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LICHNEROWICZ CONNECTIONS IN
ALMOST COMPLEX FINSLER MANIFOLDS

NANY LEE AND DAE YEON WON

ABSTRACT. We consider the connections V on the Rizza manifold
(M, J, L) satisfying VG = 0 and VJ = 0. Among them, we derive
a Lichnerowicz connection from the Cartan connection and char-
acterize it in terms of torsion. Generalizing K&hler condition in
Hermitian geometry, we define a Kéhler condition for Rizza mani-
folds. For such manifolds, we show that the Cartan connection and
the Lichnerowicz connection coincide and that the almost complex
structure J is integrable.

1. Introduction

1.1. History

In [6, 7], G. B. Rizza introduced the so-called Rizza condition (R)
for almost complex manifolds (M, J) with Finsler metric L. We call the
triple (M, J, L) satisfying the Rizza condition a Rizza manifold. Shortly
after the work of Rizza, E. Heil[3] noticed that if the fundamental tensor
gij of the Finsler metric L is compatible with the almost complex struc-
ture J, then the Finsler metric L is a priori a Riemannian metric. Thus
it is necessary to consider a weaker assumption on the Finsler metric
like the Rizza condition.

The notion of Rizza manifolds was taken up by Y. Ichijyo. He ([4, 5])
showed that every tangent space to a Rizza manifold is a complex Banach
space and that Rizza condition does not necessarily reduces the Finsler
metric to a Riemannian metric. He also defined a notion of Kéahler
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Finsler metric and showed that for Kéahler Finsler manifold, the almost
complex structure is automatically integrable.

Recently, S. Kobayashi[9] derived various connections on almost Her-
mitian manifolds. He maintained that there exists a unique connection
preserving the metric and the almost complex structure with prescribed
(1,1)-component of the torsion. Then he produced various connections
on almost Hermitian manifolds by varying (1, 1)-component of the tor-
sion.

Among such connections, the one with vanishing (1, 1)-component of
the torsion plays a very important role in hyperbolic complex analysis.
The holomorphic sectional curvature of almost complex manifolds with
such connections has non-increasing property for submanifolds. With
the aid of such a connection, Kobayashi[8] obtained hyperbolicity cri-
terion for almost complex manifolds. This theme is extended to Rizza
manifolds by the authors [10].

Here we are interested in a connection with non-vanishing (1,1)-
component of the torsion. As a real Finsler manifold (M, L), we can
consider the Cartan connection on it. Its partial information gives rise
to a new connection which is called the Lichnerowicz connection.

1.2. Summary of contents

In section 2, we begin with (real) Finsler manifolds. We recall the
Cartan connection on Finsler manifolds which can be characterized by
the system of axioms (C1-C4). Given an almost complex structure, a
certain metric compatibility condition-Rizza condition (R)-is explained.
Then we define a generalized Finsler structure to induce an almost Her-
mitian structure on the induced bundle.

In section 3, we define the Lichnerowicz connection on a Rizza mani-
fold from the Cartan connection. Then we characterize the Lichnerowicz
connection in terms of its torsion. Finally, we define a notion of Kahler
condition for Rizza manifolds. Under this Kéahler condition, we prove
that the Lichnerowicz connection and the Cartan connection coincide.
Furthermore, we can also deduce that the almost complex structure is
integrable.
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manifolds. The authors would like to express their deep gratitude to
him.
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2. Preliminaries

2.1. Finsler metric

Let M be a n-dimensional differentiable manifold with a local co-
ordinate system (z!,---,2"). And let (z!,---,z", 9%, ---,y") be the
local coordinate system of the tangent bundle TM of M induced by
(ml’ e s ’xn)‘

A (real) Finsler metric L on the manifold M is a function L : TM —
R satisfying
(F1) L is smooth away from the zero section of TM,

(F2) L(z,y) > 0 and L(z,y) = 0 if and only if y = 0,
(F3) L(x, \y) = |AL(z,y) for all A € R, and

(F4) L is strongly convex, i.e., [-a%%] is positive definite.
We consider the pull-back bundle 7 : p*T'M — TM of the tangent

bundle 7 : TM — M by the projection p : TM — M. Here TM =
T M \ {zero section of 7 : TM — M} is the slit tangent bundle.

PTM —P M

| |
T™M —— M
p
Let gi; = %6L2 /8y*0y’. Then the strong convexity (F4) of L implies
that the function g;; on the slit tangent bundle T'M of M defines a
Riemannian structure on 7 : p*TM — T M.

2.2. Cartan connection
As a generalization of Levi-Civita connection on the Riemannian
manifold, we have Cartan connection on the Finsler manifold. Car-

C
tan connection V on a Finsler manifold (M, L) can be characterized by
the following axioms:

(C1) Vg =0,
(C2) n(v,w) =0 for all v,w €V,
(C3) n(v,w) CV for all v,w € H,

(C4) the deflection tensor D of v vanishes,
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where 7 is the torsion of the linear connection on TM induced by 6
Note that the axiom (C4) determines a non-linear connection Nij

of TTM uniquely. Then TTM = H& V, where H is the horizontal

subspace of TTM with the basis {% 0 _ N7 2 }:L_l and V is the

©  Oxt i dyd

vertical subspace of TTM with the basis { 6?;1‘ }711 L These subspaces H
and V are identified with p*TM by the isomorphisms ™ : p*TM — H
and x¥ : p"TM — V defined by x"(:&) = & and xV () = 2

ozt ozt ot Ay’
respectively.

2.3. Rizza manifold

Let (M,J) be an almost complex manifold: an even dimensional
manifold M with an almost complex structure J. If the fundamental
tensor g;; of the Finsler metric L is compatible with the almost complex
structure J, ie., g;; = gliikJJl-, then the Finsler metric is a priori a
Riemannian metric [3]. Thus we should impose a weaker compatibility
condition on L. In [6], Rizza proposed the following condition:

(R) L(z, pg(y)) = L(z,y) forallz € M, y € T,M and 6 € R,

where ¢g(y) = (cos )y + (sinf)Jy. We call (R) the Rizza condition and
the triple (M, J, L) satisfying the Rizza condition a Rizza manifold after
G. B. Rizza. The Rizza condition guarantees that every tangent space
to a Rizza manifold is a complex Banach space.

Now we define a generalized Finsler structure G;; by Gi; = gij +
gkl.]ikJ]l-. By definition, G;; = leJikJ}. Thus G;; defines an almost Her-

mitian structure on 7 : p*T'M — TM. Here p*TM is equipped with
the almost complex structure J(z,y) = J(z). As in [8], it is natural to
consider connections V satisfying VG = 0 and VJ = 0. In [10], au-
thors maintained that with respect to a local unitary frame field, such
a connection is given by a locally defined 1-form w = (w{) with values
in the Lie algebra u(n) of U(n). This connection 1-form w = (wy) is
skew-Hermitian. ‘

3. Theorems

3.1. Lichnerowicz connection

Let (M, J, L) be a Rizza manifold. Given a local orthonormal frame
{ea(z,y), Jea(z,y)} of p*T M with respect to g, the connection form of
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(45 ¢)

with A* = —A and C* = —C.

Note that V(Jea) = (VJ)ea + J(Vea) = (VJ)ea + AL (Jep) + B'le,
and that %(Jea) = Bley + CtJep. Thus (6,])6@ = (Bt - BtZ)eb +(Ct -
AP)Jey. Therefore VJ = 0 if and only if B = B* and A = C.

By the axiom (C4), we have a non-linear connection H such that
T(TM) = H+YV. Henceforth we fix a non-linear connection H. Consider

the isomorphisms x™ : p*TM — H and xV : p*TM — V defined in §2.2.
Then

C
the Cartan connection V is

{x"(ea), X" (Jea), X" (€a), x”' (Jea)}
is a local basis of T(m) Let {p%, ¢%, 7%, s*} be its dual basis of T* (fz\7)
Now the torsion n of the Cartan connection V is
nt = dp* + Ap®+ Bg®,
1§ = dg* — B'p* + Cq”,
n3 = dr® + Ar* + Bs®,
n§ = ds® — B'r® + Cs".
Axiom (C2) is equivalent to n;(V,V) = 0 for ¢ = 1,--- ,4. And axiom
(C3) is equivalent to n;(H,H) =0 fori =1,2.
Considering the almost complex structure J on p*IT'M, we have a
complexification p*TMC of p*TM and we extend G sesqui-linearly to
p*TMC. Let e, = (e — v—1Je,)/V2 and &, = (e, ++v/—1Jeg)/V2 be a

unitary basis of p*T M€ with respect to G. Then the Cartan connection
form with respect to the basis {e,, &,} is given by

G %)

A= (A+C++v=1(B+ BY)/2,
p=(A-C++vV-1(B- B"))/2.
Note that A = —X and pf = —p.

where
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And we have almost complex structures J on ‘H and on V satisfying
Jox"=xM"oJand JoxY =xYoJ. If we define

ell = (x"(ea) — V—-1Jx"(€d))/ V2, 0% =p® +vV—1¢°%

ey = (x¥(ea) — V=1Jx"(ea))/ V2, ¢* =1+ V~1s°,
et = (x"(ea) + V—1Jx"(€a))/ V2, 9 =p* — V~1¢",
ey = (xY(ea) + V-1Jx"(ea))/V2, ¢? =1 — /1%

then {e’,e¥ eV eV} 1s dual to {62,0%, ¢2, ¢°}.
Now the torsion of V can be expressed
A+ AN+ NG =m+ V-1,
dp+ANG+pAd=m3+V-1n.

Since 1-form X is skew-Hermitian, it defines a connection V on the Rizza
manifold (M, J, L) such that VG = 0 and VJ = 0. We call V the
Lichnerowicz connection of the Rizza manifold.

We now derive conditions on the torsion of the LichneI;owicz connec-

tion V from the axioms (C2) and (C3) on the torsion of V. The torsion
of the Lichnerowicz connection V is

0% = nf + vV=1n% — uf A,
=g+ V1§ —pg A g
Let pf = pd 0° + ,u%ﬁc + pp 97 + ul‘—ff(i_f. Then axiom (C2) implies
0%e},e¥) =0, 04(e),e¥) =0, 0%eY,el) =0,
ey, ef) =pl,, @ey.ey)=pl, @e,el)=0
and axiom (C3) implies
o (e, ell) = up, O el) = uf,, ©%(ell,el’) = 0.
Summarizing, we have

THEOREM 3.1. If A is the Lichnerowicz connection on a Rizza mani-
fold (M, J, L), then its torsion ©* and ®* has the following properties:
(3.1)

0(gl, elf) = 0%l elt), ©%(el!, elt) = O°(elf,elt), ©%(ef!,elt) =0,
6“(6,,, ) =0, ‘ @a(e},),éf) =0, @“(eb, ) =0,
d(ey,er) = ey, ef), (ey,er) =d%e),ey), ®%(ey,e))=0.

And conversely, we have
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THEOREM 3.2. Let ¢ = (¢%) be a connection 1-form of a connection
preserving G and J. If its torsion satisfies

% = P NI+ YL NG +0-0° N O°
(3.2) +0-°AP°+0-F NG +0-¢°A¢°+ mixed terms,
O = NS + 5 NG +0-¢° A ¢S+ other terms

_ b _ b _ b _ b .
and wgc - _wam gé - —ibaa lbg..c - _d"&:c and W}:E - —1/}6:67 then QS 18
a connection 1-form of the Lichnerowicz connection.

Proof. Define ¢ = ¢ 6° + 3 6 + o ¢°. Then ¢! = —¢,
since ¢ preserves G and J. And ¢¢ = —1. Let A = Re(¢ + ), B =
Im(¢+ 1) and C = Re(¢p — o).

A
— Bt
that it satisfies the axioms (C1)—(C3).. Note that A' = —A and C* =
—C.By 3.1), ¢ +vV—1n8 =abNp+BONG+v0ND+ 60N has
only mixed components. Thus n;(H,H) = n;(V,V) = 0 for i = 1,2.
Similarly n¢ + V=17 =0-¢Ad+0-dAd+0-¢A G+ other terms.
Thus n;(V,V) =0 for i = 3,4. O

We maintain that g> is the Cartan connection by showing

REMARK . Combining Theorem 3.1 and Theorem 3.2, we have follow-
ing characterization of the Lichnerowicz connection. The Lichnerowicz
connection V on the Rizza manifold (M, J, L) is uniquely determined by
the following axioms:

1. VG =0,

2. VJ =0,

3. the torsion satisfies (3.1),

4. the deflection tensor D = 0.

3.2. Kahler Rizza manifold
Consider the Z—form Q on TM defined by
Q=0%A0"+ ¢* A ¢°.
We call €2 the Kéahler form.

DEFINITION 3.1. A Rizza manifold (M, J, L) is called a Kahler Rizza
manifold if the Kahler form §2 is closed.

THEOREM 3.3. If (M, J, L) is a Kahler Rizza manifold, then the Lich-
nerowicz connection and the Cartan connection coincide.
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Proof. First we compute df1 :
dQ =d% A% — 0% AdB® + do® A §* — ¢° A dp*
= (0% = A AB) NG — 0% A (6% — XA
F(T5 = AF A ) A G — g0 A (B0 — XA P)
=0O%AG — 9 ANOT 4 TP A P — ¢ AT,
Note here that the terms containing Af’s cancel out pairwise because
At = —X and that ©% and ¥° can be replaced by (3.2) with Yp = 1,
etc.
For a Kéhler Rizza manifold, d2 = 0. Since (d)%* =0, p& = p¢_=
0. And since (d)1? =0, pg, = ug . = 0. Therefore p = 0. |

Note that g = 0 if and only if B = B! and A = C. Thus VJ =0,
where V is the Cartan connection. In (5], Y. IChlJyO defined a Kahler

condition for a Rizza manifold by requiring V J = 0, where V

the horizontal Cartan covariant derivative. Thus our Kahler condltlon
implies that of Ichijyo. By Theorem 6.3 in [5], the complex structure
J is integrable for Ichijyo’s Kahler Rizza manifolds. Thus the complex
structure J is integrable for our Kahler Rizza manifolds. Summarizing,
we have

THEOREM 3.4. For a Kahler Rizza manifold (M, J, L), the complex
structure J is integrable.
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