’7 q’ b? q? C) (*1)
(a’) q7 b’ 2Q7 c) ] (*2)
(a,2q,b,2q,c) (x3)

Here, the condition (x1) for (a,q,b,q,c) is that a,b and ¢ are none



Congruence equations of az® + by? = ¢ and az® + by’ + dzt = c(modp) 479

of the following:

(a=b=c ora=b,c=—-aorb=c,a=—-b ora=c,b=—a;
¢=+ba==x2b orc==a,b==2q;

ﬁ a+b=c ora—b=c or —a+b=c or —a—b=c,
where ¢ # +a, +b;

{ ¢ = %a,b # +2a,+a or ¢ = +b,a # £2b, £b.

The condition (x2) for (a,q,b,2q,c) is that a,b and c are none of the
following:

(a=b=cor —a=b=g¢

a# +b and b= c;
b#c,a+b#c and —a =g

b +# a,2a and a = ¢;
a=c¢b=2a0or —a=cb= —2q;

la+b=c,—a#cor —a+b=c,a#c

The condition (x3) for (a,2q, b, 2q, c) is that a,b and c are none of the
following:

c=a+ b
a=b=c
a=c,b#*aorb=c,a#b.

Case 13. |a,i,b,j,c| = 3—(”5_3
(a,i,b,7,c) condition
(a72k7c’q7c)7(c’q’a72k’c) (%) = _1
(a7 2ka —64q, C)v (—C, q,a, 2k7 C)
(a,q,a,2q,a),(a,2q,a,q,a) X
(—CI,, q, a, 2qa a)’ ((I, 2(1’ —-a,q, a)

Case 14. |a,i,b,j,c| = &£2
(a,3,b,4,¢) condition
(a,2k,a,q,c),(a,q,a,2k,c) (%) =—1
(a,2k,—c,q,c),(—c,q,a,2k,c)

L, pe1l
Case 15. |a,1,b,j,¢| = pT
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(a,i,b,7,¢) condition
(a,q,b,2q,—a),(a,2¢,b,q,—b) | bF#ca+bFc
(a,q,,2q,a),(c,2q,0a,q,a) a#a,2a
(a,q,0a,q,a), (o, ¢, —a,q,a) a # ta,+£2a
(a> q,2,4, a‘)’ (a” q,%,4, _a‘)
(2) If g =3 (mod 4), then the quasi-isogeny classes are the following:
Case 1 through Case 12 are the same are (1).

Case 13. [a,i,b,j, C' = 3(:02—1)

(a,i,b,j,c) condition
(a,2k,c,q,¢),(c,q,a,2k,c) | (%) =-1
(a,2k,—c,q,c),(—c,q,a,2k,c)
(a,q,a,2q,a),(a,2q,0,9,a) X

(_a’q’a’2qa ):(a 2(], —a,q,a )

Case 14. |a,i,b,7,¢c| = éz%l
(a,%,b,74,¢) condition
(a,2k,c,q,c),(c,q,a,2k,c) (%) =1
(a,2k, —c,q,c),(—c,q,a,2k,c)

Case 15. |a,i,b,j,¢c| = %
(a,1,b,7,¢) condition
(a,q,—a,q,a )(a q,a,q,a) a # ta,+2a
(CL q,4,4,a ),(CI, q, 0,4, —CI,)
(a,q,b,2¢,—a), (b,2q,a,q,—b) |bFc,a+b#c
(a,q,0,2q,a),(a,2q,a,q,a) a # a,2a

REMARK. When p = 5, on can easily find that |a,,b, j,c| =0,2,4,5,
6, 8,10, 16.

REMARK. In Asiacrypt 1999, Y. Tsuruoka and N. Kunihiro proposed
a problem:

“Let c, z, y be integers such that 0 < z,y < ¢. Let N(c¢) be the number
of points (z,y) satisfying y?> = 23 4+ 11z (mod ¢). Find all values of ¢
such that N(c) = 1999.”

We may ask more generally:

For a,i,b,j,c € F;, find all values of p such that |a,4,b, j, c| = 1999.
Theorem 3.19 tells us that there is a unique prime p, which is 1999.
Another approach is in [9].
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4. axt +by! +dzt =¢

In this section, we consider the number of solutions of azt+4 by’ +dzt =
¢ by using the results of section 3. By Proposition 2.3, we may consider
64 cases of {7,7,t}’s with 4,7,k € {1,2,q, 2q}.

In a similar way, when working with all cases, we derive the following:

THEOREM 4.1.

(1) If ¢ = 5 (mod 12) except for p = 11, then the possible maxi-
mum number of quasi-isogeny classes of [a,,b, j,d, k, c|, is 139,
in other words,
|a,i,b,j,d,k,c| = Oa 27 L_17 &237 b - 17 p+ 17 §22__3: 2p_

P
5p—1 Tp—T7 p°—2p+1
2; 2p7 p2 }3p‘3; 3p_17 P 4p_ 4 _2 4 ’
p’—1 p’4+2p-3 p’+4p-5 p2+6p+1 P +10p =3 p +14p 7 p°—2p+1
4 4 i 0 4 3 2
P —2p+5 p’-p+d pz—p p’~1 p’+3 p +p—2 p +p+2 p*+2p-3
2 2 2 20 2 2’ 2 2
p2+2p+1 P +3P =4 p +3p P idp— 5 +4p 1 p 2 45p—- =6 +6p 7
2 2 )
P +6p 3 3p? —6p+3 3p —4p+1 3p? —2p+7 3p +2p 5 3p? +2p+3
A ) 4 ’ ! ’

3p? +4p 7 3p® +6p 1 3p? +6p 9 3p°+10p—13 2p —3p+1 1)2
i 4 ’ 2 ’ (p - ) 9

2_ _ 2_
D —2p+3 2" 3p+5,p —p,p?—p+2, P 2 optS 2 g

2
p?, pR41, e8Pl 2y 9 p2 g 2405 2 on 3
P24 2p—1 5p’—10p+13 5(p—1)2 5p>—6p+9 5p’—6p+1 5p°—dp+7
; 4 74 2 4 ’

4 ’ 4 ’
5p*—2p—3 5p°—2p+5 5p°4+2p—7 3p°—6p+3 3pZ—6p+7 3p?—5p+2
4 ) 4 ) 4 ) 2 ) 2 ’ 2 ’
3p2—5p+6 3p?—4p+1 3p°—4p+5 3p°—3p 3p*—3p+4 3pZ-—2p-—-1
2 ’ 7 ) 2 » T2 2 ) 2 )
3p2—2p+3 3p? —p—-2 3p2—p+2 3p2—=3 3p°+1 3p°>+p—4 3p2+2p—5
2 2 2 2 2 3 2 ’

3+2 17—14+77-10+3 7p? —6p—1 2 2
p”+2p— p p p 4p P 4p , 2p% — dp + 2, 2p? —

W, W 931 g e, W o
2

P ap+2, Wiped 5’”3,2;92 —p=1, 2p—p+1, =R, 9p?-2, 9p?,

3(p — 1)2 p3—3p";+3p—1 p*—=3p>+7p— 5 p 3 —3p? +11p 9 p’—p —p+1

g
p2—p?+3p—3 p®+p?-5p+3  3p>—9p? +21p 15 p 1)% 3 —3p? +5p 3
H 8 3 ? ?

8 8 4 1
p3—3p2+7p—5 p°—2p®+3p~2 p*-2p°+p p -—p®-p+1 p3-p’+p-1
a ) 4 ) 1 ) 1 ’
—3p+2 fo P 2p°—5p?48p-5 (p—1)° p*-3p? +4p 2 p3-3p? +5p 3
1 1 4 ;7 , )

P +3” 2 reps “pi1 (p 1), p? 3Pt 2, p 5P +5p 3
(2) And 1f p = 11 then the exact number of quasi-isogeny classes of
[a,i,b,7,d, k:,c] 11 Is 98, in other words,

p°—3p? +6p 4 p®-3p® +7p 5 p*—3p? +8;D 6 P —2p +p p®—2p° +2p 1
2
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la,i,b,7,d,k,clin= 0, 2, 5, 7, 10, 12, 15, 20, 22, 25, 27, 30, 32,
35, 40, 42, 50, 55, 57, 60, 65, 70, 72, 75, 77, 80, 82, 85, 87, 90,
92, 100, 102, 105, 107, 110, 112, 115, 117, 120, 121, 122, 125,
127, 130, 132, 135, 140, 142, 150, 152, 155, 157, 160, 162, 165,
170, 172, 175, 185, 200, 202, 207, 210, 212, 215, 220, 222, 227,
230, 232, 235, 240, 242, 250, 255, 260, 275, 280, 300, 305, 325,
330, 390, 500, 505, 510, 515, 520, 525, 535, 550, 555, 560, 600,
1000, 1010, 1020.

If ¢ = 11 (mod 12) except for p = 23, then the possible maxi-
mum number of quasi-isogeny classes of |a,4,b,j,d, k, c], is 135,
in other words,

la,i,b,7,d,k,c| =0, 2, P;l,p 1,p+1, 3238 324l op 2 2p,
5p53p33p17p 4p44p2p—2p+1 p—l p°+2p—3

4 4 4 ’
p’+4p— 5 p>+6p— 7 P —2p+1 P —2p+5 P —p P -1 p +3 p2+p—2
4 4 ) 12 20 2 2

p’+pt+2 p®+2p-3 p +2p+1 P +3p =4 P +3p p4+4p—5 p’+4p—1
2 ’ 2 2 ? 2 ? 2 ?

p’+5p—2 p2+6p—7 p -+—6p 3 3p> —6p+11 3p?—6p+3 3p°—4p+1

2 ’ 2 ’ 2 ) 4 ’ 4 ? 4 ’
3p2—-2p+7 :@2_2;»—1 3p°—3 3p°+2p—5 3p>+2p+3 3p3+6p—9

i 1 4 4 ) 4 ’ 4 ’
2 —3 +1 2 2p° —3p+1 2 2 2p —p—1
b L (p 1) ~2p+37 2p y D°—D, D —p+27 2 ’

2p? p+3 2 2p°+p—3 2p°+p+1 2p°+3p—1 _2

2 ’ _17p » P +17 2 7 P ’ 2 » D +p"27

2 2 2 5 2 5p°—6p+9 Bp*—2p—3

p’+p,pP+2p-3,p*+2p-1, 3(p— 1), B, B
5p°—2p+5 5p>+3 5p°+2p—7 5p+2p+1 5pi+6p—11 3p2—6p+3

4 ’ 4 ? 4 ’ 4 ? 4 ’ 2 7
3p®—6p+7 3p°—b5p+2 3p°—4p+l 3p°—4p+5 3p°—3p 3p?—3p+4

2 ’ 2 ’ 2 ) 2 A 2 ’

3p®~2p—1 3p®—2p+3 3p°—p—2 3p°—p+2 3p°—3 3p°+1 3p’+p

2 ) 3 ) 2 2 T 2 2 T3

3p242p—5 3p%+2p—1 Tp2—6p+7 Tp2—2p+3 Tp%+2p-—1 2

/4 217 , 217 , 417 , P 417 , P 4P ,2p _4p+2,
4p®—Tp+3 4p%—5p+5

2p2_4p+4} 2p2_3p+]-; 2p2_3p+3; L 2p+ ’ £ 2p+ ’ 2p2_2p7

2 4p%—3p—1 4p% —p+1
2p* — 2p + 2, ==, 2p -p—1, 2p - p+1, B 2,
3(p 1?2, 93—3p2+3p—1 P —3p8+7p 5 p3-3p® él-llp 9 »p —g—;n+1

2
p—p®+3p— 3 p +p —5p+3 3p® —9p? +21p——15 (p— 1)3 3 —3p° +5Jp 3
8 8, 4 4
p—3p* +7p 5 p®—2p? +3:D 2 p°—2p? +p p’—p —p+1 pP—p*tp-1
4 4 4 :

—3p+2 o =) 2p® —§2 +8p 5 (p— 1>3 p’—3p’ +4p~2 p®—3p? +5p 3

1 4 2 2 ’ )

P —310 +6p 4 p®—3p*+7p— 5 P —310 +8p 6 p®—2p® +p p®—2p? +2;0 1
2

=2 +3” 2 Popoptl (p 1)3, p® 3p +4p—2, p®—3p? +5p 3

(4) And 1f p= 23 then the exact number of quasi-isogeny classes of

[a,%,b,7,d,k,clag is 128, in other words,
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la,4,b,5,d, k,c|= 0, 2, 11, 22, 24, 33, 35, 44, 46, 55, 66, 68, 79,
88, 90, 121, 132, 143, 154, 165, 242, 244, 253, 264, 266, 275, 277,
286, 288, 299, 308, 310, 321, 330, 332, 363, 365, 374, 387, 396,
407, 409, 429, 484, 486, 495, 506, 508, 517, 519, 528, 529, 530,
539, 541, 550, 552, 563, 572, 574, 605, 629, 649, 651, 662, 671,
693, 726, 728, 737, 748, 750, 759, 770, 772, 781, 783, 792, 794,
814, 816, 893, 915, 937, 968, 970, 979, 990, 992, 1003, 1012, 1014,
1023, 1034, 1036, 1047, 1056, 1058, 1331, 1342, 1353, 1452, 1463,
1573, 2662, 2673, 2684, 2783, 2794, 2904, 2915, 3025, 3036, 4026;
5324, 5335, 5346, 5357, 5368, 5379, 5467, 5566, 5577, 5588, 5808,
10648, 10670, 10692.

(5) And if p =7, then the exact number of quasi-isogeny classes of
la,1,b,j,d, k,c|7 is 68, in other words,
la,i,b,5,d,k,c| = 0, 2, 3,6, 8 9,12, 14, 15, 18, 20, 21, 23, 24,
26, 27, 29, 30, 33, 35, 36, 38, 39, 42, 44, 45, 47, 48, 49, 50, 51,
53, 54, 56, 57, 59, 60, 62, 63, 66, 68, 69, 72, 74, 75, 77, 78, 80,
81, 83, 84, 86, 90, 92, 96, 108, 111, 114, 117, 120, 123, 126, 129,
132, 144, 216, 222, 228.

REMARK. If we can find a,b,c,d € F}, satisfying the conditions in

Theorem 4.1 (for example, (4}) = (%) = (@) = (g_(_cP;Q) =

(L;"Lb)—) = 1), then the number of quasi-isogeny classes of |a, i, b, j,d, k,
¢|p is 139 or 135. If p is sufficiently large, then we conjecture that the
number of quasi-isogeny classes of |a,i,b, j,d, k,c|p is 139 or 135, that
is, we can replace the possible maximum number by the one listed in
Theorem 4.1.

REMARK. If p =5, then the exact number of quasi-isogeny classes of
[a,i,b,7,d, k,cl5 is 56, in other words, |a,t,b,7,d,k,clp =0, 2, 3, 4, 5, 6,
7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45,
46, 47, 48, 51, 52, 53, 54, 56, 57, 59, 70.
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