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Wakeby Distribution and the Maximum Likelihood
Estimation Algorithm in Which Probability Density Function
Is Not Explicitly Expressed?

Jeong-Soo Park 2

Abstract

The studied in this paper is a new algorithm for searching the maximum likelihood
estimate(MLE) in which probability density function is not explicitly expressed.
Newton-Raphson’s root-finding routine and a nonlinear numerical optimization algorithm with
constraint (so-called feasible sequential quadratic programming) are used. This algorithm is
applied to the Wakeby distribution which is importantly used in hydrology and water
resource research for analysis of extreme rainfall The performance comparison between
maximum likelthood estimates and method of L-moment estimates (L-ME) is studied by
Monte—carlo simulation. The recommended methods are L-ME for up to 300 observations and
MLE for over the sample size, respectively. Methods for speeding up the algorithm and for
computing variances of estimates are discussed.

Keywords : L-moment estimation, Numerical optimization, Hydrology, Quantile function,
Newton-Raphson algorithm

1. A&

EAS SEREY B4E 2 oz H432PWo) 4% ¥ LA 93, oen
oz Xé%&ll‘i Wiolth, adu wef HEUSFRpdD7t BBE BAHA G= ALE FE
AEdse] FQ SEFS =8 UPs) FUHA Formz H9EFAE Taed ozEe] A
G, AEE0] WEATFT e go] e VVF 1-E4 LE(Skew ALY BE)9| A9l
=

’

=Q(F) =aln(FAH— (1—a)In(1—F),

1) This work was support by grant No. R05-2002-000-00629-0 from the Basic Research Program of the Korea
Science & Engineering Foundation.

2) Professor, Department of Statistics, Chonnam National University, Gwangju, 700757, Korea.
E-mail: jspark@chonnam.ac.kr

_443_



444 Jeong-Soco Park

G594 E HYgs 1T 4 Advh 29 o) ASd FSFAXNMLE)E %A 78 A
01 7}2

E AFqAE ojfd EA HFe T £33 F$FH dadEFe MEstn aRe 4
o]34] EX (Wakeby distribution)o] #&3tQth dolan] BXE FE3 RopdA T8 #AA
o] X gt pdf7t BW&E] FEHA Yol AF7A H$FAA7 AHSHA RAR L-HEFHA7 AL
250] gt} ¢ojan BXE 499 AsF EE d F AU 499 A5F (I3 FEEEEA
$823 EEFE FAAAT AF 2olye EXoltt (MeA, 2000; &3, 1997, Landwehr
etal. 1979, 1980; Park etal. 2001), HEJFSFE F /o dutsl A E X9 Fe= TAHE
5-E4 EXoln, tg3 o] EEEH.

QUF) = &+ %{1—(1—F)ﬂ}— LN-0-F"° 0<FA. 1.1)

8=(& a, B, 7, 0) = 9 Jlg EFE /IXe SEF BXEA HAQL ted 2o,

E<x oo if =0 and >0,
E<x< E+al/p—17v/6 if y=0 or &40. 1.2)

o] BXE EWg AL2A, Uutsl SYE¥E(GEV), ¥utd FHEREE(y=0 EE o=0 4m),
ZI-AFRE, TI-PNEES TYHE vl FYE BEolth of REE pdff TARITS
7} wgs TEEA gon ok MRy F4w P FIAY B FAFHLE AFAAE
wRol s td HAAEH (Karian and Dudewicz, 2000)0)ut L-AE AW (Hosking, 1990)°]
AgEo] gttt HLEAULS AN oEe wWEY XFA oLHX EPAT, dEEY W=
Hoz2AX7 L-AF 2AYRY 2L Aoz Juygt B A9 AF}EAN 2FU¢ o] X4
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Q7 4. A E A2 e EFE 129 A2 oM J=H3 daydEL o &3
TAHez 7Y oW YA Z BFo o A9 RREEEHE FXuEoR
T4 o] &gt

@7 5. 7] A8 AE FolM, 47 =g AR FAA 7MF AL FE ZE EFE
HF A H$3FA A (global optimizer)E ZHF3Ft}.

fe @AM FeAE FELAETTE 49 (1.2) A dgH 2L FeEst ok

_ 6+1
Ax) = (= 2,)

Ca(l—p) 4y @1

s, ol A A9 =4

A7 p, & 99 DALAA x o tgdte FEHAE Fx) & £
=34 2.

8=1(& a, B, 7,8) o FFolth o4 &9 2asEdsE o

A= —InL(8;z) = — IZ::I[(é‘+l)ln(1—-pxi)—ln{a(l-—l)xi)“a-% 7}] (22)

oAl H(22)& HAZE e EFEEL T Y8 X4 HHE duFE olfstaor )
addH (1.2)% 22 o g uxdg Agxdol ledurt AAFE Foprle FANA o
Aekxzd oz Urtd AQ27F AAdEHA &7 wWEo, durEd HAH3} dumygFo] ofd
feasible sequential quadratic programming(FSQP)& A}-& 3% tH(Nocedal and Wright, 1999). °]&
A&l FFSQP #+ XTE@ Z2ayg AHEslyth(lawrence and Tits, 2001). T3 A 1A
x=Q(F) & ¥t ¥383% Newton-Raphson ¢3128%-& Hosking(2000)0] ZtAlstz & o]
ST XEY Z2aYPEE AMEEHE dolaH EX A MLEE F3le XEY ZTzage
A2 oA Agsty FE § Qo

3. delav EXoAN FR3UY vlw

oz X diAE AB7A FE L-FEFAY] ALHo ¢tk o HoAdE L-3J&
F X H (Method of L-moment estimation; L-ME)¥} H$FAWe A5 EHIIEZ AEdHolA
& F38td ¥l

L-H&2 cMSAZTY J8d¢e= AodHn, 23D L-JEF LY L-HEE TAA
AHLAAY 2N L-FEFAX/ T, o] FAHAXNE= Iz By 7 BE F
B o), HEFARAARY o FL& FHE 39 53] £2FEAA JLFAXNEY ¢ Fvdan ¢
HAA o L-HEFAY B8 2AAE HE&S Hosking(1990) =+ 294, F9H2005)E F=
33, 53] folaH EEAXMS L-AE5F3 2 Hosking and Wallis(1997)+} Park et.al(2001)& 27
gt Q7 E FAEA WES AT L-FEFHXNE Tl €38 F S Hosking(2000)°] =
Aoty EFHElo]Ad &BE XEY ZZIOPES AHEA AAFHD HE AHEEA, <ZE3I>
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<79 31> $e) 20 W HuAs e AALA04E-19994) A FESF F2ETPH
golak] £E9 L-4EFPYL-MDFH F$FPUMLES AH4AE W9 FELEYS

dlol=nl X g 7129 4 F(Landwehr, Matalas and Wallis, 1979, 1980) 2 £ Ao A
A ez FEI & <F31>H e EFEA g AlEHolA sgrt orA £
location-equivariant 322 34 0 22 F93 o/f scale-equivariant 322 1 & ¥31

TE LA E=F ot} Z2 AA solM o] FojHT

eeorle e

EE =7]: 50, 150, 300, 500
WES FA4o) o] gd WES: 90, 95, 98, 995
HkE g 4= 1500

<¥E32>9 <E33>L 47 B4e HESSF A U AEHelH AF#=4 RMSE (Root
Mean Squared Error)7} AAH Stk WA EF9 FAHX)o) gt RMSEE 2¥ & a, S W
M= Aoz MLE 7F F3 y, § o dsixe FE9 A7|7F 15004 300 7HA= L-ME
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7} 1 2 ¥t & 395 MLEZF &8 AgS 291},

<E 31> Agd Mol AHEHE 6709 dol2n] B B4 47

BEY a=pf y é
WA-1 16.0 0.8 0.2
WA-2 75 0.6 0.12
WA-3 1.0 0.6 0.12
WA-4 16.0 0.4 0.04
WA-5 1.0 0.4 0.04
WA-6 2.5 0.2 0.02

FAE AL a, B W8 F/A ¥y BF %%Zés}ﬂl FASL USS ¢ F I 4 Y
=45 FAA o HF RMSE € Bd WA-6% 90 #Edss Adtae2 MLE 7t 3¢t 1
#t 98 & 995 WEYFE tAZ TR =77 300 4 WA L-ME 7t 3tk 53] WA-2
T X2 =770 500 4 wW7kA = L-MEZF o ¥

AeHoz o EIANE EFrtE WR4e, 53 RBUEASF oAl A FHo|
o F8% A& gokstd ®E =7 300 AE/RE L-MES AMEstn 1 ol ddAE MLE
o Abgeo] A€

518 de & o, B9 FR2AY a7l°ﬂ Bl v, 6 9 FRALAI FL A5 HE
AFel FAHLAIE FoETE Aotk YR EXAAM e, B ol HF L-MES FAHLA7 wW$
Folx E7stn HEHFe] #42 MLE 2ot A& A& Edd 7, 6 o F74o] HEHAT
FAO AUz QY FL}A 2 UASA AEdGE AL & F A

4, ¥9 2 48

E =RdA 718 £23 MLE ¢13Z&9 EAEL $:3d4E A4dsted A L-AE
Who)| Blale] Al7bo] o7 AYUrkE Aldo|tt 4 E Eof AEe 71 400710 FE, v WY £
71X & 15 o H& ¥ MLES Fsted dales & A4 A PCAA 362 A=W At

3 o 85%)o|th, 2 L-AE WL 0002 2tk @A MLE A4 AHE @377 9
3ted, ‘?_1-74]1011/\1 FHEXFSFY g FX)E 737 938, Newton-Raphson €1 F9 2x18 0.2
- A uj¢ w2 Halley®] ¥ (Huh, 1986)°] |45l H o] Hosking(2000)e] <3 FdHAch
(93714 Huh(1986)9] AT t& & WEHF7F FolRA e o FRE Fdde Aoltt) o 4
© Newton-Raphson &18]Z3th 1584 5(n=4002 @ MLE 1'd A4 2 < 62) webgoh
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<E 32> % X B2 AV 3 B FHo) BE A g oA A7 RMSE

=S £ 2 5
s | ¥ ii MLE |L-ME| MLE | L-ME | MLE |L-ME| MLE |L-ME| MLE |L-ME
50 10.321|4.116]11.08 [6813.7|14.64 | 140.1|0.302 | 0.287 | 0.279|0.211
150 |0.135|4.213[4.738(8562.0]4.951|158.4[0.145] 0.166 | 0.12 [0.124
VAT 300 [0.075| 2.265 | 3.447 |2961.8| 3.558 | 78.56 | 0.104] 0.127 | 0.085 | 0.003
500 [0.047 | 1.061|2.573 |1547.9] 2.658 | 52.36 | 0.078 | 0.103 | 0.062 |0.071
50 10.182|1.775]6.886 [1276.4] 10.88 | 46.23 | 0.318 | 0.285 | 0.329 |0.236
150 [0.071| 0.22 |1.923| 45.54 | 2.412 | 7.787|0.156 | 0.16 | 0.144 |0:134
WA 500 [0.037 [0.104 | 1.319] 6.689 | 1,698 | 2.982 ] 0.109] 0.115 | 0.101 | 0,099
500 |}0.022{0.063]|0.965 | 1.602 | 1.134 | 1.545|0.078 | 0.086 | 0.071 |0.073
50 |0.046|3.801|1.334 | 721.9 | 9.345 | 55.28 ] 0.509 | 0.61 |0.564 |0.371
150 0.015|0.0810.953 | 8.862 | 22.59 | 14.81 | 0.45 | 0.486 |0.394 |0.307
WA 300 J0.007 | 0.62 |0.745 | 90,53 | 19,09 | 23.79 | 0.405 | 0.424 | 0.334|0.293
500 |0.004 |0.107|0.484 | 5.562 | 380.8 | 35.01 [ 0.372 | 0.396 | 0.266 | 0.282
50 |0.299 | 2.227|8.819 [4027.9|10.65 | 95.14 | 0.151 | 0.146 | 0.25 |0.203
150 [ 0.133]0.48714.372| 66.43 | 4.374 [ 18.79(0.071 [ 0.081]0.112|0.114
WA 300 10.073[0.181 | 2.916 | 13.13 | 2.985| 6.93 | 0.05 | 0.06 |0.076 |0.081
500 |0.045|0.123|2.255 | 6.208 | 2.271 | 4.186 | 0.038 | 0.047 | 0.057 |0.062
50 ]0.039|0.462|1.189 | 79.34 | 10.11 | 47.19| 0.55 | 0.794 | 0.505 |0.369
150 [0.014[0.182]0.757 | 5.162 | 13.24 | 12.42| 0.45 | 0.453 | 0.426 |0.337
WA™I300 [0.006 [0.037 | 0.457 | 4.895 | 14.74 | 9.037 | 0.377 | 0.388 | 0.346 | 0.34
500 [0.004|0.019]0.708| 2.23 |4.337| 6.71 [0.318| 0.35 |0.2450.322
50 |0.073|0.128|1.443 | 39.89 |5.297 [ 8.9410.411 | 0.343 | 0.612 | 0.444
150 |0.023]0.041]0.443 | 0.556 |0.973 |1.136|0.178 | 0.2 [0.257|0.349
WA 500 [0.0130.028| 0.28 | 0.358 |0.624 |0.702 | 0.108 | 0.139 |0.172 | 0.27
500 |0.008|0.021]0.224| 0.27 [0.392]0.539]0.075| 0.11 [0.122{0.208
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<¥ 33> Z £X9 ¥E9 =7]d 3] HEHT FA) BE A gl A3 RMSE

w9 90 95 98 99.5
¥ |§£37]| MLE |L-ME | MLE | L-ME | MLE | L-ME | MLE | L-ME
50 0.429 | 0.42 | 0.704 | 0.66 | 1.426 | 1.235 | 4.538 | 3.269
WA-1 150 | 0.251 | 0.252 | 0.413 | 0.404 | 0.808 | 0.772 | 2.056 | 1.983
300 | 0.174 | 0.175 | 0.286 | 0.28 | 0.562 | 0.548 | 1.406 | 1.416
500 | 0.141 | 0.146 | 0.23 | 0.23 | 0.441 | 0.434 | 1.058 | 1.072
50 0.283 | 0.289 | 0.441 | 0.432 | 0.871 | 0.743 | 3.493 | 1.74
WA-2 150 | 0.159 | 0.162 | 0.241 | 0.24 | 0.445 | 0.419 | 1.099 | 0.964
300 | 0.119 | 0.121 | 0.182 | 0.181 | 0.334 | 0.322 | 0.788 | 0.752
500 | 0.088 | 0.09 | 0.134 | 0.134 | 0.239 | 0.235 | 0.545 | 0.539
50 0.336 | 0.336 | 0.48 | 0.481 | 0.879 | 0.802 | 6.109 | 1.869
: 150 0.19 | 0.191 | 0.274 | 0.278 | 0.464 | 0.467 | 1.168 | 1.022
WA= 300 | 0.136 | 0.137 | 0.195 | 0.205 | 0.323 | 0.346 | 0.742 | 0.718
500 0.11 | 0.109 | 0.155 | 0.162 | 0.249 | 0.274 | 0.569 | 0.581
50 0.15 | 0.151 | 0.221 | 0.215 | 0.395 | 0.354 | 1.316 | 0.756
150 | 0.087 | 0.088 | 0.127 | 0.126 | 0.219 | 0.213 | 0.468 | 0.453
Wass 300 | 0.062 | 0.064 [ 0.089 | 0.09 | 0.15 | 0.149 | 0.31 | 0.311
500 | 0.048 | 0.05 | 0.069 | 0.07 | 0.116 | 0.116 | 0.237 | 0.239
o0 0.196 | 0.2 | 0.249 | 0.258 | 0.375 | 0.372 | 1.309 | 0.724
WA-5 150 | 0.114 | 0.116 | 0.15 | 0.158 | 0.227 | 0.238 | 0.471 | 0.454
300 | 0.083 | 0.085 | 0.108 | 0.117 | 0.16 | 0.18 | 0.328 | 0.334
500 | 0.064 | 0.065 | 0.087 | 0.093 | 0.126 | 0.146 | 0.251 | 0.272
50 0.091 | 0.088 { 0.115 | 0.121 | 0.175 | 0.182 | 0.917 | 0.351
150 | 0.049 | 0.051 { 0.064 | 0.076 | 0.1 0.117 | 0.225 | 0.222
WA 300 | 0.034 | 0.037 | 0.047 | 0.057 | 0.071 | 0.086 | 0.151 | 0.158
500 | 0.027 | 0.028 | 0.036 | 0.043 | 0.055 | 0.062 | 0.117 | 0.126
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e ¢nFEL BE x o g8 FRE FREH, ol Azte] Wo] HFEZ o]& 7|AH3}7]
A3 459 x o dAT Fx)& 73 Hol uidgS d&3td UrAd sl Fx)9 A
Tt 53] F(x) 7t ¢ BlaA2gsade 54 o43d uHdeaE ¢ £ d& Aot 9]
g 71EQez o x8 2 /) Age RAA7E dFFA o)t

HEEFARA ] g 24 FA37] A8 RA FR PP FPFEL o] &¥ F AUk ol
M9 FB PFFEE F37] HME 22 S5 dig 23 "Eo] BRsA e, pdfrt
B FEHA v FFolBE 24 FAUES o]&T Y Ut FA RS EFHoE 2
s FRtsteg b oAb e duEEE offder & Aolth. a¥d EAle £ o =34
(1.2) W&ol FAA4ZA(regularity condition)o] HEHA oty HIFFAHoIY AZEEHE 1B
FaA Egote otk = AAMe AR Yo ojw ALE EAFA S FE Jdve Hel

o med R5Ed dad g4y 2A4e BEA St oW Agxde £ ded, AN
AR Pgo) FPHoz Y3 BANA @] Aol olde Y ¢ 4A ¥ ol@ ojalg
W] FAN he] REEQS] G B Aol v Bl

B A7 AR2A 35U o] BXd AEA EIJW 2T VxE FE L FFH BEX
9] A¢ (AIC, BIC 5)ol REHoZ 71534 "tk 54 Wy AgaAs o] EXdAxes EF

BHohe W9 ge, B3] 93UMEAS ool HE3 FAHol ¢ FoT FE ALHE BEY
2717} 300 A=A E L-MEE A48t 1 o] Aol = MLES Algo] #Adr)

u;L
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