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A Study on Noninformative Priors of Intraclass Correlation
Coefficients in Familial Data

Bong Soo Jin) and Byung Hwee Kim?2)
Abstract

In this paper, we develop the Jeffreys’ prior, reference prior and the the probability
matching priors for the difference of intraclass correlation coefficients in familial data.
We prove the sufficient condition for propriety of posterior distributions. Using
marginal posterior distributions under those noninformative priors, we compare
posterior quantiles and frequentist coverage probability.

Keywords : Jeffrey’s prior, reference prior, probability matching priors, intraclass correlation
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1. Introduction

The intraclass correlation coefficient p is frequently used to measure the degree of
intrafamily resemblance with respect to characteristics such as blood pressure, cholesterol,
weight, height, stature, lung capacity, and so forth. Statistical inference concerning p for a
single sample problem based on a normal distribution has been studied by several authors (
Rao (1973), Rosner and Donner (1977), Donner and Koval (1980), Donner and Bull (1983),
Srivastava (1984), Srivastava and Kaptapa (1986), Young and Bhandary (1998) ). Surprisingly,
its extension to multisample problems based on several multivariate normal distribution has
recevied very little attention. There is a considerable study of a statistical inference for
intraclass correlation coefficient from familial data by several authors. However nothing is
known about approach of Bayesian inference except for Kim, Kang, and Lee (2001). But none
of the above authors considered any Bayesian inference for unequal family sizes. In practice,
we come across families with unequal numbers of children and hence, this is a very important
practical problem to consider as a estimation for intraclass correlation coefficient under
unequal family sizes. In this paper, we consider Bayesian estimation problem for the difference
of two intraclass correlation coefficients based on two independent multinormal samples under
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unequal family sizes. The most frequently used noninformative prior is Jeffreys’ prior. But, in
spite of its success in one parameter, Jeffreys’ prior frequently runs into serious difficulties in
the presence of nuisance parameters. To overcome these deficiencies of Jeffreys’ prior, Berger
and Bernardo(1989,1992) expounded the reference prior approach of Bernardo(1979) for deriving
noninformative priors in multiparameter situations by dividing the parameters into parameters
of interest and nuisance parameters. This approach is very successful in various practical
problems. As an alternative, we use the method of Peers(1965) to find priors which require
the frequentist coverage probability of the posterior region of a real-valued parametric function

1
to match the nominal level with a remainder of o{n 2). These priors, as usually referred to

as the first order matching priors. In this paper, we consider the problem of inferencing the
difference of o and p, using noninformative priors in the following situation :

Suppose we have a sample of measurements from ky, ke, families and let X, =12,k

and Xi’ =12, hy represent measurements from the ;# family and ;* family, respectively

, Where

Xi#Xd,Xe,";Xﬂ)’ and Y,=( Y,, Yz;"', th)” where pl, pr kl,k222 :

The structure of the mean vector and the covariance matrix for the familial data is given
by Rao(1973) as

#*1=ﬂ1 ]-pl , 2.1=02(1_P1)Ip1 +A01]p, and ﬂ*z=/-12 lpz , 22=02(1_92)Ih+p&,pz J
where L, is a p,x] vector of 1’s, p,x1 vector of 1’s and J, is the p,xp, matrix
containg only ones , J Pz is the p,xp, matrix containg only ones, and Jis the identity matirx

, and g, p,(eR) are the common mean of X A Y; , respectively, ¢%(0< ¢2) is the
common variance of members of the family, and p, o, called the intraclass correlation

coefficient, which are the coefficient of correlations among the members of the family and

_ 7]_—1 <o, <1, — ?]_—1 {p,<1, respectively. It is assumed that
1 2

X' ~N,( 'y, 2°D,i=1,2,-,k, and Y ;~N,( 'y, 2%9).i=1,2,, k,,
where N, represents a gvariate normal distribution. In Section 2, we treat the
reparametrization (p,, o,, &, 14, 1) to (8, 6;, 65, 6,, 6;). In Section 3, we derive, using this
transformation , Jeffreys's prior, reference prior , and probability matching priors for
2 =Cn, , My Uy ) when 7 is the parameter of interest and (g, 7, 7, 75) IS @ nuisance
parameter vector where z,=0,—80,, 7,=0,, 73=03, 7,=0,, ;=05 The sufficient condition
for propriety of posterior distribution of 7 and marginal posterior densities for 7 under these

priors are given in Section 4. In Section 5, using marginal posterior distributions under those
noninformative priors, we compare posterior quantiles and frequentist coverage probability.
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2. Fisher Information Matrices

Let  X=(X], X, X)) =Q X, and  Y=(Y;, Y, Y,)=QY; where @ is a Helmert
orthogonal matrix. Under these orthogonal transformations, it is obvious that
X1~‘Npl( I‘l ’ Zl) ’ i=1’2)-..’k1 2 YJ~NDZ( Ilz L] 2) ’ j=1’2"."kz ’
where

l‘1=(\/;1/11, 0; Tt 0)’ ’ 21=02-Dlag[1+(p1_1)p1 ’ ]-_pl’ Tt l_pl]’
l‘z =(‘[;21qu 0’ Ty 0) ’ ’ 22=O'2leg[1+(p2_l)p2, 1_p21 "ty 1—p2]

Then the likelihood function of (py, 05, 6%, 1, 125) is Koy, 03, 02, 111, &5l %, %)
Sk ks
= (2m) 2™ M l(l‘i‘(pl_l)P 1) 2

~lp Lk, _ kg _ (p2=Dk,
X(]_-—pl) 2 g ?e 2(1+(172_1)pz) 2 (1_02) 2

_ 2
Xe"p{_ 2(1;2[,2( (fi(p\zlll)lpl)l + 1—101 722"2"")]]

y 1 [ &, a=Vbuy)t 1 &, ]} B
eXp{ 202 /Zjl( 1+(p,— Do, + 1—0, &7 m)|[» where k=Fkip+kypy -

Lemma 2.1 (Original Parametrization)

The Fisher information matrix of (p,, 04, 6%, 1,, 1) is given by

AQFO0O0
0 BGO0O
Lo, o, ¢ m,m)=|F GE0 0| @0
000CO
0000D
where
A= kll?l(ﬁl—l)(l'f'(pl"l) 921) _ kzpz(pz_l)(l'*'(pz_l) Pzz) _ plkl
20—p) A+~ Do)? 21—09) 0 +Hp,=Dop? *(1+(,— Doy
D= Dok; _ kb Ykt __ bk (0, —Do,
oc*(1+(p,—Doy) 20* ’ 20%(1—p )1+(p;—Dpy)’
and
G= szz(l’z“l).oz

2081~ )1 +(p,~ Doy
Consider the following transform from (p,, 05, 6%, #;, 25) to (6,, &, 6, 6, 6,, 6;) Where
p1=01, p3=0,,
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_ b= Dk M (2= Dy k
k

oP=(1-0)  F (+(-D0) *U-06)  EF (1+(—1)6y)) * 65,

m=06,, and p,=@., where k=Fkp +kp,.

Lemma 2.2 (Reparametrization)
The Fisher information matrix is (4, &, &, 6, 6,, 6)

InI, 0 0 0

IyI, 0 0 0
I(6,6,6,6,6)=|0 0 Iz 0 0 2.9)

0 0 0 Iy 0

{0 0 0 0 Ig)

where

_ klpl(h—l)[k‘i'klpl(ﬁ_l) 621]

I,= _ ety =Dkt kyi(£,—1) 6%]
i 2K1—6)41+(p,—1)6,]?

21— 61+, — 161>

| ST bRk (0 —1)(0,—1) 0,0, __k
Ura 2K1-0 )10 )01+(p,—D6,l[1+(p,—16,] 20% °

112

’133

(1 =Dk b (p2=Dks ky
I44=p1k161_3‘1(1_61) k [1+(1)1"1)(91] k (1_92) k [1+(p2—1)02] k ,
and .

(p,—Dk h (5 =Dk t_y
Is=p.k 07 ,(1—6) * [1+(,—-DE] *Q-6) * [1+(,—-D16] * .

Proof
The result follow, after lengthy calculation using (2.1), from L= j7|IJ, where
]1=(];)) ) i=11213:4,5)j=1)21374:5’ With

06, o6, 9t "9, "o6;
0o, 0oy do, doy 0o
06, "9t 98 06, 96
= o 3¢ ¢ 3 od
1138, 36, 36, 06, oG
aﬂl 3/11 9111 3/11 3,111
06, 98, 96, dY; G
O, Oy Oy Oy Oty
09, d8 96 b, It

where

Je=Ju=Ju=ls=Ja=n=]u=T 5= u=J5=0 ,
o
Jn=Jp=Jp=]s=Js=Jp=T3=Ju=0 , Jn=Jp=lu=Jx=1, f33=_93— ,
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(0, =Dk,
Ja==DkE™[ (1-6) '—-[1+(,—D6,] " J1-6)  *
_h _ =Dk, by
1+(n—D61 *1-6) % [1+(,—D8,] * 65,
and
_(p,=Dk
]32=(1)2—1)k2k_1[(1—02) _1—[1+(D2_D92] -‘1](1"01) k

_h _ =Dk, oy
x[1—|—(pl——1)01] k(l_ez) k [1+(p,—D6,] kl93.

3. Noninformative Priors

In this section, we first provide, using (2.2), Jeffreys’ and reference prior for
(6, 6,6, 6, 6) and then gives Jeffreys’ and reference prior for (g, n, 95, 7, 7;) With
m=6,— 6, , parameter of interest, and 2,=6,, 7,=6;, =0y, 715=0s -

Theorem 3.1
The Jeffreys’s prior for (4, 6, 6, 6, 6;) is
(51 =Dk k1 (o =Dk,

N k1
o 750—6) ¢ [1+@ D61 * *(1-6) * [1+(,—D6] * 286, 6y,
1
where B(6,,6,) = [kpi[1+(0,— 1) B+ kol 1+ (5, — 1]

x[1+(p—D6;] —1[1+(D2_1)(92] -1(1_61) —1(1—02) -
And the Jeffreys’ prior for is (m, m, 3, , %)

(0=, PR
A0y, 09, 73,74,75) < (1=n,—n05) % [+, —D(n,+7,] * 2
(£ =D, k1
x(1=7) % [1+@—=Dn] * 22 %Ban) . @.D

From Berger and Bernardo (1989), we have the reference prior for (6, 6, 6, 6,,8;) when

(6,, &) is the parameter of interest and (@, g, &) is the nuisance parameter vector.

Theorem 3.2
The reference prior for (4, 6, 6, 6,, 6) is given by mec 072,86, 6). Also,

T s Ty Ty Wy, ) < 75 By, 7)- (3.2

Next, we first derive matching priors for n Following Datta and Ghosh (1995) with (2.2),

we have matching priors for 7 =¢#(4,, 0,, 65, 64, 65) = 6,—@, which are the solutions 7 to



400 Bong Soo Jin and Byung Hwee Kim

the differential equation

© -l
_a_[ e IOV ol (33

A0\ v,(9I"L(9vL 0

where [7,(§=((I?) is the inverse matrix of (¢ | ;,;=1,2,3,4,5and pis the % unit
column 5-vector, and ) is the gradient of £

Theorem 3.3
The matching prior for 7 is given by

oy, 1y, 13, 14 95) < (1=, — )1 — )1+ (p; — D+ 7)1+ (0, — D 72]
xD( 7y, 72) B(my, 1) &3, 14, 5)» (3.4

where

1
B(’h; 772) = [k1P1[1+(P2"1) 77%]+k2p2[1+(p1_1)(771+772)2]] 2
x[1+(P1“1)(771+ 772)] _1[1+(Pz_1) 772] _1(1"771_712) _1(1_”2) -1 (3.5

and gis any positive differentiable function.

Proof

Let 4 g=g,—@,in (33). Then v (=<1 -1000) -
Hence we can obtain following results :

vV (OIH(GVY=I"22HI2,  p I (VL O=I"~I"
[ ‘2 [—12( ov t( 9= 121_122,

p s I L(OVL L= p I L(OVLOD= p I (OVLH=0.

Thus, the above equation (3.3) becomes

2 { e i } 9 [ ey b 0}= 36)
26, \ V1 g724 72 " O a6, \ T gz 2 " 00 '
where
kzﬁz(ﬁz—l)[k+kzpz(pz_1)022]
oo Iz 2H1—09) T1+(p,—1)6,1°

T Todp-Ty kbbb DDk p 1+, DO+ hp 1+, — 6
41+, —D01M1—0) T1+(0,—18,]41—6,)°*
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— Dikubokey (b, —1)(0,—1) 6,6,
repa__ e 2K1=8)(1=8)[1+(p—D 61+, — D]

Idy—Fy, Fepifots (b — D= D{ kit [1+(5,—1) ol +kpl1+(p-1) &1}
41+, — 1) 0,11 — 0)11 +(5,— 1) 6,11 — 6,)°

k1p1(p1 —1)[k+ k1p1(p1 —1) ‘921]
122 Zk(1—01)2[1+(p1—1)61]2

2 =
! Indp—Fy  kbkt (5 —D(0,—D{kp[1+(0,—1) Fl+kpll+(p,—1) 1}
4kz[1+(1)1—1) ‘91]2(1—01)2[1+(P2_1) 92]2(1_(92)2

and

Ill _2112'*'12:(111[%“ 1212) _l[aﬁl, 32)]2y

where

2__ kzﬂz(Pz ) k1P1(1’1 )
X )T = S+ (- D 6= 6 T 21+ (5D 11— 6)?
+ 1 koto(p—1) 6, _ ki (0 —1) 6, 2]
2k [1+(p,—D6J1-6) [1+(p—DOIA-6) ) )
Let

7Z'M( 0) = (V In '—2.[12+ 1@ )(IHIQ _]%2)(1 - 91)(1 - 62)[1 + (Dl - 1)61][1 + (pz - 1)62]g(03, 04 , 05)
Then mf @ is matching prior which is solution to the above equation (3.6).
Thus,

”M( 0) =__-Ig_“—_0_—’;0—%)z—(luln'— Izlz)(l—gl)(l“ez)[l +(P1—1)(91][1+(D2—1) ﬁz]g(ﬁl, 62, 03)
1142 12

1
=IX6,, 6,) (I Lp— Fpp) 2(1—6)A—6)[1+(p, — D1 +(p,—1) 8,16, 65, 65).

Therefore,

ol O=mf 6y, 6, 63, 64, 65)

-1
oc[k —D(o=D{Ep 1+ (5, —1) E1+Epl1+(6,—1 &1} ] 2
4H1+(p,—1) 6,11 - 6)A1+(p,—1) 6,1%1— 6,)*

x{ kzpz(pz -1 + k1p1 (Dl — 1)
201+ (p,—1) 6,121 — 6, 2[1+(p,—1) 6,11 —6,)*

Al Ep(p=10 __ _kpp =10 | H
+ 2k[ [1+(,—D6I1-6)  [1+(,—-16)J1-86) ] }

x(1=6)(1—6)[1+(p,— 1) 6,11+ (p,—1)6,1(6, 64, 65)
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o [lp[1+(8,—1) ol +hprl1+(0y—1) 1] (65, 6, 65)

X{ kot (9, —1) + k(9 —1)
_2[1+(p2—1)92]2(1—92)2 A1+(p, -1 60— 6?2

_1_
+_1_[ kgﬁz(ﬂz_l)ﬁg . klbl(bl_l)el ]2} 2
2k [1+(p2—].)92](1—92) [1+(p1_'1)61](1—61)
where k= k;p; + kypy and gis any positive differentiable function.

r

By using invariance property of probability matching priors under one-to-one transformation
of the parameter vector, we obtain ,( , in (3.4) -

4. Posterior Distributions

In this chapter, we provide posterior distributions under the noninformative priors

(3.D, 3.2, and (3.4).

Theorem 4.1
The posterior distributions Ty, mR and f,, are given, respectively, by
(7l %, 3

_k =Dk A

@) 2(—np—n) * [1+@—-Din+mw] * ?
=Dk, K1 _k_,

x1—m) * [N+p,—Dn) * 2752 By, n)

1 (p,—Dh ky =Dk
xeXD{"_z(]."‘Ul_ﬂz) k [1+(Pl_1)(771+7]2)] k (1_772) k

& & (le_‘/?m;)z -1 2 )
[1+(8=Dnd * 7 13[2( 50, Dt T 1on—n &~

b (y—Vpam)? 1 2 )
+§( 1+(1)2—1)772 + 1_772 n= yzj” ]] ’

& _k_,
<20 279 % By,

1 (p, =Dk -y (0, Dky
XeXD{__z(]._"}l_Wz) k [1+(1>1“1)(771+772)] k (1_712) k

e PN 1 2 )
[1+(p=Dm] * 7 13[,§( 1+(1>11—1)(711in) T n mszz""’
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—- 2
+/§;( (lyi(pg;];)z + 1_1,72 gyzjn)]] , and

A% )
_k _k
<(2m) % 5 *3Bn, m)Dyy, )
(1= —2)A —n[1+ (51— Dy + )1+ (py— D7)

1 (6,—Dk Tk (=Dky
Xe}ip{__z(l_ﬂl"'ﬂz) k [1+(P1—1)(7l1+772)] k (1_772) k

k,

.7 _ (xz _\/?774)2 1 by )
x[1+(p,—D7,] * vgl[ g( 1+(p11_1)(}71+77?) i E— 24X

b (v =Vpm? | 1 2 ) -
+1= 1_{}_@2_21);?-}— 1_772 rgyzm ]}8(”3’774’775)’

where

[ kZpZ(pZ -1 klpl(i)l -1)
201+ (Pz "1) 772]2(1 - 7]2)2 201+ (171 —1X ) +772)]2(1 /e 772)2
4
11— kgﬂg(ﬁg—l)ﬂg _ klbl(bl_l)(”l+n2) 2] 2
t Zk[ [14+(p—Dnl(1—n)  [14+( =D+ 7)1 =0 —7) ] ] , @)

k=kp,+ by, and gis any positive differentiable function.

Proof

The likelihood function of (s s s s 75) is
k& _k
2.2

Koy, o, 8, 0y, 7] %, =0 27 %
1 (9,—Dk hy (0= Dk
XEXD[_‘E(I_‘m_Wz) k [1+(p1_1)(771+7]2)] k (1_72) k

( (xa=V2,74)° 1 & xZ.)

1+(p1_1)(771+772) 1_771_'772 m=

i aclemt e )l

k)

Y
x[1+(py—D 7] k 7]—13[§

where k="l +kp,.
Then we can easily obtain above results.

Theorem 4.2
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The posterior distribution ( y| 5, y) and g y| x, y) are proper, and the posterior
distribution ¢ pl x y) is proper for a<7r, ac R,

Proof
We only prove the result for Matching prior 7y - 1t suffices to show that

aE]
f s —1—f _r_ffmfmw( 7| x, ¥) dpsdyydnsdnydn < oo .

I)l_l 1’2-1
Now,
k

w _k _k
ol m, 3l x, y)=f0 fwfw(Zﬂ) 29 2.B(ny, my) ny, 75)
x(1 = = 72X 1 —9)[ 1+ (D, — D7 + 7)1+ (g — 1) 7]

xexp{‘f(l—m—nz) RS AC R VOB ) B (e P
L TAf (x Voiny )

N _ -1 i 4

[1+(p—Dnml * 277 §(1+(p1—1)(;71+7,2) — m2§x ”

(3’;1_\/72’/5) 1 &, )
+2( 1+(pz_1)772 + 1—7, 4= Vi

]g(773, 7];, 775) d’]sd774d773-

Here,

[ s 7 EIS |

fw e"p{_ 2[1+€>7]114”1)2ng+772)] [Z'; 2‘[_’/42 a+k11)1774]d774

kB, k, 2

_ [_ 2(71,772)7];1 l ;Elmzzx'm (;=21x'1) + lexﬂ

— 2 =71, FIFG =D F2)] " 1+, F2)

__( _ szil )2
« [ exp N kih
— 22—1(771, 772) 77_13[1+(171_D(771+772)]
ki,
kb b 2 k

_ {_ Zn, ) v k P (;xl) N 2%

&P 2 T=n—n,  RIFG, =D+l 1+, =D +2y)

_ 3 4 +
x[mﬁ—mﬁ—“’—@l@l ] Z 2(m,m) 0 %8(m 0.7 .
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Similarly,

I Z@m{——% v“lslvl,vz)[g( (ly -ﬁ(_pg;]i})z 7 ,72 i;y m)]}g(773,774,775)d775

L ) b \2 k
_ {_ 2(71,772) 77_13 l ,=21n= y in_ (leyjl) + ]___Zlyzjl ]}
o 2 =% BIFG-D% TG

9 1+(=1) 7] 3 1 +
x[ by ] Z 2(p,m) n 2 5 g, 1y, 750
where

: (5,=Dky A (o=, b
Z(7]1,772)=(1_771_772) k [1+(P1—1)(771+772)] k(l_ﬂz) k [1+(P2“1)772] k

Then

L 1
mkmml %, 9 | 5t Q=9 —n)1—2)
0

3 3
x[14+(p— D + 7] 2[1+(P1_1)7]2] 23’71;’72)“’71,772)

y _2(71,772)773— k( (le ‘/—774) 1 2 2 )
e"p{ 2 [2 1+(1>1—1)(771+772) T ,,,22" im

bl (v =V pom)? 1 )] _
+2( 1':(172_21)312 t l—7, &= yzm }Z 1(7]1’”2)g(773’ 774'775)01773'

Let p7l,=t, then

o ——k""l _ 73—121(’71,72)C1(’)1. 72) oo i_s _ E)(’]p?z)cl(’)pﬂz)
2

2 a 2 2 —a
dips = t t “dr
0 73 € 773a73 fo € ,

where

kl pl
C1(771, 772) = [(1*7}2)[14-(1)1—1)(771+7)2)][1+(D2—1)772]Z‘_. Z xzim

_ (1_771 772)(1 le)[1+(pz 1)772](2 ’1) +(1 ”— 772)(1 ”2)[1+(pz 1)772]22:211

/ +(1— n _'72)[1+(171 _1)('771 +772)][1+(p2—1)7]2]§ nz;‘zyzj"

(=9 =2 )U=pD[1+ (=D + 2l [ & \°
— 1”7 zk2 1 17T 72 (ngyﬂ)
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k
+(1- 7 772)(1 - 772)[1 + (Pl — 1) n+ 772)] g‘ yz ,1], 4.2

L2, =Dk, ky
21(771,7}2) = (1_711"712) k [1+(171"1)(”1+ 7]2)] k

(02 =Dk, _, _ 4
x(1=n,) * [1+(p,— D2l * R)

and 8(7]3! 7]41 775) = 77“, aERI. Sil’lce,
[(r_a) f /] r—a r a—-le —/“dt_—_ Aa—rnr__a) , r)a,

ATe Tr—a) !
where r=—k§4 and A=—Z‘2§L ]
Thus,
=Dk _ Db

mhm, ml x5 Noc(l—p—n) * A-np) ¢
k3

ko _k 3
1+, —Dm+m)] * 2[1+@—Dpl * 2
XB(’?]y 772)D(711, 772)[ C1(771, 7]2)Z1(771, 772)] T, ra .

Let p+m=a, 5= b and then 1+(p,—Da=A, 1+(p—-1b=B.
kla=r=D=—k(a—7) +_;21_IB kz(a—r—lz—kga—r}+_;21_l

mfA,B| x, y) <A k
(o =Dk(azr—D-k(a=n _, =D hb(a=r=l—k(azn _,
Xfﬁzfx(pl—A) k (pZ—B) k
0 p—1 172_—1

xB,(A,B\D|(A,B[C(A,Bl*"dAdB , na,
where

B/(A,B) = [kli’%P% + ko113 — 2ky A0, B+ Ry 0, B2 — ko1 £ — 2 Akey 3
1
+2A kR + A2koth — kptB A% — kypythy + 2Bpokeipy — Bipipoky ] %,

D(A,B = [kzpz(ﬁz DAZ(_;D%A) hpy(py - I)AZ(—%Z—?)Z

e v =

Since
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kh
[CAB]" = | (1=g)[1+, =D+ )M L+ (p,—1) ] g;:zxz,-m

_ (1- h— 712)(1_712)[1+(P2_1) 7]2] by

ky (;" ﬂ)z

&
+(1— 771_772)(1'"772)[1+(P2—1)7]2] leﬁzl

kb
+(1— 771_772)[1+(p1_1)(771+772)][1+(p2_1)772]]=21 ngzyzf”

_ (1- h— 772)(1 _772)[1 +(p1 —1X m+ 772)]

: (2]

by a—r
+H1= =)A= BL+ Gy =D+ 1] 5]

has maximum value Rt bkl %, 9 .
Thus, B,(A,B[C/(A4,B] *~"D,(A, B) has maximum value Mp, kbl %, 9 .

Let —&;—A=u and ﬁ;‘Z—B

muvl| x,3) o<
: 1 (o —Dk(a—r—1)—k(a—7) (P —Dk(a—r—1)—k(a—?»
f f 3 -1 3 -1
u v
0
k(a—r—1)—k(a—7) +_&_1 kla—r—1)—k(a—7) +_3_
x(l _ u) k 2 (1 — 'l)) k 2

<MDy, o, by, kol %, Ydudy { oo Tor r>a .

=y , then

1

The remaining cases can be similarly verified.
Next, we provide the marginal posterior distribution of 7 under priors Ty, Tk and 7, .

Theorem 4.3
Under the noninformative priors 7y, mg and r,, the marginal posterior distribution of

7 are, respectively,

_k
« [ BannlZnndCiln ) P,

by

21

mlm | x ,3) = fl_l_er(m,vzl x, y)dn,
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1 -1 1
o [ 4G =D+ 21+ Dl 2
-1

_k
XH771, 72)[21( /0 772)] _1[21 (771, 772)C1(771, 772)] 2 an,,

and

1
7| x, 9) = f __1_71'44(711,772| x, y)dyp,

Tl

1 1 1

ocf_#q[1+(pl—1)(m+7,2)] [1+(5,—1)7,]
By, 1) Dy, 72 Zy(oy, 1)1 U ZiCy s 9y Colm, 02)] ™ 7y, 70 @

where

Blmy, 1) , Ky, 1), Zy(ny, mp)> and -Gy, ) are from 3.5), (4.1), (4.2),
and (4.3), respectively and » = ‘k% , k=l Thps .

5. A Simulation Study

It is assumed that
XNy 01,2, i=1,2,kp @4 Y~N, (03,59, 1=1,2,, ks
We first generate random variables (X,,-,X,), (¥;, -, Y,) from p-variate

normal distribution and pz—van'ate normal distribution.

Let m = o—p, and 7, = p, Then the marginal posterior distribution of 7 given P is

1
rlml x, y) = f xkny, 7l x, ¥)dn,

ﬁz_l

nlm | x,3) = fl_l_ﬂR(vl,vgl x, y)dn,

5l

! z 7
o [, DG =Dn+m)] [1+@-Da]
by

_k
XH771, 772)[21( N, 772)] —1[21 (771, 772)C1(771, 772)] 2 an, ,

and

akm| x, ) = fl_l_ﬂzu(’hﬂlzl x, Y)dn,

-1
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1 1 1
o [ DG —Dimtml 21+, =Dl ?
bz,

XB(771, 772)D(771, 772)[21(771 ’ 772)] _1[21(771 , 772)01(771 s 7]2)] a_rdﬂz , va.

Table 51 provides frequentist coverage probabilities of (),05(0.95) posterior quantile for gz
under different value of ki, b, b, and > The computation of those numerical values is based
on the following algorithm for any fixed true 7. Here g is (.05(0.95).

Let zf(a| X, ¥) be the posterior g% quantile of 7 given xand y Then the frequentist
coverage probability of credible interval for m is

P (a9 = P(—l—-j;—]:TO;lSr;’f(al X Y)) .
1 .
The estimated P(q; 7,) for o =0.05(0.95) is shown in Table 5 ].

Note that under a prior for fixed

X, V,p<ge| XY if and only if
F#¥a| X, V)| X, Y)<a Under a prior 7, Kg; 7)) can be estimated by the relative frequency
of Hzfal X, V)<a

T >

Table 5.1 Frequentist coverage probability of (),05(0.95) posterior quantiles.

#=0 =1 p,=p~3 m=01 a4 p=0 *=1 p,=py~3 m=05 o=3

k| k| Jeffreys Referecne | Matching & kj‘ Jeffreys Referecne | Matching
4| 4| 00330 (0926) | 00647 (09862) | 0.0566 (0.9587) 4| 4§ 0.0622 (0.9425) || 0.0285 (0.9537) | 0.0619 (0.9440)
4] 5| 00362 (0516 | 0.0617 (09853) | 00614 (09617) 4| 5§ 0.0800 (0.3415) | 0.0245 (0.9486) | 0.0450 (0.9405)
. 5| 4| 00411 (09431) | 00627 (0.98%6) | 0.0602 (09EE0) 5| 4| 00737 (0H4W) | 0.0324 (0.9587) || 0.0573 (0.9621)
51 5| 0036 (092%) | 00572 (09801) | 00646 (0BM) 5| 5§ 006574 (03437) | 0.0315 (0.9503) | 0.0510 (0.HM43)
5| 7| 0035 (09121) | 00648 (09754) | 0.0643 (O9EEE) 5 7} 0.044 (09419) | 0.0278 (0.9442) | 0.0433 (0.9386)
6| 3| 00464 (09667) | 0.0739 (0.9906) | 0.06% (V9BB7) 6| 3| 01045 (0.96%5) || 0.0352 (0.96%5) | 0.0631 (0.9639)
6] 4| 00397 (09409) | 0.0635 (0980) | 0.069 (0.95%) 6 4| 0.0760 (0.9521) || 0.0365 (0.9611) | 0.0576 (0.95689)
6| 5] 0040 (0930) | 00606 (09809) | 0.0683 (0%FR) 6 5| 0.0646 (0.9499) || 0.0345 (0.9656) | 0.0564 (0.%B2)
6| 6| 00412 (092%) | 006574 (09768) | 0.0660 (0B 6 6| 0.0062 (0.9456) | 0.0335 (0.9506) | 0.0619 (0.9465)
7| 5| 00408 (09409) | 0.0611 (09800) | 0.0570 (09602) 7| 5| 0.06%4 (0.9603) | 0.0390 (0.9562) | 0.0647 (0.9545)
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#=0 *=1 p=p;~4 =06 a=5

p=0 o*’=1 p,=p,=4 ;=05 a=A

=0 o*=1 p,=p=5 p="06 a=>5

A kJ] Jeffreys Referecne | Matching R kg‘ Jeffreys Referecne | Matching
4| 4100334 (09151} | 00470 (0974) |0.0B31 (0B18) 4| 4| 0.0876 (0.9622) | 0.02%4 (0.957) | 0.0622 (0.953)
4| 500337 (08970) || 0.0491 (0.9768) |0.0645 (09476) 4| 5| 0.0757 (09617) | 0.0286 (0.9648) || 0.04909 (0.9635)
5| 4] 00882 (09233) | 00636 (0973 [0.0567 (09%624) 5| 4] 0102 (09642) | 0.03 (0.6W) || 0.0649 (09654
5| 5 003% (09172) | 0.04% (0971) [0.0633 (0%4%) 5| 5| 00846 (0967 | 0.0815 (09BD) | 0.0800 (0.9567)
5| 7100371 (09101) | 0.0483 (0.9719) [0.0540 (09B33) 5 7| 00661 (0.9691) | 0.0296 (0.F18) | 0.0427 (0.94%)
6| 3| 00390 (09427) | 0.0600 (0.98%) [0.0613 (09672 6| 3| 01297 (09663) | 0.0340 (0.9637) | 0.0528 (0.9602)
6| 400390 (0933) | 0.0660 (09774) {0064 (0.B4) 6| 4| 01297 (0.9663) | 0.0353 (0.9606) || 0.0433 (0.9587)
6 5| 00389 (0.92%4) | 0.0539 (0.9761) |0.0662 0HBEE) 6| 5| 00899 (0.9629) | 0.0412 (0.9632) | 0.0639 (0.%BA41)
6| 6] 00406 (09230) | 00562 (0.9716) | 00678 (066) 6| 6| 0071 (0.9630) | 0.03 (062) | 0.0500 (0.F4D)
7| 5] 00397 (0.9324) | 0.0689 (0.9753) |0.0606 (09667) 7| 5| 0.0935 (0.9645) | 0.0387 (0.9613) | 0.0493 (0987

#=0 0*=1 p,=p;~5 »=06 o=

Ry /ajl Jeffreys Referecne | Matching Ay kJ Jeffreys Referecne | Matching
2| 300224 (08342) || 00357 (0.9984) [0.0421 (0.9447) 3| 3| 0.1081 (0.9619) | 0.0122 (0.9447) [0.0460 (0.9404)
3| 300280 (0.8989) | 0.0461 (0.9906) [0.0617 (0.9576) 4| 2 | 0.2023 (0.9735) || 0.0036 (0.9612) ||0.0588 (0.96563)
3| 400281 (0.8782) | 0.0429 (0.9880) |0.0493 (0.9566) 4 | 4 0.0929 (0.969) | 0.0192 (0.9617) | 0.0439 (0.9433)
31 500271 (0.8697) | 0.0383 (0.9342) [0.0455 (0.997) 4| 5[ 00838 (0.9649) | 0.0204 (0.94%5) | 0.0417 (0.9433)
4| 4100325 (09023) | 0.0476 (097983) [0.0615 (09B2) 5 202170 (0.9730) | 0.0086 (0.9603) | 0.0568 (0.9560)
4| 500347 (0.8972) | 0.0518 (0.9733) [0.0664 (09593) 5| 4 0.1011 (0.9645) | 0.0200 (0.9490) | 0.0415 (0.9438)
5| 400333 (09154) | 0.0529 (09770) |0.0650 (0.9562) 5| 5| 00872 (0.9651) || 00232 (0.9481) [|0.0409 (0.9431)
5| 5] 00331 (09132) || 0.0496 (0.97H) 10.0633 (0.9683) 6| 3 | 0.1371 (0.9666) | 0.0154 (0.9624) ||0.0401 (0.9469)
6| 300352 (09317) | 0.0577 (0.9796) [ 0.0682 (09582) 6| 4| 01119 (0.9632) | 0:0224 (0.9545) [|0.0408 (0.94%6)
6| 400364 (09281 || 0.0575 (09771) | 00580 (0.9589) 6| 5 0.1001 (0.9657) | 0:0281 (0.9603) || 0.0461 (0.9456)

For most of the cases presented in Table 5], we see that the matching prior Ty

Theorem 4.3 performs better than T, Tg in meeting the target coverage probabilities.

n
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