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Normal Fuzzy Probability for Quadratic Fuzzy Number
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Abstract

We study some operations of two quadratic fuzzy numbers defined by quadratic curves. And we calculate the normal
fuzzy probability for fuzzy numbers generated by the operations.

Key words :

1.A&4 B
The operations of two fuzzy numbers (A,#4) and
(B,#g) are based on the Zadeh's extension
principle([4]). We consider four operations addition
A(+)B, subtraction A(—)B, multiplication A(-)B and
division A(/)B defined in Definition 3.2.

Let (£2,7,P) be a probability space, where £
denotes the sample space, J the o—algebra on £ and P
a probability measure. A fuzzy set A on 2 is called a
fuzzy event. Let # (‘) be the membership function of
the fuzzy event A. Then the probability of the fuzzy
event A is defined by Zadeh([1,3]) as

P (A= [ pa(@dP@), pa(+):@ ~00,1]
In this paper, we define the normal fuzzy probability
using the normal distribution, and we derive the explicit

formula for the normal fuzzy probability for a quadratic
fuzzy number and give some examples.

2. Normal fuzzy probability

Let (Q,7,P) be a probability space, and X be a

M2 20044 128 23
gt X}t 1 20054 39 159

normal fuzzy probability, quadratic fuzzy number

random variable defined on it. Let g be a real-valued
Borel-measurable function on R. Then g(X) is also a
random variable.

Definition 2.1. We say that the mathematical
expectation of g(X) exists if E[g(X)] of the random
variable g(X) defined by

Ble(0]= [ g(X(0)dP(w)= | gX)aP
is finite. '

X defined on
(2,9,P) induces a measure Px on a Borel set Be®
defined by the relation Px(B)=P{X "Y(B)}. Then Px
becomes a probability measure on # and is called the
probability distribution of X It is known that if
E[g(X)] exists, then g is also integrable over R with

We note that a random variable

respect to Px. Moreover, the relation

@1 [ g00dP= [ g(9dP (o

holds. We note that the integral on the right-hand side
of (2.1) is the Lebesgue- Stieltjes integral of g with
respect to Px. In particular, if g is continuous on R and
E[g(X)] exists, we can rewrite (2.1) as follows

[ g0dP= [ gaPy= [~ g)dR(),
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where F is the distribution function corres- ponding to

Py, and the last integral is a Riemann-Stieltjes integral.
Let F be absolutely continuous on R with probability
density function Ax)=F'(x). Then E[g(X)] exists if

and only if the integral f _ eI i finite and in
that case we have '

Elg(X0]= [~ gAnas.

Example 2.2. Let the random variable X (denoted
X~N(m, %)) have the normal distribution with the
probability density function

_( - ]2

AD=—h—e @ |
2o

where ¢2>0 and m=R. Then EX|’¢(% for every 7>0,
and we have

EX=m and E(X—m)’=o°.

The induced measure Px is called the normal

distribution.

A fuzzy set A on £ is called a fuzzy event. Let
#4( ) be the membership function of the fuzzy event
A. Then the probability of the fuzzy event A is defined
by Zadeh([1,3]) as

P (A= [ pa@)dP(@), pal-):2—[0,1].

Definition 2.3. The normal fuzzy probability P (A)
of a fuzzy set A on R is defined by

P(A)= | wa(x)aPy,
where Px is the normal distribution of X.

For a triangular fuzzy number A=/(a, a, a3) having
membership function

0, x{ay,
x—a
—2L 4,<x<a,
_ | &7 q ’
ﬂA(x)— G
3 , ay=x{ay
a3~ ay ’
0, a;<x,

the normal fuzzy probability P (A)([5)) is

_ m—-al( M(az—m)_ N(al—m))
P == Pl Fy|
o ()
+7——2ﬂ(a2——a1) e —e

m—ag( (a3—m)_ N(az—m))
+ as; — as FN g F (o}

(ay—m)®

25° T e )

+—\7——G——(e —e
27[(42‘03)

_La —m)?
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where Fi(@) is the standard normal distribution, that is,

1 (e %
FN(a)=7-i-n_rf_we zdt.

3. Quadratic fuzzy number

Similar to triangular fuzzy number, the quadratic
fuzzy number is defined by quadratic curve.

Definition 3.1. A quadratic fuzzy number is a fuzzy
number A having membership function

0, x<{a,
i) =1 alx—B%+1, a<x(B,
0, B<x,

where a<0.
The above quadratic fuzzy number is denoted by
A=la,k 5l

Definition 3.2. The addition, subtraction, multi-
plication, and division of two fuzzy sets are defined as,
for all x€A and yeB,

1. Addition A(+)B :

2 ac+)e{2) = sup - min{p (%), £x(9)}.
2. Subtraction A(—)B :

¢ acyslz)=sup ,_,_ min{z4(x), £z(3)}.
3. Muitiplication A(-)B :

#oac a2y =sup .. min{u,(x), £z(»)}.
4. Division A(/)B:

#ans{2)=sup ,_ y,min{p4(x), £x(3)}.

In this section, we study the above four operations for
two quadratic fuzzy numbers.

Theorem 3.3. For two quadratic fuzzy number
A=[x,kx] and B=1[x3 m,x,] we have
1. A(F)B=[x,+ x5, b+ m,x,+x,],
2. A(=)B=[x;—x,, b— m,x,—x3],

"3 #as0=0 on the interval [x;%3, %:%,]° and
#ac 0 =1 at x=km. Note that
A( - )B may be not a quadratic fuzzy number.
x x%]°
4. #aps®)=0 on the interval [x_4x_3 and

_k
tanslx)=1 at ¥*= 7, . Note that A(/)B may be not a
quadratic fuzzy number.

Proof. Note that

0, x(xl,
_{—alx—B+1
#a(%) =—alx—x ) x—%x,), x,=x{x,,
0, S5y
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HA(- )B(x)
0, x{x1%5,
L(4—2k2a—2m?b— 4V abx
+2(/a + VbW (B a— mVb)2 +4V abx )

and
0, x{ x3,
—b(x—m)?+1
=—blx—x)x—x,), x3<x<xy, =
<
TS X1 %35 xS X9 %y,
a—cuts. Let 0, XFy <X
4. Division : Since
a4 4
and Aa(/)B b bl
e l—ea P l—a
_ a
l—a’ l—a [
””“Fb m b

£ans(*) =0 on the interval

Eremt 7%%"%] -l
“m . Therefore #a¢ns(x)

#B(x)
0,

We calculate four operations using
[a),2;] and B=1[b,,5;] be the a-cuts of A and
Since a=—ala,—A*+1

| 1=
Loy, a)=[ k- 122,

B, respectively
a=—ala;—kA°+1 we have ‘e
k+y —1_“].
a
I 1—o [ l—ea
Similarly [, b2]—[m— 5 ,m+ A ]
1. Addition : By the above facts
A (+)B,=[la;+ bl,a2+b2
1_ and taps(®)=1 at *~
—[k+m \’ V .
,— (—_ 0, x(th,
B+ m+ u _lb_a’] X X
@ a(1— bm®)x? + 2V ab(1+V_abkm)x+ b(1 — ak?)
Thus #a(+)5*)=0 on the interval _ Vax+Vb)? ’
1 1 ¢ EARPE1
[k+m N V—b',k+m+7-‘-l'+7='] % x<x3’
=[x, +x3,%,+2%,0° and fLaws®=1 at x=k+tm 0, %Sx.
3
Therefore
0, abx< %X, Example 3.4. For two quadratic fuzzy numbers
EacmB(x) =  a+V b)? {a—(k+m)}*+1 =[1,2,3]1 and B=[2,5,8], we calculate exactly the
‘ X+ x3<xxyt x4 above four operations using a-cuts.
0, Xyt <x, Note that
ie, A(H)B=[x,+x;, k+m 2+ x,]. x{1,
2. Subtraction : ' palx)= —(x 2)2+1, 1<x<3,
! 0, 3<x,
Since AL—)B,=[a,— b;, a,—b;] and
Vi—a 1—e l—a 11—«
_[k_m‘ e Vg o kmmtyTTR T ] - Oi( 141 ;‘;2’<8
we have #4(—8(#*)=0 on the interval e 09 * ’ 8sx ’
, x.
1 1 1
[k m _‘ﬁvk_m"'Ta""ﬁ] Put  A.=la,a] and  B.=[b, 5]  Since
=[x,—x,2%—%]° and Ha—p®=1 atx=k—m a=—(a;=2)*+1 and ae=-(a,~2)°+1, we have
Therefore A,=la,,a]=[2-V1—e,2+V1—2al.
0,  xixm—x, Similarly, B.=[b;,b]=[5-3V1—a,5+3V1—al
Y 7 Y S 2 o
fa () = at Vo)’ {x—(k—m)}°+1 1. Addition : By the above facts,
2y — 2, Sx K9~ X3, A (+H)B, =la;+ b}, ay+b,]
0, Xy — X3 <X, =[7T—4V1—e,7+4V1—al.
e, A(=)B=[x;—1x, k—m,x,—x3), Thus #a+s(0=0 on the interval ([3,11]1¢
. #A(+)B(x)=]- at x=17
Therefore
0, x<3,
4 acpyp(x)= 6(x D2+1, 3<x(11,
0, 11<x,
ie., # a0 =13,7,11],
2. Subtraction : Since
— by, a;— b1 :
=[—-3—4V1—a,—3+4V1—a],
I

3. .1.\/[.1711tiplicat10n

Since A *)B,=[a, by, ayb,]
=[(e{ 52 )(m-y152).

(=) 52

1

#acHs(®)=0 on the interval
). (e+ 5 Jom 5]

Kal

Aa(_)Ba:[al

mJs )
(%123, %5%,1° and #a(-8(x)=1 at x= km. Therefore

and
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we have #a-p(®)=0 on the interval [-7,11° and
#ae®=1 at x=—3. Therefore
0, x{—17,
1 a0 = —11—6(x+3)2+1, —7< <1,
0, 1<x,

ie., #afx)=[-7,-3,1].

3. Multiplication : Since
AL-)B, =la, - by, ay- b,]
=[13—-3a—-11V1—a,13—32+11V1—al,

# a({x)=0 on the interval [2,24]¢ and # ac.)s{x)=1
at x=10. Therefore

0, %<2,
1
— == (6x+43
Hoa() (x)= 18
AR IV I2ET D), 2<x<24,
0, U< x,

Note that A( - )B is not a quadratic fuzzy number.
4. Division : Since

A
:[ 2— \/1 a 2+ l—a]
5+3V1—a’ 5=3V1—al

1 24¢
# ansl®)=0 on the interval [gyg] and

_2
uapns®=1 at *=5 . Therefore

0, x(%,
—(Bx—1)(2x—3) 1 3

luA(/)B(x)= JEBx_l_l)JZt > 8 <x{% 9
0, 3 <x.

Note that A(/)B is not a quadratic fuzzy number.

4. Main results
In this section, we derive the explicit formula for the
normal fuzzy probability for a quadratic fuzzy number

and give some examples.

Theorem 4.1. Let X~N(m, ¢%) and A=[a, % 8] be a

quadratic fuzzy number. Then the normal fuzzy
probability is
P (A) v
= 7%;( (aa+ am+ be R
_{8-m?
—(aB+ am+ be 2 )
+(ad®+ am?+ bm+ c)

[md ) - ml 5]

Proof. Note that

0 x{a,
pa(x)=\ax’ +bxtc, a<xiB,
.0, B=x.
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P (A
__1 ‘ 2
—m[u {a(ot+ m)?+ b(ot+ m)
_£
+cle %dt
2
T=‘f dt
2aom+ b R <
aom o I )
+T_27r fu te dt
2 b ’ v
(am”+ bm+ ¢) 7 -
+ 2r f_a:ﬂ €
__o — et
m((aa+am+b)e
_(B—m)?
—(af+am+be )
+(ad®+am’+ bm+ ¢
)

Remark If the quadratic fuzzy number A=[aq, £, 8] is
represented by

x<a,
salx)= a(x B2+1, a<x(B,
0, BA<x.

then
_ la—m?
P (A)= 7—%;(a(a/+m—2k)e 2

_(A=—m?
—a(B+m—2Be )
+(a(+(m—BH+1)

[R5 )-rde5)

Example 4.2. In the case of the quadratic number
A=[1,2,3], the normal fuzzy probability with respect to
X~N3,2%] is 0.2304.

o —x*+4x—3 __(‘%3)1
P(A) = f_ww——‘ e dx
O -
271_ e 7“—' e
—4(F(0)— FN( 1))
=0.2304
Since the results of two operations(addition,

subtraction) of two quadratic fuzzy numbers are
quadratic fuzzy numbers, the normal fuzzy probability
can be calculated by Theorem 4.1. But multiplication and
division of two quadratic fuzzy numbers may be not
quadratic fuzzy numbers, so we have to calculate by the
definition.

Example 4.3. Let X~N(5,2%) and consider the fuzzy
numbers in Example 3.4.
1. Multiplication



P =f24 —(6x+43) + 11V 12x+1
2 18
. L e _Bzdx
2V 2m
I O
- GQanz xe dx
43 u el
+555r ), © dx

] o -
totss [, W et e
—0.6402

—c)2

=52
8 dx

2. Division

A
(= 8x—1(2x—3)
P= f% (3x+1)?

_3' 2
=1 [ 162-26x+3 -
0 2r 1 9x2 +6x+1

=0.0145

dx
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