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Likelihood Ratio Criterion for Testing Sphericity from
a Multivariate Normal Sample with 2-step
Monotone Missing Data Pattern

Byungjin Choil)
Abstract

The testing problem for sphericity structure of the covariance matrix in a
multivariate normal distribution is introduced when there is a sample with 2-step
monotone missing data pattern. The maximum likelihood method is described to
estimate the parameters on the basis of the sample. Using these estimates, the
likelihood ratio criterion for testing sphericity is derived.
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1. Introduction

In applications, a researcher gathers observations on many correlated variables through the
proper process to analyze the models considered in the study. In certain cases, however, some
observations may take missing components due to the unknown factors such as, for instance,
incorrect measurements and misrecording, etc. Since all of the standard statistical techniques
used for analysis can be applied to complete observations, the slightly modified techniques are
required to handle incomplete observations.

Toward this end, several methods such as, for example, the direct modeling and the
conditional modeling have been suggested to make the statistical analysis of incomplete
observations and a number of analysts have much contributed to the estimation and testing
problems related to various statistical models developed for analyzing incomplete observations.
See, for instance, Lord(1955), Anderson(1957), and Eaton and Kariya(1983). Bhargava(1975)
discussed three inference problems on the mean vector of a multivariate normal distribution
when some observations have a special missing pattern called monotone or monotone missing
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data pattern and thereafter, statistical methods for handling these observations have been
introduced and investigated by Little and Rubin(1987), Anderson and Olkin(1985), Jinadasa and
Tracy(1992), and Provost(1990).

Sphericity plays an important role in the classical analysis of linear models such as the
analysis of variance of repeated measurement data. Also, it is of direct interest in the field of
applications such as animal navigation and astronomy. See Mardia and Jupp(1999) and
references therein. Sphericity implies that the covariance matrix of a random variable vector is
proportional to the identity matrix, this is, X = ¢?/, where ¢ is an unknown constant.
Mauchly(1940) obtained the likelihood ratio criterion and its moments under the null

hypothesis, H : X = 0?1, and thereafter, many researchers have extensively investigated the

testing problem for sphericity. See John(1972), Sugira(1972), Gupta(1977), Nagar et al.(1991),
and Amey and Gupta(1992).

In this paper, we consider the testing problem for sphericity when there is a multivariate
normal sample with 2-step monotone missing data pattern. In sections 2 and 3, we introduce
the structure of this sample and describe the maximum likelihood estimation of the parameters
based on the sample. In section 4, a likelihood ratio criterion for testing sphericity is derived
using the estimates presented in the previous section. Section 5 gives a numerical example to
implement the testing procedure.

2. Sample with 2-step Monotone Missing Data Pattern

Let z,=(x, ‘- ,SEpk)t, k=0,1, denote a random vector such that T~ /N, (g, Ziie),
where g = (py, -+ ,Np,,)t, 2 is the covariance matrix of z, and 0 <p, < py,=p. Let
Tio= (z;y, *- ,:L',-,p)t, t=1,---,m,, denote an observation on &, and let z,; = (z,y, - ,:I:,-,pl)t,
t=n;+1,---,n, denote an observation on z; where n is overall sample size. Then the

observations from the mutivariate normal distribution take the form of

xll oo wllpl s e xllp
X= Ty,1 Toyp, 7" Tnyp

To+1,1 """ To+1,p

Tn,1 Ln,p,

and these are called a sample with 2-step monotone missing data pattern.
The sample displayed in table 1 shows this pattern and it can be obtained by discarding the
values of the last variable in the original one given in Little and Rubin(1987).
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<Table 1> Sample with 2-step monotone missing data pattern

No. of
observations 5 %2 s i
1 785 6.0 7.0 26.0
2 74.3 15.0 1.0 29.0
3 104.3 8.0 11.0 56.0
4 87.6 8.0 11.0 31.0
5 95.9 6.0 7.0 52.0
6 109.2 9.0 11.0 51.0
7 102.7 17.0 3.0 710
8 725 220 1.0 31.0
9 931 18.0 2.0 54.0
10 1159 4.0
11 83.8 23.0 -
12 113.8 9.0
13 109.4 8.0

3. Parameter Estimation by Maximum Likelihood Method

The maximum likelihood estimates of the parameters can be obtained by finding those
values that maximize the function given by

L(po, phy, Doy ) = IE f (@ 50510, o) I <y 11 f (@5 15001, ), 3.1

where f(+) is a multivariate normal density function. Due to the difficulty of manipulating
the function given in this representation, we consider a more convenient approach than (3.1).

Let z W= (:1:1, ,xpl)t denote a subvector of z; containing the first p; variables and
z®= (xle, ,a:p)t denote a subvector of I, containing the remaining p,(=p—p,)
variables. Assume that (i)~1\§,‘, (y,(i),Z'ii), i=1,2, where @ and X, are the mean
vector and covariance matrix of z (i), and that two subvectors have the covariance matrix
2J}5. Denote the conditional likelihood function of a:i(z)’s given zi(l)’s and the likelihood
funcion of zM's by L +BxW, 2,)=I",fc®|p +BzY,5,,) and
LW ) =11 f(eW;u®,5,),  respectively, where 2V =(zq, -~ y i)
i=1,--,n, is an observation on z ® and :l:i(z):(:rilplﬂ, ---,xi,p)t, 1=1,---,m, is an
observation on z @, p* = p® - Bu®, B= %, 7! and Yooy = X — BX, | B

Then, the overall likelihood function can be written by



476 Byungjin Choi

L (M (1)7 I (2); Xoa1s 211) =1L (I"* + Bz (1), 222.1) L, (Il' (1): 211)- 3.2)

The maximum likelihood estimate of u(l) for fixed X; is obtained by differentiating the

second term of the right hand side of (3.2) with respect to p,(l) and equating it to the null

vector. This gives the maximum likelihood estimate of p,(l) by /I W=z O = E :I:i(l) /n. To
=1

get the estimate of X'j;, the concentrated likelihood function given by

L, (; (1): Ell) = (2m)” /2 |2l n/2 exp(— %Eﬁ Ltr VVJ) 3.3)

* i - - t
is maximized with respect to 2Xi;, where W[ = Z(:z: i(l)—-a: (1)X$ i(l)—:c (1)). When
=1
EﬁlWﬁ =nl, the function (3.3) is maximized and thus the estimate of X); is given by
& * i — — (4
Eha=8=% (:vi(”—w (1))(:,;1,(1)__,1c (1)) /n.
=1

In a similar manner, the estimates of p,*, B and Y,,; can be obtained by maximizing the
first term of the right hand side of (3.2),

L(p"+ Bz M, 5,,) = @) "0/ |222.1|‘"1/2exp[— ‘5‘ > dfﬂza.}di), (3.4)
1=1

where d; = (z i(z)—p,*-Bmi(l))t. Firstly, for fixed both B and X,,;, p° maximizing the

_ nl
function (34) is obtained by p° =z, z?Y—Bg (1), where .'z:,g) = E z Y /n, and
=1

nl

:z_: E T; /'n1 Secondly, to get the estimate of B for flxed Yoy 1, We differentiate the

following concentrated log-likelihood function with respect to B,

1(a "+ Bo ©), S )=~ TP log (2m) — 5 log |l = 5 for (s~ My~ My + M)}, 39

where M, = 2221 W, M,= EzziBWizy My, = Btsz W, M= BtZzuBVVu and W;J,

1,57 = 1,2, is the sum of squares and product matrix formed from .’l;i( ) and :z:z-( ), 1=1,---,n,4,
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aven o o= 53 (e -5 ). W= Fy -5 Y)e-5.0)
i=1

™ — — 0N\
Wy=W5 and W, = 2 (x i(2) —x 1512)>(:1; i(z) -z 7512)), respectively. By solving the
=1

likelihood equation 8l/0B= X1 (W, —BW;;)=0, we obtain the estimate of B by
B = W, WL, Finally, the estimate of 2991 maximizing I, (ﬂ "+ Bz W 222‘1) with respect
to Ly is given by Lp; =Sy, = (VV22 Bw,B )/nl

The maximum likelihood estimates of other parameters can be obtained by solving the
relations p* = pu®—Bu®, B= 5, 21" and %,,, = Z,,— BX,; B' and applying Corollary
3.2.1 of Anderson(1984).

4. Likelihood Ratio Criterion for Testing Sphericity

To derive the likelihood ratio test criterion for the sphericity hypothesis Hy: X' = 0?1, the
parameters must be estimated under the null hypothesis. Since the covariance matrix Y can
be decomposed into Jiy; = 0241, Doy = 0242 and X}, = X3 =0 under the null hypothesis, the
parameters estimated by the maximum likelihood method are p(l), ,u,(z) and &°.

The likelihood function. based on n observations :l:,(l)’s and n; observations :1:1(2)’5 can be

written
_np tmp, _mptmp, 4+
Ly O u® A=0r) =z (® " 2 exp (— %0_2(1_2_} 4.1)
where ¢, = E (zi(n_” WY (g i(l)_“ 1)) and ¢ = 2 —u @)t (:z:,-(Z)—ﬂ @)). The

1=1 —
estimates of the parameters are obtained by differentiating the log-likelihood function
Ly ( M (1) u(2) 2)
H, ’ s

0?) with respect to p®, pf
al%(u(”,u @ o) ou® =0, alm(p(”,u(”,o?)/au@)=0 and al%(u(l),u(z),az)/602=0.

The maximum likelihood estimate of each parameter is given by

and ¢® and solving the likelihood equations

A(l)_zu)_z :v(l)/n ‘(2)_:1:(2)_2 :I:(Z)/n 0’_‘2_32_ wfl-i-wgz (4.2)
K a “ b np+n,p,’ '
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where uf, = z": (xl(l)_ ;(1)>t($§1)_ T (1)) and wl,= i (wi (2))@. _z 7512)) By
= =1

substituting the estimates of (4.2) into (4.1), we have the maximum value of the likelihood
function under the null hypothesis,

Py + Py

0 0 \—BiiTuPy
) (2) ”p‘+”‘p2 Wy + Wy 2 (_ np1+n]p2) 43
L%<:1: T, )—( (_——npl o, exp|l—— 35— | (4.3)

In the case of the alternative hypothesis, the maximum value of the likelihood function after
substituting the estimates of the parameters derived in section 3 is given by

- - * p1 + P, -z - np,+n
Ly, (“" (l):-'L' 7512): S1s 522,1)= (27T) |S11| 2 854l 2 exp(—- p—lz‘&) (44)

Taking the ratio of L,%(x 7Ty z 2 5) to Ly (:17 (l),:; ,512),31;,522,1), we get the likelihood
ratio test statistic

o m Lo n
I A ¥ s
- 0 0 np +np, np, + mpy * :
( Wy + Waoo ) 2 (’ntrﬁh + n t'r%Q 1 )
NPy + 1Dy TPy + Dy

The null hypothesis is rejected in favor of the alternative when the test statistic )\ is less
than or equal to a constant ¢ (), where c{(a) is a critical value depending on the significance
level of the test. However, it is difficult to derive the exact null distribution of the test
statistic and thus we may use the asymptotic result that A= - 2log\ follows the
chi-squared distribution with degrees of freedom (p+2)(p—1)/2 as overall sample size

increases. Thus, the null hypothesis is rejected at the significance level o if A= (),

where ¢’ (o) is the 100 percentile of the chi-squared distribution.

5. Numerical Example

The sample given in table 1 is used for a numerical illustration to implement the testing

procedure proposed in the previous section. In the sample, zW = (a;l, ar;2)t, z® = ($3, :1;4)t

and T, = (T, Ty, T3, 7,)". Also, 1, =9, n,=4, n=13 and p, = p, = 2. The numerical values
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of all the estimates were calculated by SAS/IML software.

The estimate of z® calculated from all observations is z *) = (95.462,11.769)". From 9

observations on &, two sample mean Vectors, :l:,(,l‘) and zg), are calculated as
:z:gl) = (90.900,12.111)" and :L‘,(i) = (6.000,44.556)". Also, each submatrix of W is calculated

as

W = 1462.300 —212.500 W = 265.400 —171.000 Wo, = 152.000 39.000
117 1—212.500 282.890, "2 7 \1423.800 62.444 ) "2\ 39.000 1972.200/

Using these values, we obtain the estimates of B and Xy,

B = (0105 —0.526 S = 3.804 —8.652
T\1.129 1.069, Y217 \—8.652 32.892

Based on Sl; calculated from all observations,

S = 210.300 —47.660
11 7\—~47.660 37.870/,

we have

18,1 = 5692.585, 1S5, = 50.264,
tr S}, = 248.170, tr Sy, = 36.696.

The value of the test statistic is A = 1.255 X 10~ and thus we get \* = 45.597. Since its
p-value is P (\">45.597)= P (x3245.597) =7.15X 1077, the null hypothesis is rejected at

the significance level 5%.
6. Conclusion

In this paper, we introduced the testing problem for sphericity when there is a multivariate
normal sample with 2-step monotone missing data pattern. The likelihood ratio test criterion
derived is based on the asymptotic null distribution of )\". The form of the test statistic
appears to be somewhat different from the usual one constructed from complete observations.
This leads to the difficulty of deriving the exact null distribution of the test statistic by an
approach commonly used in multivariate statistical theory. Though the exact null distribution
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could not presented in this paper for that reason, this problem will be throughly investigated
in the future.

Finally, in the situation where a given sample takes the form of 2-step monotone missing
data pattern, the test presented is expected to be useful in applications where sphericity plays
a key role in.
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