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Abstract — A non-uniform 3-point ternary interpolatory subdivision scheme with variable subdivision weights is introduced.
Its support is computed. The C* and C' convergence analysis are presented. To elevate its controlability, a modified edition
is proposed. For every initial control point on the initial control polygon a shape weight is introduced. These weights can be
used to control the shape of the corresponding subdivision curve easily and purposefully. The role of the initial shape weight
is analyzed theoretically. The application of the presented schemes in designing smooth interpolatory curves and surfaces is
discussed. In contrast to most conventional interpolatory subdivision scheme, the presented subdivision schemes have better
locality. They can be used to generate C° or C' interpolatory subdivision curves or surfaces and control their shapes wholly

or locally.
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1. Introduction

In recent years subdivision schemes have been important
because they provide an efficient way to describes curves,
surfaces and other geometric objects. Subdivision schemes
can be classified in approximating and interpolating
schemes. Interpolation by using subdivision is an
attractive feature in more than one way. First, the
original control points defining the curve or surface are
also points of the limit curve or surface, which allows
one to control it in a more intuitive manner, Second,
many algorithms can be considerably simplified, and
many calculations can be performed “in place”.

Most work in the area of interpolatory subdivision
curve schemes has considered binary schemes with an
even number of control points. Dyn, Levin and Gregory
[7] described a 4-point binary interpolatory subdivision
scheme (see Fig. 1(a)), which they proved to be C'-
continuous. Cai (1, 2, 3] made this scheme applicable
to the case of nonuniform control points, non-uniform
subdivision and upgraded the scheme to the modified 4-
point scheme which can interpolate the endpoints. Jin [11]
and Kuijt [13] presented a nonlinear and a nonuniform 4-
point binary iterpolatory subdivision scheme respectively.
Weissman [16] described a 6-point binary interpolatory
subdivision scheme, Deslauriers and Dubuc [4] analyzed
2N-point subdivision schemes derived from polynomial
interpolation.

While Hassan mainly focused on the ternary subdivision
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scheme which generates three new control points
corresponding to each control point of previous
subdivision level by subdivision rules. In [10] he
introduced a 4-point ternary interpolating scheme, and in
[8] he investigated tetnary schemes with three controi
points. He proposed a 3-point ternary interpolating
scheme (see Fig. 1(b)), whose mask was given by

a={a;)=[.,0,0,0,0,b,1-a-b,1,1-a-b,0,0,a,0,0,...],

where @ and b are two parameters. Since the
subdivision scheme is uniform and stationary, the
generating function formalism can be used to analyze
its continuity properties. It is proved that when the two
parameters ¢ and b are kept within a proper range, itis
C'-continuous. Furthermore for a=-3, b= ;‘—5, its
Hoblder exponent [9] is ¢'*°. Because of the ternary
property of the 3-point temary interpolating subdivision
scheme, we can have a quicker generation of ('
subdivision curve by using it than by using 4-point
binary one.

But from [8] we do not know the intuitionistic
meanings of the two parameters ¢ and b and how the
parameters affect the shape of the subdivision curve,
which limits the application of the subdivision scheme
in a way.

The most famous binary interpolatory subdivision
surface scheme is the butterfly scheme for triangular
meshes proposed in [6). This scheme is a generalization
of the 4-point binary curve subdivision scheme, and was
subsequently improved in [17]. Kobbelt [12] described
a C' binary interpolatory scheme for quadrilateral
meshes with arbitrary topology. Labisk [14] introduced
an interpolatory /3 -subdivision scheme. Dodgson [5]
considered the construction of a ternary interpolating
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A

(a) Two new points are generated by four old ones

P

{(b) Three new points are generated by three old ones

Fig. 1. Generation of new points in the process of the 4-point binary (a) and the 3-point temary interpolatory subdivision {b), where new
points are marked by solid dots, and the old ones are marked by hollow squares.

scheme for the triangular mesh, but the continuity of
the limit surface is not known.

With the observation that smooth interpolatory
subdivision algorithm, which has good controllability is
needed in many practical problems, in this paper, we
focus on the construction of a C' temary interpolatory
subdivision scheme with good controllability.

Based on the scheme in [8] we first propose a non-
uniform and non-stationary 3-point ternary interpolatory
subdivision curve scheme with variable subdivision
weights which have distinct geometric meaning. The
sufficient conditions of the uniform convergence and
C'-continuity of the subdivision scheme are analyzed
and proved. To improve the controllability of the
subdivision scheme, we introduce a modified non-
uniform  3-point temary interpolatory subdivision
scheme. For every initial control point on the initial
control polygon a shape weight is introduced. When
the subdivision is going on, we refine the control
polygon and the weights simultaneously and recursively,
The initial shape weights can be used to control the
shape of the subdivision curve. The role of initial
weight is analyzed theoretically and is demonstrated by
a few examples. Then the application of the non-
uniform 3-point ternary interpolatory subdivision
schemes to the design of smooth curve and surface is
discussed. Using our new schemes one can model C° or
C' interpolatory subdivision curves and surfaces and
control their shapes wholly or locally.

2. Non-uniform 3-point Ternary
Subdivision Scheme
Given the set of initial control points P’ = {Pf eR’ Juy
let P= {Pj }i”_‘}" be the set ofkgontrol points at level ¥
k=0, k € Z), define {Pf“ j.,_"“ recursively by the
following subdivision rule:

P = e +(2eaw! o (Wi P, 0523,

Joi= 3 3 )
1P =P, 0gj<3t,
Pyt =(wi-d)ps o (5o Jp el 0j53'n,

(1)

K+l _ pk
Pt = p

b &
Pj+|

Fig. 2. Geometric interpretation of the subdivision weight 1~ .
j

where w}f is a variable subdivision weight with distinct
geometric meaning (see Fig. 2). In Fig. 2 new points
are marked by black solid dots, where a=Pf_]+P}+,
—2P;-‘, b=Pf_,—Pf, c=Pf+,—PJ‘:-‘. Theoretically all the
subdivision weights wf s can be chosen arbitrarily, so
this scheme is non-uniform and non-stationary.

3. Support of the Non-uniform 3-point
Ternary Subdivision Scheme

In this section we calculate the support for the above
subdivision scheme before we do the convergence
analysis that follows. We consider the limit of the
above subdivision scheme with initial control points set

{PYeRIPI=(0, 1), P{=(, 0), j=£1,42,33,...},

where the point Pg at 0 is the only control point with
non-zero y-ordinate, The subdivision curve after four
subdivision steps with wfsi, k>0 are illustrated in
Fig. 3, where the initial control points are marked by
solid dots.

At the first subdivision step, we see that the control
points P, at i% are the furthest control points with
non-zero y-ordinate. At the seognd subdi4visi0n step, we
see that the control points Pi, at i§(|+%) are the
furthest control points with non-zero y-ordinate. By

Fig. 3. Resultkof the 3-point temary scheme after four subdivision
steps with W, =7
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recursive analysis we know that after 4 subdivision
steps the furthest control points Pk {where x; = 3(xk |
+1)+1 Xo= 0) with non-zero y-ordmate will be at +§
[1 + +3l+ ) hence the total support is
=
1 —_

(PN
2| 1=t —
3R
3

This support compares favourably with the 4-point
binary scheme having a support of 6 and the 4-point
temary scheme having a support of 5. So the subdi-
vision scheme proposed in this paper has a smaller
support and has better locality.

) 2% 4 —1—=.2x‘—‘x-—1-—=4.
3é=qi-t 3 1

i=1

4. Convergence Analysis

To study the convergence property of the above
subdivision algorithm and the smooth property of the
limit curve, a proper parametrization of the subdivision
curve should be introduced. Similar to the dyadic
paramemzatron for a binary subdivision algorithin,
here we let P be the values corresponding to 3%* The
analysis of the subdivision scheme can be reduced to
the convergence and continuity of each component of
the generated curve. Since each component is a scalar
function generated by the same subdivision scheme, it
is sufficient to analyze control points in R. To get the
sufficient conditions for this subdivision scheme to be
uniformly convergent and C' we first introduce the
following lemmas.

Lemma 1. Let

R ot FACOR R

{(x il

then for -<x<
<. 6 3

21 2
<x<=, =<p<=,xeR,yeR
363 }

g,(x)<1, and for (x, y)e D,, g,(x.y)

Lemma 2. Let

Z0x, ¥)=l2-6x1+13y -1, g,(»)=l6y-1l,

= 2
{(x, y) 5

then for (v, y)e Dy, gx(x, y)<1, g(, x)<l,
2 1
§<J’<::, g)<l.

2

12 1
<x<=, =<y<=, xeR,yeRy},
3’9 Y 3 Y }

and for

By computing we can find the two Lemmas are true.
Here we will not give the details.

Theorem 1. Given the initial data {f’ R}J__,, let £
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be the values corresponding to -L(—l << p4
k>0), }‘* *!" are defined by 3¢

£+l & v}
Jg}Jr _.ff’ ( )/J'k"'(wj 3
) ﬁ;+l =ff:!r, 03}.331'”’

i+ ¢ DN,x (4 Kok, Kok .k
f3j:| =(w:,-—§ j_,+(§—2wj)f; +wifie 05/<3 .

.k
j+1s 0£j£3 R,

2

Then for %<wj<§, J==1,0, -, 3¥n+ 1, k20, there exists

a function fe C[0,#] such that

f(sik)ﬁg", 0sj<3'n, k=0.

Proof. Let f* be the piecewise linear interpolation of

PR
7/ P
functions /* and f**' can be attained at the points
{3g+1}3*n and {3g+2};*n_1

k1 [j=0 k+1 [j=—1 "7
3 / 3 /

. It is clear that the maximal error between the

and its value is
f“'(i%l)—f( R . I8

(ol
s (32 h,)—]&fﬂ S e

(el

Let |, denote the maximum norm on [0, #). Then for

1k2

)

Hesst

—<w; <=, ] =-1,0, -, 3n+1, we get
6 3/
kU ok i+ ko
|t fommax] £ ) |2 max |57 +47)
—14;53 ”
. (2)
By estimating |f-+,—f. |, we can obtain
max | £f, <, max | pElopt 3)
—|SJ'S3H -]<_j<3 "
where M, = max {'wk ll+ jk : Jk;]l{+~ - j/.:ll,
1 -1 -1 e
lg_w/ +|1_Wj wj+1|+ Wis}-

Letw -\: wf' =y, based on Lemma | we can obtain

that for (x,y)e Dy,
My= 13X {g,(x), gi(), L)) < L. *
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By (2), (3) and (4), we finally get the sequence of
continuous functions {f*} is a Cauchy sequence, so
there exists a continuous function fe C{0,n] such that

lim f*=f.

=+

This complete the proof since obviously f ( )=}§k,
3"

for all 0<j<3 n and any m=k.

Theorem 2. For g<w’ﬁ*<l
9 /3

j=—1,0,..., 3'n+1, k20,
the limit function £ in Theorem 1 is C' in the interval

[0, n].
Proof. Consider the divided differences
Kok ok ok ok
ai,- =3 ()?H—j} ), —1<j<3n,

and let d* be the piecewise linear interpolation of
Ak

{a}k};:_, . It is easy to note that the maximal error bet-

ween the functions 4* and d**! is attained at the points

Y,
{-}%}3 1 . Similar to the proof of Theorem 1, we can
37

2 . k1

et for =<w;<-, j=-1,0,..., 3kn+l,
gt IO =13

| —dff= max | ()~ ()< max Iaﬂ. . (5

_|<j<3 -1
By estimating aﬁ,—dﬂ, we can obtain
max Ia’kﬂ a"kM’1 max ‘L{?:l'—d:"l. (6)
“1gj3*n-1 —157<3 -1

where M, = max {l2—6wf"‘+‘3wj:,—1|, ‘3wf_|—l|

+|2 6wj+]| |6 —l‘}. Let w; ey W it '=y, based
on Lemma 2 we can obtain 1hat for (x. y) eD,,
M, =( r:")iXD 128:(x¥)8: (0 %).8.00); < 1. (M
XY |

By (5), (6) and (7), we finally get the sequence of
continuous functions {d*} is a Cauchy sequence, so
there exists a continuous function ¢ such that

. k
lim d"=d.
k—+o

It remains to show that d=4", where / is the limit
function of the process. Consider the Bernstein poly-
nomial for the data {)j* } on [0, n]

S I (
j=0

then its derwatwe is the Bernstein polynomial for the
data {d; }

b'k(x)=3*”z—1q*n ( 7(1_ )3 - de;k
=0

From the uniform convergence of the Bemnstein
polynomials we can get
lim b=f, hm bk d,

k=t

hence fe C'10,n].

From Theorem 1 and Theorem 2 we can conclude
that the non-uniform 3-point temary interpolatory
subdivision scheme proposed in this paper can be C* or
C' when all the weights wf s are kept in a certain range
respectively. But it is a little hard to know how to have
a direct operation to control the shape of the corre-
sponding subdivision curve by using this scheme,
because the weights are somewhat arbitrary and free.
To increase its controllability, we propose a modified
non-uniform 3-point ternary interpolatory subdivision
scheme.

5. Modified Non-uniform 3-point
Ternary Subdivision Scheme

In this section we alter the subdivision scheme (1).
We introduce a shape weight for every initial control
point on the initial control polygon. When the
subdivision is going on, we refine the control polygon
and the weights simultaneously and recursively. The
initial shape weights can be used to control the shape
of the subdivision curve.

Given the set of initial weights w® {w }J,__I corre-
spondmag to the set of mltlal control points P’ =
{P R et Pk—{P 320! be the set of control
points at level k(k>0, keZ) define {P }J,__,"'“
recursively by (1), where the shape weights w;, j=—1,
0,1.. 3kn+1 at level k(k>1, keZ) are refned recur-
sive]y by the following subdivision rule:

;:wj_ +(1—,u—v)w Lvw +,, | 0gi<3*'n

W3J.

X .
w3j=wj ,OS;S3 'n,

Y k-1 k-1 k=l
Wy =vw ) H(1-p=vw; w0537 a.

(®)

Here 1, v are two parameters introduced to improve the
local and fine controllability of the shape of the
subdivision curve.
Remark: For wo—l we have wJ _- k>1. From
Theorem 1 we can cgnclude that the limit curve is c°,
which is exactly the initial control polygon.

Based on Theorem 1 and Theorem 2, we have the
following theorem.
Theorem 3. For arbitrary (y,v)eD={(uv)|0spu<l],
0<v<l, utv<l, ueR, ve R}, if the initial weights sati-

1 2 .
sfy g<wf<§, j=-1,0,..., n+1, the limit function /" will
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be C’ at least in the interval [0, #), and especially, if

2ewd<L j=-1,0,..., n+1, the limit function fwill be

9 3
C' in the interval [0, #).

From Theorem 3 we know that we can model C° or
C' interpolatory curves and control their shapes by
choosing the initial weights w s of the control points
and parameters y,v in a proper range.

To analyze the controllability of the presented
scheme, we need to discuss how the shape weights
affect the shape of the limit curve.

6. The Role of Shape Weight

In this section we analyze the effect of the shape
weight wf on the shape of subdivision curve near the
initial control point P; . Foor simplicity we only need to
analyze that of weight w; on the shape of subdivision
curve near the initial control point Pg.

From subdivision rules (1) and (8) we have wﬁswg,

k 0
POEPO’ kZl,and PfilzwgPZ%_(;l 2w )PO ( 0 ;)P]’

k1 1 4
Py (g P+ 52
! 3P-’ 3

k & &
Let U,=P{-P*,, V,=P{-P;, W =P,—P,,

1

K+
thenU,= V,+ W, and U,, = %Uﬁ' ~=[§] (P*-P°)),

Dk | knk
0)P0+W0P|-

1 & 1 &
Vi = (-g—wajWk+szk=(§—wf))(Uk—Vﬁ)+onk
1« k1
So we have the following difference equation:
I 1
V- (2w8 3)Vk (3—W8)Uk.

SinceV0=P?—Pg, its special solution is

k k
Vk=c1(2wg~%) +c2@) > )

where ¢, =%(P',]+Pf,—2Pg), c2=%(Pl,'—P?,)‘
Similarly we have difference equation:
o 1 J
Since W= PO -p° 1» Its special solution is

Wk=—c](2wg—%)k+c2[%)k. (10)

Now we can depict the effect of weight wgswg on
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the shape of subdivision curve near the control points
PO_ P.] at any subdivision level k. From (9) and (10),

we have
k k
P, =Pg+c1(2w8—%) —cz@ :

Case 1' l<w3<§. Since 0<2wg—%<% the two points

P,, , are always out of the triangle generated by the
three points P_,, Pu, P, (see Fig. 4). And if woe (é,%]
is decreasing, the two points Pf, P*, will deviate from

the edges POP, and POP_l respectively and gradually
Thus the local limit curve segment near the point Pu
will tend to be flat (see Fig. 7(a), in this figure the
subdivision curve tends to be flat around the control
point Pg (the middle one) compared with Fig. 7(b)).

On the other side when wg € (%,%) is increasing, the two
points Pf, Pf| will approximate the edges Pg P? and

Pg Pf, respectively. Thus the local limit curve segment
near the point Pg will locally bend more and more (see
Fig. ?(b))

Case 2: W . In this case the two [pomts P}, P | are
always on the edges PEP? and Py P’ respectively.
Thus the local limit curve segment near the point P,
will be the initial control linear segment itseif (see
Fig. 8).

Case 3 l~f~w[.<g Since 2w0—-> » the two points

P,, P , are always in the trmngl3 generated by the
thlreze points P-1s Po» Pfl' (see Fig. 5). And when wge
(5,5) is increasing, the two points P‘,', Pf| will deviate

from the edges PgP? and Pg E, respectively and
gradually. Thus the local 11m1t curve segment near the
point P, between the point P_1 and P, will have more

Fig. 5. The case of —]-<w0<% .
37073
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and more inflexions as viewed from the whole curve.
in fact in this case the limit curve will be fractal-like
curve.,

7. Application of the Non-uniform 3-point
Scheme to Curve Modeling

The presented subdivision schemes can be used for
the design of a C' or C° interpolatory curve that
interpolates a set of control points {Pg, P,.. Pg}. In
the case of open curves, we need to supply two
additional control points P?, and Pﬁ,,,, which affect
the behavior of the curve near its end points Pg and
P). In the case of a closed curve, we only need to let
P°, =P’ and P), =P,

Furthermore, it can be used to control the shapes of
the interpolatory subdivision curves freely. We can
control the shapes of curves to a great extent by
adjusting the initial control points. In the case of given
control points, we can control them by adjusting the
weights and the parameters.

}""e may have an entire control of them by setting
w,;=w (constant), then we will control them macro-
cosmically by choosing the value of w. Fig. 6 shows an
example of closed interpolatory curves after four
subdivision steps. The set of initial control points is

(1.0,(0.2)1.0.0-D.6-D.6.D03)3.D,

-3,-1)(-1,-D)}.

In Fig. 6 the control polygon is drawn by a dash-dotted
line, the smooth curve obtained by our scheme with
w=}t is marked by a full line and that with w=% by
a dashed line. From Theorem 3 we know that in both
cases the limit curves will be C'.

The more important thing is that we can have a local
control of them easily and efficiently. For exampile, if
we want to control the shapes of the curves near a
specified control point P?, we can achieve this by
adjusting the corresponding weight w) and selecting
parameters g,v.

The following two examples show the curves applied
(1) and (8) to the same control polygon after five
subdivision steps respectively. The control polygons
are drawn by dashed lines, and the subdivision curves

Fig. 6. 3-point ternary interpolatory curve.
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0_1
(@ wy =%

Fig. 7. The effect of the weight wg on the subdivision curve
segment near the control point Pg (the middle one).

are drawn by full lines.

Fig. 7 shows the results of the adjusting the weight
wg corresponding to the control point is Pg (the
middle one) to control the shapes of the open curves
locally. The set of initial control points is {(—1,-1),

(—%,0),(—1 1) (0,3),(1,1 )(% 0],(1,—1)}, the two addi-

tional control points are (—1 ,—%) and (l,—gj . InFig. 7(a)

we specify the set of initial weights w'= 111111

=
-
=
1=

=,-,=,—.In both cases we let g=v =10, so from

Theorem 3 we know that both limit curves will be C'.
Fig. 8 shows the results of the fine control of the shapes
of the curves near a control point by selecting parameters
14,y when the set of initial weights w” is given. Fig. 8(a) and
(b) show two open curves. The set of initial control points is
{(_394)(“194)9(_235)9(0:7)‘)(295)(154)(394)} ,andthetwo
additional control points are [ 4 Z) and [4 2) .InFig.
‘}2 -,2
. . F1110t11111
8(a) and Fig. 8(b BRI AR XS LSRN
(2) and Fig. 8(b) we specify w {333343333}
but in Fig. 8(a) we set #=v =0, while in Fig. 8(b) we
set ,u=%, v=%. From Theorem 3 we know that in both

cases the limit curves will be C°. Fig. 8(c) and (d) show
two closed curves. The set of initial control points is

{(—1-%],(—1 ,—1),(—%,0),(—1, 1),(0,3),(1,1); . Here we

49434945394 - h
v=0, while in Fig. 8(d) we set #=5¥=0

Many examples show that when g, ve(0,1) is
increasing, their tine effect on the shape of the

specify wl={222 122 , but in Fig. 8(c) we set y=
9
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@ pu=%v=0

() p=v="0

Fig. 8. The fine effect of the parameters g, v on the local
subdivision curve segment near a control point.

subdivision curve is becoming clear, and when any of
themn is more than one and increasing, the local limit
curve segment will have more and more inflexions.

Hence, given control points, we can control the shape
of the interpolatory subdivision curve by adjusting the
weights w? s and the parameters g, v. The implementation
can speed up the generation and the display of a
subdivision curve due to the temary property of the
scheme.

8. Application of the Non-uniform 3-point
Scheme to Surface Modeling

The presented subdivision schemes ¢an be used tfo
the design of an interpolatory surface.

8.1. Modeling a ternary interpolatory surface
based on quadrilateral meshes

We can extend the presented subdivision scheme (1)
to the design of a tensor-product 3-point ternary inter-
polatory subdivision surface based on regular quadrila-
teral meshes. Here we perform a 1-to-9 quadrilateral
split for every quadrilateral face: we leave all the old
vertices unchanged, tri-sect all the edges by inserting
two new edge-points between every adjacent pair of
old ones, and introduce four new face-points corre-
sponding to a face in the old control net.

Given control points

P}, eR%i==1,0,"n+1, j==1,0, m+1,

at subdivision level £+ 1(k >0, ke Z) first we let

k+1 k

P3f 3 = Pi"jsf=90, o '3kn1}.=0, T 3}{??’?.

Then we apply (1) to index i, introducing two column
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edge-points P3, L3 P3!+, 3 mear P,v,,.f 0,1,
j=-1,0,--,3 fm1. Finally we apply (1) to the mdexj
and introduce two row edge-points P, 34, I Pf;',,, near

Pf,;jlsj=_150""93k+ln+ l,_}'=0,'“, 3 m. The above pro-
cess can be expressed as the following subdivision rule:

Pi::;r_P:,pO<t<3 n, 0<I<3 m,

i+ & pk 4
P31—I| ZJ_W PJ L (3 2“’ )P +( Jsr 3)Pf+l,f9
0<i<3*n—1<j<3'm+1,

it £ LYpk 4 & mk
Py = (wf,ngjpf—]j (3 2w; )Pu-'-wi,jp:ﬂ,ja

\ 0<i<3*n,—1<7<3 m+1,
K+l k k1 4 & Ykt o D\ph+l
P:',;;'-] :WiJPi,3 j73+(§_2w£=f)?i,3j +(Wi,j_§)Pi,3j+3a
. k+1 . k
—1<i<3" "n+1,05/<3 ' m,

1k Dokl 4 K Yppkt1 |,  k okl
Pi,3j+1 = (Wi,/“g)Piﬁj—s+(§_2WIJ)P1‘,3_;‘ +Wf,/Pi,3j+3a

~1<i<3* '+ 1,053,

After we get all the control points

P i=—1,0,...3 %+ 1, j=-1,0,...3" m+1

i ’I
at step k+1, we can generate a refined regular quadn-
lateral mesh by connecting each control point P
P4 and P (k2 0). 1t is easy to see that we w1ll
get a Bm+1) % (3n+ 1) refinement mesh after one
step of tensor-product 3-point ternary interpolatory
subdivision to a regular (m + 1} X (» + 1) quadrilateral
mesh.

Letting & tend to infinity, this process will define a C°

surface from Theorem 1 for Vwi,-e (é,%) and a C' sur-

face from Theorem 2 for Vw}-‘ = (g,%) due to the pro-

perty of the tensor-product surface. The 11m1t surface
passes through the initial control points P, s i=0..m,

j=0,.

Fig. 9 shows the results of applying the tensor-product
3-point temary interpolatory subdivision scheme four
times. Fig. 9(a) depicts the initial control mesh. Fig. %(b)

shows the result obtained with w; —‘-11 Fig. 9(c) descri-

bes the result obtained with W?JEIS_S and wf ”,.Ei, k>0.

From Fig. 9 we know that we can adjust the shape of
the subdivision surface by choosing the weights
appropriately. Furthermore, because of the temary and
simple property of the tensor-product 3-point inter-
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(a) (b} {©)

Fig. 9. Examples of tensor-product 3-point ternary interpolatory
subdivision.

polatory subdivision scheme the implementation is fast
and effective. In practice generally we can get a “good”
approximation to the limit surface only after 4~5
subdivision steps. Similarly a modified tensor-product
3-point ternary interpolatory subdivision algorithm
including parameters 4, v based on regular quadrilateral
mesh can be constructed, which is effective too.

8.2. Modeling a termary interpolatory surface
based on triangular meshes

Similar to the method of Dodgson [5] we can extend
the presented subdivision scheme to the design of a
ternary interpolatory subdivision surface based on
regular triangular meshes. We perform a I-to-9 triangular
split for every triangular face: we leave all the old
vertices unchanged, tri-sect all the edges by inserting
two new edge-points between every adjacent pair of
old ones, and introduce one new face-points corre-
sponding to a face in the old control net. In the case of
uniform and stationary subdivision (W;Ew (constant)),
the subdivision rules are:

(1) New face-point F (see Fig. 10) for a triangle is
computed according to the following rule:

F= P + P+ P} + &Py + Ps+ Py,

Fig. 10. The positions of some new points.

0. /4
E w—]3 ‘—3‘ 2w w
a foL——te ]
E
) Y

Fig. 11. The stencils of the temary scheme with weight w.

where ry=§—w, Fw—%. The stencil of the new face-

point is depicted in Fig. 11(left).
(2) One of the new edge-points E (see Fig. 10) for an
interior edge are computed by

E = aP + Py + y(P; + P;) + 5(Ps + Py),

where a=§—2w, ﬂ=—%+2w, :/=%-w, §=—%+w. The
stencil is depicted in Fig. 11(middle). The stencil of the
other new edge-point is similar to this one.
(3) New edge-points for boundary edge are computed
by (1). The corresponding stencil of a new edge-point
is shown in Fig. 11(right). Similar to this we can get a
result about the stencil of the other new boundary
edge-point.
Remark: For triangles or edges, where some stencil
points for the new face-point or the new edge-point
may not exist, for example, the triangles near the
boundary of the mesh, similar to [14] virtual points are
introduced by reflecting vertices across the boundary of
the mesh. With the help of the virtual points the normal
new face-point and new edge-point rules can be used.
Similar to the method of eigenanalysis in [5] we
know that the corresponding eigenvalues of the
subdivision matrix are:

1 3

1 1 .
- —_—t et th )
1, 3373 6w, 3 2w(three times),

—%+w(sfx times), 0(six times),

which indicates that the limit surface could be C' only
for the range §<w~<%. This is, unsurprisingly, the same

range of values of w as in the univariate and uniform
case. But the actual continuityof the limit surface need
a further analysis.

We can extend the above scheme to the case of non-
uniform subdivision. But still the continuity of the limit
surface is not known. Altematively we may use the
conversion methed proposed in [15] and then apply the
tensor-product 3-point ternary interpolatory subdivision
scheme to the newly generated regular quadrilateral
mesh. Based on the property of the tensor-product surface
the continuity of the limit surface is easily gotten.

Except for the application in curve and surface
modeling, the presented subdivision scheme may have
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some potential application in some other areas, such as
curve and surface metamorphosis, polygon morphing
and so on, due to its local, ternary and controllable
properties.

9. Conclusion

In this paper we have shown that in univariate non-
uniform interpolating subdivision we can achieve the
same smoothness with less number of control points by
using a ternary rather than a binary subdivision scheme.
So the subdivision schemes proposed in this paper have
better locality. They can be used to model C' or °
interpolatory curves or surfaces whose shapes are
controllable wholly or locally. Hence the presented
algorithms are effective. Future work should aim at the
continuity analysis on the scheme based on triangular
mesh and the generalization of the presented schemes
to the case of non-linear subdivision and general
control nets.
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