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UNIFORM TOPOLOGY ON DIFFERENCE ALGEBRAS

ARSHAM BORUMAND SAEID

ABSTRACT. In this paper, we consider a collection of ideals of a dif-
ference algebra X. We use the concept of congruence relation with
respect to ideals to construct a uniformity that induces a topology
on X which makes this to a topological difference algebras. We
study the properties of this topology regarding different ideals.

1. Introduction

In [2], Hausdorff introduced the order group, which is a general alge-
braic system combining a partial ordered set and a group. In [7], Meng
introduced the concept of difference algebra as result of combining a par-
tial order and set difference operation. In [8], E. Roh et. al. study some
algebraic property of this algebraic structure. In this note we consider
a collection of ideals and use congruence relation with respect to ideals
to define a uniformity and make the difference algebra into a uniform
topological space. Then we obtain some related results which have been
mentioned in the abstract.

2. Preliminaries

DeFINITION 2.1. [7] A difference algebra is an algebra (X, x, <,0)
with binary operation * and a binary relation < on X and constant
0 € X such that:

(D1) (X, <) is a poset,

(D2) z <y implies z x z < y * 2,
(D3) (xxy)*z < (z*xz)*y,

(D4) 0<zxux,

(D5) z <yifand only if z xy < 0.
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We shall write the binary relation “<” by putting x < y if and only if
(z,y) € <, for convenience.

Lemma 2.2. [7] In each difference algebra X, the following relations
hold for all z,y,z € X

(1) (z*xy)xz=(x*2)*y,
) zxx =0,
) z*xy < z implies that z x 2z <y,

) (@x(zxy))xy =0,

5) z <y implies that z xy < z x z,
6) zx(z*(zxy)) =z *y,

) z2%0=rz, ‘

8) 0x(zxy)=(0xx)*(0xy),
9) (zxy)*x(z*x2)<zxy.

(2
(3
(4
(
(
(
(
(

DEFINITION 2.3. [8] A weak ideal of a difference algebra X is a
nonempty subset I of X such that for all x,y € X, we have

(I1) 0 €1,
(I12) zxye I and y € I imply z € I.

DEFINITION 2.4. [8] A weak ideal I of a difference algebra X is called
ideal if it satisfies ‘

(I3) z<yandy e limplyxz el

DEFINITION 2.5. A congruence relation on a difference algebra X is
an equivalence relation R on X moreover if xRy and uRwv, then we have

(Cgl) (z*u)R(y*v),
(Cg2) (z*u)R(y*v) and (u*z)R(v *y).
(Cg3) (z Au)R(y Av) and (z V u)R(y V v).
THEOREM 2.6. [8] Let I be an ideal of a difference algebra X . Define:
x=yyifandonlyife+y€l andy*x € I.

Then =j is a congruence relation on X.

3. Uniformity in difference algebra

From now on (X, *,S,O) (briefly, X) is a difference algebra, unless
otherwise is stated.

Let X be a nonempty set and U, V be any subset of X x X. Define:
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UoV = {(z,y) € X x X | (2,y) € U and (z,2) € V, for some z € X},
U™ = {(z,y) € X x X | (y,2) € U},
A={(z,z) e X x X |z € X}.

DEeFINITION 3.1. [5] By a uniformity on X we shall mean a nonempty
collection K of subsets of X x X which satisfies the following conditions:

(U1) ACU forany U € K,

(U) if U € K, then U € K,

(Us) if U € K, then there exist a V € K, such that VoV C U,

(Ug) if U,V eK,then UNV € K,

(Us)ifUeK,andUCV CX x X thenV € X.

The pair (X, K) is called a uniform structure (uniform space).

THEOREM 3.2. Let A be an arbitrary family of ideals of X which is
closed under intersection. If

Ur={(z,y) e X x X |z =1y}

and
K*={Ur|IeA},
then K* satisfies the conditions (Uy)-(Uy).

Proof. (Uy): Since I is an ideal of X then we have x =; z for any
x € X, hence A C Uy, for all Ur € K*.
(Uz): For any Ur € K*, we have

(z,y)eUntewr)elUey=szer=ye (v,y) €U

(Us): For any Uy € K*, the transitivity of =; implies that Uy o Uy C
U;.

(Us): For any U, U; € K*, we claim that Uy N Uy = Ujny. Let
(z,y) e UrNUy. Thenz =jyand z=;5y. Hencezxy e I, yxxz el
and zxy € J, yxz € J. Then z =jny y and hence (z,y) € Uny.

Conversely, let (z,y) € Urny. Then z =jn; v, hence z+y € INJ and
yxx € INJ. Thenx*xy € [,yxx € I, xxy € J and y*xx € J. Therefore
x=ryand z=;5y. Then (z,y) € UyNU;. So UyNUjy = Urny. Since
I,JeAthen INJ e A, U nUy € K. O

THEOREM 3.3. Let K ={U C X x X | Ur C U for some Uy € K*}.
Then K satisfies a uniformity on X and the pair (X,K) is a uniform
structure.
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Proof. By Theorem 3.2, the collection K satisfies the conditions (U )—
(Us). It suffices to show that K satisfies (Us). Let U ¢ K and U CV C
X x X. Then there exists a Uy C U C V, which means that V € K.
This proves the theorem. Ol

Let z € X and U € K. Define

Ulz] ={y € X | (z,y) € U}.

THEOREM 3.4. Given a difference algebra X, then

T={GCX|VzeG3AU ek, Ulz] CG}
is a topology on X.

Proof. It is clear that () and the set X belong to T. Also from the
definition, it is clear that 7T is closed under arbitrary union. Finally to
show that T is closed under finite intersection, let G, H € T and suppose
2 € GN H. Then there exist U and V € K such that U[z] C G and
Viz] CH. Let W =UNYV, then W € K. Also W[z] C Ulz] N V|[z] and
so W[z] C GN H therefore GNH € T. Thus T is topology on X. [

Note that for any z in X, Ulz] is an open neighborhood of z.

DEFINITION 3.5. Let (X, K) be a uniform structure. Then the topol-
ogy T is called the uniform topology on X induced by K.

PROPOSITION 3.6. Topological space (X, T) is completely regular.
Proof. See Theorem 14.2.9, [5]. O

4. Topological property of space (X, T)

Let X be a difference algebra and C, D subsets of X. Then we define
C x D as follows:

CxD={z+xy|laxeC,yeD}

Let X be a difference algebra and T a topology defined on the set X.
Then we say that the pair (X,T) is a topological difference algebra if
the operation x is continuous with respect to T. The continuity of the
operations * is equivalent to having the following property satisfied:

(C): Let O be an open set and a,b € X such that a b € O. Then
there are open sets O1 and O such that a € O3, b € O3 and O1%x04 C O.

THEOREM 4.1. The pair (X, T) is a topological difference algebra.
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Proof. Let us first prove (C). Indeed assume that z * y € G, with
z,y € X and G an open subset of X. Then there exist U € K, Ulz*y] C
G and an ideal I such that Uy C U. We claim that the following relation
holds:

Utle] = Urly] € Ulz x y]

Indeed for h € Urlz] and k € Urly] we get that x =; h and y =7 k.
Hence z *y =5 h *x k. From that (z xy,h x k) € Uy C U. Hence
hxk e Urlx xy] C Ulz *y]. Then h xk € G. Thus the condition (C) is
verified. O

THEOREM 4.2. [5] Let X be a set and S C P (X x X) be a family
such that for every U € S the following conditions hold:
(a) ACU,
(b) U~! contains a member of S, and
(c) there exists aV € S, such that VoV C U.

Then there exists a unique uniformity U, for which S is a subbase.

THEOREM 4.3. If we let B = {U; | I is an ideal of X}, then B is a
subbase for a uniformity of X. We denote this topology by S.

Proof. Since =; is an equivalence relation, then it is clear that B
satisfies the axioms of Theorem 4.2. O

We say that topology o is finer than 7 if 7 C o as subsets of the
power set. Then we have:

COROLLARY 4.4. Topology S is finer than T.
THEOREM 4.5. Any ideal in the collection A is a clopen subset of X.

Proof. Let I be an ideal of X in A and y € I°. Then y € Urly] and
we get that I¢ C (J{U;[y] | y € I°}. We claim that, U[y] C I¢, for all
y€I° Let z € Ury], then 2 =7 y. Hence yx2 € I. if z€ I theny € I,
that is a contradiction. So z € I¢ and we get | J{U;[y] | y € I¢} C I°.
Hence I¢ = (J{U/[y] | y € I} and since Uyly] is open for all y € X, I
is a closed subset. We show that I = (J{U;[y] | y € I}. If y € I then
y € Urly] and we get I C (H{Uily] |y € I}. Let y € I, if z € Us[y]
then z =y y and so zxy € I. Since y € I hence z € I and we get that
WU{Urly] |y € I} € I. So I is also an open subset of X. O

THEOREM 4.6. For any x € X and I € A, Ur[z] is a clopen subset
of X. '

Proof. We show that (Ur[z])° is open. Let y € (Ur[z])¢, then z xy €
Icor yxx € I°. Let y*x € I°. Hence by Theorems 4.1 and 4.2,
(Urly] * Urlz]) € Urly * z] C I¢. We claim that: Uy[y] € (Ur[z])®. Let
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z € Urly], then z x x € (Ur[z] * Urfz]). So z*z € I° then we get
€ (Urlz])¢. Hence Uj[z] is closed. It is clear that Ur[z] is open. So
Urlz] is clopen subset of X. O

A topological space X is connected if and only if has only X and §
as clopen subsets. Therefore we have

COROLLARY 4.7. The space (X,T) is not a connected space.

We denote the uniform topology obtained by an arbitrary family A,
by Tx and if A = {1}, we denote it by T7.

THEOREM 4.8. Tp =Ty, where J =(\{I | I € A}.

Proof. Let K and K* be as in Theorems 3.2 and 3.3. Now consider
Ao = {J}, define: '
(Ko)* = {Us}
and
Ko={U|U, CU}

Let G € Tp. So for all z € G, there exist U € K such that Ulz] C G.
From J C I we get that Uy C Uy, for all ideals I of X. Since U € K,
there exist I € A such that Uy C U. Hence Uy[z] C Ur[z] € G. Since
Uj e ’Co, GeTy. SoTh CTy.

Conversely, let H € T then for all z € H, there exist U € Ky such
that Ufz] € H. So Uy[z] C H and sine A is closed under intersection,
J € A. Then we get Uy € K and so H € Ty. Thus Ty C T, O

COROLLARY 4.9. Let I and J be ideals of X and I C J. Then J is
clopen in topological space (X, T7).

Proof. Consider A'= {I,J}. Then by Theorem 4.8, Tpo = T; and
therefore J is clopen in topological space (X, T7). O

THEOREM 4.10. Let I and J be ideals of X. Then T; C Ty if J C I.

Proof. Let J C I. Consider:

A ={I}, Ky* ={Us}, Ky ={U | U; CU} and

A ={J}, Ko* ={U;}, Ka={U | U; CU}.

Let G € T;. Then for all z € G, there exist U € Ki such that
Ulz] € G. Since J C I, then Uy C Uy and since Uf[z] C G, we get
Uslz] € G. Uy € Ky and so G € Ty. O

Recall that a uniform space (X,K) is totally bounded if for each
n
U € K, there exists x1,...,z, € X such that X = U Ulz;] and X is

i=1
compact if any open cover of X has a finite subcover.
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THEOREM 4.11. Let I be an ideal of X. Then the following condi-
tions are equivalent:
(1) Topological space (X,Tr) is compact,
(2) Topological space (X, Tr) is totally bounded,
(3) There exists P = {x1,%9,...,2n} € X such that for all a € X
there exists x; € P whereaxx; € I and x; xa € I.

Proof. (1) — (2): It is clear by Theorem 14.3.8 of [5].
(2) — (3): Let Ur € K since (X, Ty) is totally bounded, then there

exists z1,x9,...,2Tn € I such that X = U Urlz:]. Now let a € X then
i=1
there exist x; such that a € Uy[x;], therefore a x z; € I and z; xa € I.
(3) — (1): For all a € X by hypothesis there exists x; € P where
n

axz; € I and z;xa € I. Hence a € Ur[z;], thus X = U Urlz;]. Now let
=1
X = U O, where each O, is an open set of X, then for any x; € X

ac
there exists o; € Q such that z; € Oal, since Oy, is an open set then

Ur|z:] € Oy, so X = U Urlz;] C U Oy, therefore X = U O, which
i=1 =1 : =1
means that (X, Tr) is compact. O

THEOREM 4.12. If I is an ideal of X, then Uj[x] is a compact set in
topological space (X,Ty), for all x € X.

Proof. Let Urlz] C U Oq, where each O, is an open set of X. Since

a€fd
x € Uy[x], then there exists o € Q such that € Og. Then Urfz] C O,.
Hence U;[z] is compact. O
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