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Multivariate EWMA Control Charts
for Monitoring Dispersion Matrix

Duk-Joon Chang!) and Jae Man Lee2)
Abstract

In this paper, we proposed multivariate EWMA control charts for both combine-accurmilate
and accumulate-combine approaches to monitor dispersion matrix of multiple quality variables.
Numerical performance of the proposed charts adre evaluated in terms of average nun
length(ARL). The performances show that small smoothing constants with accumulate-combine
approach is preferred for detecting small shifts of the production process.
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1. Introduction

The basic Shewhart control chart, although simple to understand and apply, uses only the
current informations of the sample and is thus inefficient in detecting small changes on the process
parameters. In EWMA control chart, the most recent informations of samples are assigned more
weights and the older informations are assigned less weights. The performance of EWMA chart is
approximately equivalent to that of CUSUM chart and, in some ways, it is more easier to operate
and interpret. Vargas et al.(2004) presented a comparative study of the performance of CUSUM
and EWMA charts in order to detect small changes of process average.

The charts based on accumulate-combine approach accumulates past sample information for each
process parameter and then combines the separate accumulations into a univariate statistic. And
multivariate EWMA chart based on accumulate-combine approach can be constructed by forming a
univariate statistic into vectors of EWMA's.

A multivariate EWMA(MEWMA) chart for mean vector with accumulate-combine technique was
proposed by Lowry et al.(1992). By simulation, they showed that the performances of MEWMA
procedure performs better than the multivariate CUSUM procedures of Crosier(1988) and Pignatiello
and Runger(1990). -

In this paper, we proposed multivariate control statistics and EWMA charts to simultaneously
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‘monitor the components in dispersion matrix of several related quality variables under multivariate
normal process.

2. Evaluating Multivariate Control Statistics

Suppose that p quality variables of interest represented by the random vector
X=(X,,X,, -, X,) and X has a multivariate normal distribution with mean vector g and
dispersion matrix X. We obtain a sequence of random vectors X 1» X, to judge the state of
the process where X,;=( X 4,-, X' ;)" is an observation vector of each sampling time i and
X=X, X 4). Let 8y= (u,,2;) be the known target process parameters for 8= (g, %2).
In this section, we propose control statistics of multivariate EWMA chart for monitoring dispersion
matrix of related multiple quality variables.

2.1 Control Statistic with Combine-Accumulate Approach

The general statistical quality control chart can be considered as a repetitive tests of significance
where each quality characteristic is defined by p quality variables X, X,, =-, X » . Therefore, we
can obtain a control statistic for monitoring dispersion matrix X by using the likelihood ratio
test(LRT) statistic for testing Hy: X =23, vs H;: X+ 25, where target mean vector g, is
known. The region above the upper control limit(UCL) corresponds to the LRT rejection region.
For the ith sample, likelihood ratio A; can be expressed as

/1,'—_— n_ 2 . IAiZO_ll 2 * exp[—‘%‘tr(EO_IA,)'i"%‘nﬁ].
Let TV, be —2Ind;. Then
TV,’= tr(A,-ZO—l)—n lnIA,H'n 1n|20|+np lnn—nﬁ, (21)

and we use the LRT statistic TV; as the control statistic for X. If the control statistic TV;
plots above the UCL, the process is deemed out-of-control state and assignable causes are
sought.

2.2 Control Statistic for Variances with Accumulate-Combine Approach
In the univariate case, the EWMA chart for ¢° can be constructed by uéing the chart statistic

Y,=(1-AY;_+2 IZZ:I(L(‘;O:&)Z (2.2)

i=1,2,-- where pu,, 0, are known parameters and 0<{A<1. By repeated substifution in (2.2),
it can be shown that

Yim(L=D'¥pt F401-2) 74 BTy @3

Multivariate EWMA chart for variances with accumulate-combine approach can be constructed
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by forming multivariate extension of the univariate EWMA chart. In multivariate case for
monotoring variance components of dispersion matrix, we define the vectors of EWMA's

’(1—,1 DY o+ ;: A(1—4y) ""‘[ ﬁ (5"’1;"'1)2—;1]-

Yzl
Y= lfa _ 1 A=2)7Y,+ ;Az(l /1)' k[z(——-&fm” )2—-11], (2.4)
Y

X
(1 'Y 4+ ;: A1—24 )' ”[ 2( ’”” 2 )2- ]J
where 0<A,<1(/=1,2,+,p) and i=1,2,-
2.3 Control Statistic for Correlation Coefficients with Accumulate-Combine Approach

A univariate EWMA chart for p;, which is based on 7y = Z‘ (x;— u)(y;— p3) | noyo;, an

estimator of g5, can be constructed as

Z(le ﬂlo)(Xi;z_#zo)

— — =]
Y= Q-AY, +2A —— , (25)
i=1,2,+ and 0<A<1. By repeated substitution, it can be shown that
2 0:4 M H# 10X p— )
i—k_1=1 .
= (1-AY,+ ;} A(1-2) o . (2.6)

To simultaneously monitor the s(=p(p—1)/2) correlation coefficients of p variables, if we let
the control statistic for p,, be 7, by suitable modification of the simple expression in (2.6), then

the vector of EWMA's for 0= (0 15,013,"+0 150 33, **»P 9p»*"*»0 p—1, ) Can be defined as

Yo/ = (g, 713, 7190 7230 s P2ps "5 Vo2, p— 1 Tp—1,5
= (Y1 s Yﬂv "'a i,p—1s Yipy Tt Yi,2p~31 T Yi,s-—l’ Yi.s)'

Then the vector Y 5 ; can be rewritten as
(1=2)Ya+ D AA—2) " 2,

(1=2,-1)'Y; 10t ;1"1;-1(1'"";;—1) A
RY ‘ o Nk
X,i= A=2)Y 50t ;z2=1/1”(1 A " L , ©Qn

(1= A9-3)'Y; 9530+ ;l/lzp—3(1_'12p—3) A Z s

A=A, 00+ ZAA=2) 42,0,
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where 0<A,<1(e=1,2,-,s) and

ZI(XW—# X =12 0)
- 10 50

Z tomu P i - (m+u)
Therefore, we can take the statistics TV;, Y,; and Y, as the control statistics to monitor
the components of dispersion matrix of p related quality variables.

3. Multivariate EWMA Control Charts

The EWMA control chart is a good alternative to the Shewhart chart Whén we are interested in
detecting small shift of the process parameters. For the EWMA chart based on LRT statistic TV,

is given by

YTV,I':(]'_A)YTVJ—[-I_"TV:" (31)

where Y 7y0=w(0w=0) and 0<A<l. This chart signals whenever Y ry ;> kry. When the

smoothing constant A is 1, this chart changes to Shewhart chart.
Since it is difficult to obtain the exact distribution of chart statistic Y ry;, the performances of

this chart can be evaluated by simulation when the parameters of the process are on-target or
changed. And the process parameter %7y can be obtained to satisfy a specified ARL.

For accumulate-combine procedure, we use two separate multivariate EWMA charts, based on
accumulate-combine approach, for variances and for correlation coefficients. This scheme signals if
one of the two EWMA charts in (35) and (3.7) signals. The multivariate EWMA vectors (24) can
be expressed as

—Yli = (I_ A)_Y l,i—1+A-Zi’ (3.2)

where smoothing matrix A= diag(A;, Ay, . 4,), 0<A;<1 (j=1,2,-,p), Z;=(Z3,Zp,*,Z4)". By
repeated substitution in (3.2), X, ; can be rewritten as .

Y= BAU-D) T2+ (-0, (33)

t=1,2,--- where Y, ,=0.
Then we can obtain the dispersion matrix of Y, ; as

Zy= Z:lA(I—A) imkgp (I-A) %A, (34)

where X, , dispersion matrix of Z, is given in Theorem 3.1.

Theorem 3.1. When the process is in-control, the dispersion matrix of Y, ; is given by

Sy ZIA(I—A) i=ks_(I-A) F*4
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and

5 ,=2R,
where R® is used to denote the matrix whose (i,j)th component is the 2x#d power of the (ij)th
component of R which is the correlation matrix of X=(X,,X,,,X,).

Proof. It is easy to show that
Z v, .=

L

Varl (I-A)Y,,_,+A4 Z;]
= 3 AU- )45 ;(I- )44,
To show the form of X ,, we obtain the mean vector and dispersion matrix of Z; when the

process is in-control and ¥ 1,0=0. Since a random sample (Xj; Xy, X,,)" at the sampling
X

il ﬂol )2 = Zﬂ+ n haS a
Ool

point ¢ follows a multivariate normal distribution, the statistic Zn'.l(
=
chi-squared distribution with # degrees of freedom. Thus E(Z;)=0 and VarnZ,)=2n for
I=1,2,--,p and i=1,2,---. Now, for /+s, we can derive as
CO'U[Z,'I, Zzs] = COU[Z,']‘*‘ n, Zts+ n]

_ Cm,[ S (Ku=toye (M)z]
=1 g, =1 Oy

_ nCOv[(ﬁw:_!ﬂu)z (M)z] '
Oy ’ Ops )

If we let U =£"‘Z;—ﬂ°i and V=L7;—;ﬂ%, then the random variables U and V have a
0l Os

bivariate normal distribution with N,(0,0,1,1,p0,,). Using the moment generating function of
bivariate normal distribution, E(U?V?) = 1+ 2¢%, , and then we can easily obtain that
COU(Zﬂ, ZIS) - nCov( U2 N VZ)
= nl E(UPV?) — E(UHE(VR)]

— 2
- 2” Oy

Thus, we found that the diagonal elements and corresponding off-diagonal elements of 2 7 is
2n and 2ne%; from the above results. Therefore,
E(Z)=0 and X ,=2nR?. O
This multivariate chart for variances signals whenever
| =Y,/ 23 X, > hy, (35)

where the parameter 4, can be obtained to achieve a specified in—control ARL. If there is no
distinct reason to take different smoothing constants for p diagonal elements of A, all diagonal
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elements of A can be set equal values. Under the assumption A;=2,=-=4,=4, then we can

simplify the dispersion matrix of Y, ; as
B (1) 2%
| 5, =-AU=01=2D7] 21_ A5, (36)
And EWMA vector for correlation coefficients, based on (2.7), can be expressed as
Y,i= ZIIA(I—A) i~k Z 4+ (I—-A)'Y 5, 37)
where -Zkl=(ZkIZ’Zklaf'“erlp’Z&Br"'vzﬂp!“"zk,p—l.p)i A=diag(/\1,/12, '",AS) and 0<AISI
(G=1,2,-,9).
Under the assumption that A;=A,=:=A,=2, the EWMA chart in (3.7) can be written as
Y, =Q0-DX,+AZ; (38
= ;lA(l-A) i—k_Zk+(1_/1)i_Y 2,0+

This multivariate EWMA chart for correlation coefficients signals whenever
Tzz,i = —Zz,i’ 212‘,'—1_}{ 2.4 > hz, ’ (39)

where X y . is the dispersion matrix of ¥ ,; with dimension sxs and is given in (3.10) below.
The parameter hk, can be obtained to satisfy a specified ARL by simulation and the dispersion
matrix of Y ,; is given in Kim and Chang(1998) as

Sy {_AL%I__;&)_Z_’I}.EZ (3.10)
and
Var(Z yp) CofZ 33, Z 33) *+ CoZ 33, Z ; -1, )
5= Var(Z 33) Cov(ZzB':Zi.p—l,b) i (3.11)
Sym . Var(Z.z’,p—l,p)
where
VarZ ,) = in"zﬂ

COV(ZipquiM) — ﬁaﬂ_"'_.fmoﬁm_

Cov(Zipq'Zirw) — ﬁmﬂw%mﬁm_

and the subscripts 2,¢, 7 and w are different each other.

The multivariate EWMA scheme based on accumulate-combine approach for simultaneously
monitoring both variance components and correlation coefficients(or covariance) components signals

whenever 7%, > hy or T5; > hy. The overall false alarm probability of the chart based on
(7%;,7%,) is 1—(1—a)(1—a,) where the signal probabilities of the chart for variance
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components and correlation coefficient components are @, and @, , respectively. Since it is

difficult to obtain the exact joint distribution of 7%; and 7% ;, we obtain the parameters #4,, k,
and performances of this scheme by simulation.

4. Computational Results and Conclusion

In this paper, we propose multivariate EWMA control charts for both combine-accumulate and
accumulate—combine approaches to monitor dispersion matrix of p multiple quality variables under
multivariate normal process. For simplicity, we assume that in—control process mean vector is
£y=0', all diagonal elements of X, are 1 and off-diagonal elements of X, are 0.3. Since the

performances of the charts depends on the components of X, we consider the following typical
types of shifts for comparison in the components of dispersion matrix.

(1) V;: oy of %, is increased to [1+ (4i—3)/10].

(2) C;: o1y and pg, of I, are changed to [0.3 + (2i—1)/10]

3 (v, Cy) for i=1,2,3.

(4) S;: X, is changed to c¢;¥, where c;=[1+(3i—2)/10]%.

To compare the performances of the proposed EWMA charts, the charts should be set up so

that both have the same ARL when the process is in-control. And, the design parameters &1y,
hy, hy of the proposed charts were evaluated by simulation with 10,000 iterations when the

in-control ARL were approximately fixed to be 200 and the sample size for each quality
characteristic was five for p=2~4.

[Table 1] ARL performances for p=2

in-control 20(

v, 153.9 63.9
v, 18.6 4.6
Vs 7.3 2.1
o 167.6 107.2
G 53.5 26.8
C, 15.0 10.5

(V,,C) 139.7 46.0

(V,,Cy) 17.0 4.2

(V3,Cy) 6.1 2.0
S, 123.4 36.6
S, 15.6 3.7
Sy 6.3 1.7
S, 3.7 1.3
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[Table 2] ARL performances for p=3

o

200.0

v, 170.7 173.0 176.1 51.6 65.2 74.6
v, 29.5 24.9 24.8 3.9 4.5 5.1
v, 11.8 8.1 6.9 1.9 2.1 2.2
o) 178.8 181.3 183.9 110.2 136.0 149.3
C 77.8 84.2 93.7 20.4 30.4 41.7
c, 24.4 21.3 23.3 8.6 11.0 14.4
(V1.C) 157.9 162.8 167.4 40.7 53.0 62.1
(V,,Cy) 25.9 21.2 20.9 3.7 4.2 4.7
(V,,Cy) 9.7 6.5 5.5 1.8 2.0 . 2.1
s, 132.2 138.0 143.5 20.9 26.1 30.7
s, 18.0 13.5 12.7 2.2 2.6 2.8
S, 7.6 4.9 4.1 1.3 1.3 1.4
S, 4.4 2.9 2.3 1.1 1.1 1.1

Numerical results show that multivariate EWMA chart based on Y;; and X,; with
accumulate-combine approach is more efficient than multivariate EWMA chart based on TV; with

combine-accumulate approach in terms of ARL vperfonnance. The ARL performance and comparison
for out-of-control state were stated in [Table 1] through [Table 3] when the number of quality
variable p is 2~4. In Tables, we can see the trends of ARL performances according to
smoothing constant A when the process is out—of-control.

[Table 3] ARL performances for p=4

v, 44.6 41.7 445 4.1 4.8 5.4
v, 17.7 12,5 11.2 1.9 2.1 2.2
c, 186.4 189.2 190.0 127.0 154.2 167.4
G 104.0 113.9 123.4 23.6 37.8 53.7
C, 37.7 36.9 427 9.6 13.1 18.1
(V1.C) 172.6 176.6 179.7 45.4 61.5 72.9
(¥,.G) 38.3 34.6 36.9 3.9 4.5 5.1
(V,,Cy) 14.5 9.9 8.6 1.9 2.0 2.2
s, 142.4 149.5 155.6 17.7 22.5 26.3
S, 21.9 16.9 16.4 1.9 2.1 2.3
S, 9.4 6.0 4.9 1.1 1.2 1.2
S, 5.5 3.4 2.7 1.0 1.0 1.0
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For simultaneously monitoring both variances and correlation coefficients in Y of multiple related
quality variables, an EWMA procedure based on accumulate-combine feature is more efficient for
all proposed types of shift than an EWMA procedure based on combine-accumulate feature. And
we also found that small values of A are preferred for detecting small or moderate shifts and vice
versg for various p.
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