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Abstract

In this paper, we introduce the concepts of fuzzy (7,s)-preopen sets and fuzzy (»,s)-precontinuous mappings on intuitionistic
fuzzy topological spaces in Sostak's sense and then we investigate some of their characteristic properties.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [11].
These spaces and its generalizations are later studied by
several authors, one of which, developed by Sostak [10], used
the idea of degree of openness. This type of generalization of
fuzzy topological spaces was later rephrased by
Chattopadhyay, Hazra, and Samanta [3], and by Ramadan [9].

As a generalization of fuzzy sets, the concept of
intuitionistic fuzzy sets was introduced by Atanassov [1].
Recently, Coker and his colleagues [4,5,7] introduced
intuitionistic fuzzy topological spaces using intuitionistic fuzzy
sets.

Using the idea of degree of openness and degree of
nonopenness, Coker and Demirci [5] defined intuitionistic
fuzzy topological spaces in Sostak's sense as a generalization
of smooth fuzzy topological spaces and intuitionistic fuzzy
topological spaces. :

In this paper, we introduce the concepts of fuzzy (7,s)
-preopen sets and fuzzy (7, s)-precontinuous mappings on
intuitionistic fuzzy topological spaces in Sostak's sense and
then we investigate some of their characteristic properties.

2. Preliminaries

Let 7 be the unit interval [(,1] of the real line. A
member u of I¥ is called a fuzzy set of X. For any pel”,
4 denotes the complement 1— 4 By 0 and . T we denote
constant mappings on X with value 0 and 1, respectively.
All other notations are standard notations of fuzzy set theory.

Let X be a nonempty set. An intuitionistic fuzzy set A is
an ordered pair
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A= (l‘A, VA)

where the functions #4:X—I and 74 X—1I denote the degree
of membership and the degree of nonmembership, respectively,
and pa+r,<T

Obviously every fuzzy set x on X is an intuitionistic
fuzzy set of the form (g, 1— 1)

Definition 2.1. ([1]) Let A={(x4,74) and B= (x5, 75) be
intuitionistic fuzzy sets on X. Then

(1) ASBiff pa<pgand 7a27s

2) A=Biff ASBand BS A.

B) A°=(7ra, 4.

(4) ANB= (,UA/\.UB, ?’A\/VB).

6) AUB= (u4V up, 7a/\7p).

®) 0.=(0,7) and 1.=(T, D).

Let f be a mapping from a set X to a set Y. Let
A=(us,74) be an intuitionistic fuzzy set of X and
B= (5, 75) an intuitionistic fuzzy set of Y. Then:

(1) The image of A under f, denoted by AA) is an
intuitionistic fuzzy set in Y defined by

RA) = (R, T— AT— 7).

(2) The inverse image of B under £, denoted by f !(B) is
an intuitionistic fuzzy set in X defined by

fl(B)z(fl(#B),fl(VB)).

A smooth fuzzy topology on X is a mapping T J/X—7]
which satisfies the following properties:

1 =70 =1

@) TN pp) 2 T(u )N\ T ).

(3) T(Vu)=AT(u).

The pair (X, 7) is called a smoot fuzzy topological
spaces.



An intuttionistic fuzzy topology X is a family T of
intuitionistic fuzzy sets in X which satisfies the following
properties:

(1) 0-.1.€T.

@ If A, AT, then ANA=T.

3 If A, T for all 4 then UA =T,

The pair (X, T) is called an intuitionistic fizzy topological
space.

Let I(X) be a family of all intuitionistic fuzzy sets of X
and let /@I be the set of the pair (7,s) such that », sl
and »+s<1.

Definition 2.2. ([5]) Let X be a nonempty set. An
Intuitionistic fuzzy topology in Sostak’s sense (SolFT for

short) 7=1(7;,7;) on X is a mapping r: I(X)— I®I which
satisfies the following properties:

) 10)=r(.)=1and r(0.)=r{1.)=0.

) n(ANBYzr(A)Ary(B) and

(AN B) < 1,(A) V ,(B).

3) 1(UAY)2Ar(A) and

n(UA )<V (4).

The (X, 0=(X,7;,7) is said to be an intuitionistic
fuzzy topological space in Sostak's sense (SoIFTS for short).
Also, we call 7,(A) a gradation of openness of A and
7,(A) a gradation of nonopenness on A.

Definition 2.3. ([8]) Let A be an intuitionistic fuzzy set in
a SolFTS (X,7,,7,) and (7,5) €IQIL Then A is said to
be

(1) fuzzy (7,s)-open if 7,(A) =7 and 7(A4) <5,

(2) fuzzy (7,s)-closed if 7,(A°)27 and ,(A°)<s.

Definition 24. Let (X, 7,,75) be a SoIFTS. For each
(r,s) = IQI and for each A< I[(X), the fuzzy (r,s)-interior
is defined by

int(4, r,s)=U {BeKX)|A=B,
Bis fuzzy(r,s) —open}

and the fizzy (7,s)-closure is defined by

c(A,7r,8)=N {BeIX)ASB,
B is fuzzy(#,s) —closed}.

The int: (X)xI®I > KX) and cl:I(X)
xI®1I — I(X) are called the fizzy interfor operator and

operators

fiuzzy closure operator in (X, 1y, 2), respectively.

Lemma 2.5 [8] For an intuitionistic fuzzy set A in a
SoIFTS (X, 71,72) and (7,5)eIQ®],

(1) int(A, 7, s)°=cl(A°,7,s).

@) c(A,r s)°=int(A°, 7,3).

Let (X, ) be an intuitionistic fuzzy topological space in
Sostak's sense. Then it is easy to see that for each

Fuzzy (», s)-preopen sets

(r,s)eI®I the family T,y defined by

T(rs— AEI(X)ITI(A) =7 and Z'Z(A)VSS

is an intuitionistic fuzzy topology on X.
Let (X, 7) be an intuitionistic fuzzy topological space and
(7,5)eIQ®I Then the map T 9K X)—IQI defined by

(L,0) if A=0.1.,
T(r,s)(A): (r,s) if AET_{0~,1~}v
(0,1) otherwise

becomes an intuitionistic fuzzy topology in Sostak's sense on
X.

Definition 2.6. Let A be an intuitionistic fuzzy set in a
SoIFTS (X, 7,7) and (7,s)=I®IL Then A is said to be

(1) fuzzy (r,s)-semiopen if there is a fuzzy (7,s)-open
set B in X such that BSAScl(B,7,s),

(2) fuzzy (7,s)-semiclosed if there is a fuzzy (7,s)-closed
set B in X such that int(B,r,s)SASB.

3. Fuzzy (r,s)-semiopen sets

Definition 3.1. Let A be an intuitionistic fuzzy set in a
SoIFTS (X, 7,,7) and (#,s)eI®I Then A is said to be

(1) fizzy (7, s)-preopen it AS int(cl(A,r.s),7,9),

2) fizzy (r,s)-semiclosed if cl(int(A,r,s),r,s)SA.

Theorem 3.2. Let A be an intuitionistic fuzzy set in a
SoIFTS (X, 7,7) and (7,5)IQ®L Then the following
statements are equivalent:

m A is a fuzzy (7, s)-preopen set.

(2) Acis a fuzzy (7, s)-preclosed set.

Proof. It follows from Lemma 2.5.

It is obvious that every fuzzy (7,s)-open ( (7, s)-closed)
set is a fuzzy (»,s)-preopen ( (7,s)-preclosed) set but the
converse need not be true which is shown by the following
example.

Example 3.3. Let X={x,y} and let A; and A; be
intuitionistic fuzzy set of X defined as
A()=(0.5,0.2), A;(»=(0.1,0.7);
and
Ax(x)=1(0.6,0.2), Ay(»=(0.5,0.3).
Define zKX) — IQI by

(1,0) it A=0.1_.,
A= (r(A, (=] (,5) it A=A,
0,1 otherwise .

Then clearly (7;,7) is a SolFT on X. The intuitionistic
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1 1
fuzzy set A; is a fuzzy (7'?)-preopen set which is not a
1 1 1 1
fuzzy (- 3)-open set. Also, A5 is a fuzzy (2. 3)

1 1
-preclosed set which is not a fuzzy (7'3)-closed set.

Theorem 34. Let (X,7,,7) be a SoIFTS and

(r,9)elIRL

(1) If {A}is a family of fuzzy (7,s)-preopen sets of X,
then UA ; is fuzzy (7, s)-preopen.

@ If {AJ} is a family of fuzzy (r,s)-preclosed sets of
X, then NA; is fuzzy (7, s)-preclosed.

Proof. (1) Let {A,;} be a collection of fuzzy (7,5
-preopen sets. Then for each
A; Sint(cl(A;,7,9),7,9).
So
UA; cUint(cl(4, 7,9),7,5) S int(cl(UA;,7,9),7,5).

Thus UA,; is a fuzzy (7, s)-preopen set.
(2) 1t follows from (1) using Theorem 3.2.

That fuzzy (7,s)-semiopen sets and fuzzy (7, s)-preopen
sets are independent notions is shown by the following two
examples.

Example 3.5. Let X—={x,3} and let A, and A4A; be
intuitionistic fuzzy set of X defined as
A(0)=(0.2,0.6), A;(»=1(0.4,0.3);
and
Ax(x)=1(0.7,0.2), A,(»)=(0.2,0.5).
Define zI(X) — I®I by

(1,0) if A=0.1.,
(A= (). n()=| (§,5) it A=A,
0,1 otherwise .

Then clearly (7;,7;) is a SoIFT on X. The intuitionistic
1 1

fuzzy set Ay is a (*7:’3)-preopen set which is not a fuzzy
L1y
2+ 3 /-semiopen.
Example 3.6. Let X={x,y} and let A, and A, be
intuitionistic fuzzy set of X defined as
A(0)=(0.2,0.7), A(3»=(0.1,0.8);
and
Ay (0)=(0.5,0.3), Ax»)=(0.7,0.2).
Define zXX) — I®I by
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(1,0 it A=0.1.,
A= (A nA)=| (F,%) it A=A,
o,n otherwise .

Then clearly (7,,75) is a SoIFT on X. The intuitionistic
. L1y o
fuzzy set A; is a fuzzy ‘™9 > 3 )-semiopen set which is not

(.5
a fuzzy ‘"9 -3 /-preopen set.

Definition 3.7. Let (X, 7,7) be a SoIFTS. For each
(,9)=I®I and for each. AcK(X), the fizzy (r,5)
-preinterior is defined by

pint(A4, »,s) = U{BeIX)A2B,
B is fuzzy (7, s) — preopen}

and the fuzzy (7, s)-preclosure is defined by

pcl(A, 7,5) = N{B=I(X)|ASB,
B is fuzzy (r,s) — <losed}.

Obviously pcl(A,r,s) is the smallest fuzzy (r,s)
-preclosed set which contains A and pint(A, r,s) is the
greatest fuzzy (7, s)-preopen set which is contained in A.
Also, pcl(A,7,s)=A for any fuzzy (r,s)-preclosed set A
and pint(A,r,s)=A for any fuzzy (7,s)-preopen set A.
Moreover, we have

int(A, 7, s) int(A,7,5) €A

<

S pcl(A,7,s) Scl(A,7,s).
Also, we have the following results:

@) pcl(0.,7,9=0., pcd(l.,7r,9)=1_,

) pcl(A4, 7, s)=2A.

(3) pcl(AUB, 7,5)2pcl(A, 7, s) Upcl(B, 7, s).
4) pcl(pcl(A,r,s),7,s) =pcl(A,7r,s).

(5) pint(0.,»,9)=0_, pint(1.,7r,9)=1_.

(6) pint(A, 7, s) SA.

(D pint(ANB, 7,s) Spint(A4, 7,s) Npint(B, 7, s).
(8) pint(pint(A4, 7,s), ,s) = pint(A4, 7, s).

Theorem 3.8. For an intuitionistic fuzzy set A of a SolFTS
(X,1,7) and (7,5)=I®I we have:

(1) pint(A, 7, 9= pcl(A°,7,9).

(@) pcl(A, 7, s)°=pint(A°, 7, s).

Proof. (1) Since pint(A,r s)SA and pint(A4,7r,s) is
fuzzy  (7,s)-preopen in X, A°Cpint(A,rs)° and
pint(A, 7, s)¢ is fuzzy (»,s)-preclosed in X. Thus

pcl(A°,7,s) < pcl(pint(A, 7, )¢, 7,9)
= pint(A, 7, s)°.

Conversely, since A°Spcl(A°,r,s) and pcl(A€,r,s) is
fuzzy (7, 9)-preclosed in X, pcl(A°, »9CA
pcl(A°, 7, 9)¢ is fuzzy (»,s)-preopen in X. Thus

pcl(A°,7, 8¢ = pint(scl(A°, 7, 9)°, 7, 5)
€ pint(A, 7, s)

and

and hence pint(A, 7, s)°S pcl(A°, 7, ).



(2) Similar to (1).

Definition 3.9. Let f(X,7,7) — (Y,0,,0,) be a
mapping from a SoIFTS X to a SolFTS Y and (r,9)elIRL
Then f is said to be

(1) fuzzy (7,s)-precontinuous if f Y(B) is a fuzzy (7,s)
-preopen set of X for each fuzzy (,s)-open set' B of ¥,

(2) fuzzy (#,s)-preopen if AA) is a fuzzy (7,s)-preopen
set of Y for each fuzzy (7,s)-open set A of X,

(3) fuzzy (7, s)-preclosed if AA) is a fuzzy (r,9)
-preclosed set of Y for each fuzzy (7,s)-closed set A of X.

In general, it need not be true that f and g are fuzzy
(7, s)-precontinuous  ( (7, s)-preopen and (7, s)-preclosed,
respectively) mappings then so is g- £ But we have the
following theorem.

Theorem 3.10. Let (X, T1 Tz), (Y, wy, wz) and (Z, oy, 0'2)
be SoIFTSs and let £X — Y and g Y — Z be mappings and
(7,5)=I®1I Then the following statements are true:

(1) If fis a fuzzy (7,s)-precontinuous mapping and g is
a fuzzy (7,s)-continuous mapping, then g-f is a fuzzy
(7, s)-precontinuous mapping.

(2) If fis a fuzzy (7, s)-open mapping and g is a fuzzy
(7, s)-preopen mapping, then g- f is a fuzzy (7, s)-preopen
mapping.

(3) If fis a fuzzy (7,s)-closed mapping and g is a fuzzy
(7, s)-preclosed mapping, then g-f is a fuzzy (7,s)
-preclosed mapping.

Proof. Straightforward.

Theorem 3.11. Let f(X,7,5) — (Y, 0,0;) be a
mapping and (7,s)eI@ I Then the following statements are
equivalent:

(1) fis a fuzzy (#,s)-precontinuous mapping.

(2) £ UB) is a fuzzy (7,s)-preclosed set of X for each
fuzzy (7, s)-closed set B of Y.

B B, 7, 9))2cl(int(f 1(B),75),rs for each
intuitionistic fuzzy set B of Y.

@ (A, r,9)2Acl(int(A, 7, s),r,s) for
intuitionistic fuzzy set A of X

Proof.(1) < (2) It is obvious.

(2) — (3) Let B be any intuitionistic fuzzy set of Y.
Then cl(B,7,s) is a fuzzy (7,s)-closed set of Y. By (2),
FUA(B, 7,9) is a fuzzy (7, s)-preclosed set of X. Thus

each

S clint(F ' (cl(B, 7, 9), 75, 75
2 cl{int(F 1(B), 7,9, 7 9.

3) — (4) Let A be any intuitionistic fuzzy set of X.
Then A A) is an intuitionistic fuzzy set of Y. By (3),

F Y A(AA), 7,5) 2cl(int(f 'AA), 79,79
2cl(int(A4, 7,3),7,5).

F (B, 7, 5)

Hence

Fuzzy (r, s)-preopen sets

cl(KA),7,5) 2 fF Wcl(AA),75)
2 Acl(int(A, 7, 5), 7, s)).

(4) — (2) Let B be any fuzzy (7,s)-closed set of Y.
Then # '(B) is an intuitionistic fuzzy set of X. By (4),

Acl(int(F 1 (B), 7,9, 7,9) S cl(f FUB), 73
c(B,7,s)=B

n

and hence

cd(int(f 1 (B), 7,9, 7,5 < Acllint(f(B), 9, 7. 3)
</ YB.

Thus 7 Y(B) is a fuzzy (7, s)-preclosed set of X.
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