J. KSIAM Vol.9, No.2, 1-15, 2005

NEW TAYLOR-LIKE EXPANSIONS FOR FUNCTIONS OF TWO
VARIABLES AND ESTIMATES OF THEIR REMAINDERS

S.5. DRAGOMIR, FENG QI, G. HANNA AND P. CERONE

ABSTRACT. In this article, a generalisation of Sard’s inequality for Appell polynomi-
als is obtained. Estimates for the remainder are also provided.

1. INTRODUCTION

Let « € [a,b] and y € [c,d]. If f(z,y) is a function of two variables we shall adopt
the following notation for partial derivatives of f(z,y):

g 0" f(x,y)
(l»]) é LA W24
fH2(@, ) = 505
FOO (5 ) 2 f(z,y),
(e, ) 2 f(2,9) @ y)=(a)

for 0 <i,j € Nand (a,f) € [a,b] x [c,d].

A. H. Stroud has pointed out in [6] that one of the most important tools in the numer-

ical integration of double integrals is the following Taylor’s formula [6, p. 138 and p. 157]
due to A. Sard [5]:
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Theorem A. If f(x,y) satisfies the condition that all the derivatives £ (z,y) for
i+ j < m are defined and continous on [a,b] x [c,d], then f(z,y) has the expansion

fa) = Y E-L Ut

i+j<m i! J!
_ C)J z ~u)™d -1 i) o) da
(2) +Jz<<:z / (m —J—l).f 77 (u, c)d
Z (CL‘ - a /y ('!in_fzni_zl)l f(zm z)(a v) dv
Tz —u)P 1 q-1
/ / (r— )1)‘ (g _v)l)l f(p’q)(u, v) dv du,

where ,] are nonnegative integers; p,q are positive integers; and m L2p+q2>2.

Essentially, the representation (2) is used for obtaining the fundamental Kernel
Theorems and Error Estimates in numerical integration of double integrals [6, p. 142,
p. 145 and p. 158] and has both theoretical and practical importance in the domain as
a whole.

Definition 1. A sequence of polynomials { P;(z)}$, is called harmonic [4] if it satisfies
the recursive formula

(3) P/(z) = Pi-1(x)
for i € N and Py(x) =

A slightly different concept that specifies the connection between the variables is the
following one.

Definition 2. We say that a sequence of polynomials {P;(t, z)}52, satisfies the Appell
condition (2] if
aF(t,x
(4) —’égt—) = P4(t,7)
and Py(t,z) =1 for all defined (t,z) and n € N.

1t is wellknown that the Bernoulli polynomials B;(t) can be defined by the following
expansion

(5)

[e o]
B;(t) ;
ex_1=2 Zis)x’, |z] < 2w, teR.
— il

It can be shown that the polynomials B;(t), i € N, are uniquely determined by the two
formulae

(6) Bi(t) =iBi-1(t), Bo(t) =1
(7) and Bi(t+1) - By(t) = it"" L.
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The Euler polynomials can be defined by the expansion
E; (t ;
(8) e”l_z =g |zl <w, teR

It can also be shown that the polynomials E;(t), i € N, are uniguely determined by the
two properties

(9) Ei(t) =iEi-1(t), Eo(t)=1;
(10) and E;(t+1) + E;(t) = 2t".

For further details about Bernoulli polynomials and Euler polynomials, please refer
to [1, 23.1.5 and 23.1.6].

There are many examples of Appell polynomials. For instance, for i a nonegative
integer, 8 € R and A € [0,1],

[t = (A + (1 = N)z)]*

(11) Pa(t) £ Pia(t;z;0) = I :

a (x - H)i t—40
(12) Pis(t) £ Pup(ti2;0) = == Bi(-—) (),
13) Post) & Pp(tze) = Z= B (L20) (4.

In [4], the following generalized Taylor’s formula was established.

Theorem B. Let {P;(z)}%, be a harmonic sequence of polynomials. Further, let IcC

R be a closed interval and a € I. If f : I — R is any function such that fM(z) is
absolutely continuous for some n € N, then, for any z € I, we have

(14)  f(z) = f(a) + D_ (=) [Pele) fP(2) - Pi()f P ()] + Rn(f;a,2),

k=1
where

x
(15) Ro(fia,) = (<1 [ P 0)dt
The fundamental aim of this article is to obtain a generalisation of the Taylor-like
formula (2) for Appell polynomials and to study its impact on the numerical integration
of double integrals.

2. Two NEW TAYLOR-LIKE EXPANSIONS

Following a similar argument to the proof of Theorem 2 in [4], we obtain the following
result.
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Theorem 1. If g : [a,b] — R is such that g("~1) is absolutely continuous on [a,b], then
we have the generalised integration by parts formula for z € [a, b]

/ ’ g(t)dt = fj(—l)’“*l [Py (b, 2)g* D (b) — Pi(a, )g* V) (a)]
a k=1
(16) b '

+ (—1)n/Pn(t,m)g(")(t) dt.

Proof. By integration by parts we obtain, on using the Appell condition (4),
b

(~1)" / Pu(t,2)g™ () dt

a

b
(17) =(—1)"Pn(t,w)g("‘l)(t)|z+(*1)"’1/ Po-1(t,2)g™ " (t) dt

=<—1)”[Pn<b,x>g<"-1><b>- (2, 2)9"(a / Pacs(t,2)g™ V() dt|.

Clearly, the same procedure can be used for the term f 2 Pra(t, x)g"~1(t) dt. There-
fore, formula (16) follows from successive integration by parts. i

Theorem 2. Let D be a domain in R? and the point (a,c) € D. Also, let {P;(t,)}2,
and {Q;(5,9)}320 be two Appell polynomials. If f : D — R is such that f09)(z,y) are
continuous on D for all0 < i <m and 0 < j < n, then

(18) f(x3y) = f(a,c) + C(f3P’m,Qn) +D(f7Pman) + S(f,Pman) +T(f’PM7Q’n)7

where
m

C(f, Pm@n) = 3_(-1)"*! [Pi(z,2) 4 (3, ¢) - Pi(a, ) (a,c)]

i=1

+Z( 17 Q;(y, 1) F®(a,y) — Qs(c,y) f®(a, )],

(19)

(20) D(f, P, Qn)
= ZZ 1) By(z, 2) [Q; (v, ) F )z, ) — Q;(c,9) f*)(z, c)]

i=1 j=1

- Z Z(_I)H-j})i(a? (L‘) [QJ (y, y)f(i,j)(a’ y) - Qj (C7 y)f(i’j)(a’ C)] ’

i=1 j=1

(21) S(f, Pm,@n)
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= 0" [ Palt )0+ (1" [ Qulo) SO (a5 ds

+ Z; n+z+1/ Qn 3 y)[ (27 IL‘)f(Z n+1)(x s) P(a x)f(z n+1)(a S)]

+}:(—1)"‘““/ Pr(t,2)[Q; () ™9 (t,y) - Qslev)F ™1 (¢, ¢)] dt

=1

and
(22)  T(f, Py Q) = (1)™" / ) / " P(t, ©)Qu(s, 1) (1, 5) ds dt.

Proof. Let Pp(t,z) be an Appell polynomial. Applying formula (14) to the function
f(z,y) with respect to variable z yields

fz,y) = fla,y) + Z 1)+ [Pi(z, @) 40 (2,y) - Pi(a,2) " (a,y)]
(23)

+(-n™ / Py (t,z) ™10, y) dt.
a
Similarly, for the functions f:0(z,y), 79 (a,y), FO+10(¢t,y) and f(a,y), we have

FOO(z,y) = FOO(z,¢) + (-1)" /y Qn(s,y) fO (2, 5) ds

(24) N
+Z( Q5 (w, ) 4 (2, ) — Qi(c,y) F4) (z,0)],
j=1
F69(a,y) = £ (a,c) + / Qu(s,9) ™ (a, 5) ds
(25)
+Z( D@5y, )7 (a,y) — Qj(c,v) f (a, 0)],
FmALO) (¢ ) = FmtLO (¢ o) 4 (—1)" / " Quls, ) £+ (g, 5) ds
(26) |
+Z( D Qi w)f ™ (10) - Qi) [ )],
f(a) = fla,¢) + (~1)° / Qu(5,9) 70"+ (a, 5) ds
(27)

+ 3 (=17 [Q5(y, 1) F O (a,y) — Qs(e,9)F O (a, ).
ji=1
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Substituting formulae (24)-(27) into (23) produces

f@y) = fla,0) + > _(-1)""[Pi(z,2) f*)(z,c) - Pila, z) f(a, c)]
i=1
+ 3 (1R, w) £ (a,y) — Qile,y) FO9)(a, )]
=1

"P+13
>

s
It

-
<

(-1)"™ Py(z,2) [Q; (v, v) f ) (z,9) - Qi(e,9) f4(z, )]

(=

s 0

p’qs

(~1)*9Pi(a, ) [@3 (v, 1) 79 (a,9) ~ Qs(e:9) 149 (a, )]

1

j=
(28) +(-1)™ /xpm (t,2)FO (8, ¢) dt + (—1)" /an(s,y)f(o’"“)(a,S)dS

..
il

._a

+Z (~1)rHi+t / Qn(5,9) [Pz, 2) O™ (2, 5) — Pi(a,2) f™+)(a,5)) ds
+Z< )it / Ponlt, 2) @50, 1) F ™19 (1,9) — Q3(c,w) f™H19 (8, )] dt

1)m+"/ / () Qn (s, ) fMHD "+1)(t s)dsdt.

The proof of Theorem 2 is complete. §
REMARK 1. If we take
(29) Pi(t,2) = Pua(t z30), Qj(s,y) = Qjuls,y;0)

for 0<i<m,0<j<mand A pu € [0,1] in Theorem 2, then the expressions simplify
to give, on using (11),

3

(30) C(f, Pm,@n) =

N FEO(a,¢) + A fE0 (z, )]

i=1

DR ;!c—)j [(1= 1Y £O(a,0) + w O (a, )],

J=1

(31) D(f, Py @n) = ZZ” 2= W=V 15 6 (g, y) + (1 — ) F69) (2, )

! I
i=1 j=1 A

¥ Z (1 - Ni(z - a)i(y — c)? [0 £ (a,9) + (1 — ) f&9)(a,c)],

il 4!
=1 j=1 "J
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(f’ Pm,Qn = ( 1)m/ [t (Aa + (1 - )\)Z)]mf(m+1 0)(t C) dt

m!

l)n/ [8_ uc+(1—u)y)] f(0n+1)( )d
+§:/ luc + (1 — py — s]*(z — a)*

n!. gl

(32)

[( 1)if(i,n+1)(a, 8) _ Aif(i’n+1) (ﬁ, S)] ds

Z/ Pa+(1-Nz—t™y-cy [(u— 1) fmr1a)(g, c) — pd fmHLI)( )] dt,

ml - !
and

(33) T(f,Pm,Qn) =
/ /y [Aa+ (1= N)2) =~ (ke + (L= w)y) = 8" comeintn) g g) g at.

m! - nl

Notice that, taking A = 0 and p = 0 in (29), then we can deduce Theorem A from
Theorem 2.

Other choices of Appell type polynomials will provide generalizations of Theorem A.

The following approximation of double integrals in terms of Appell polynomials
holds.

Theorem 3. Let {Pi(t,z)}2, and {Q;(s,y)}32, be two Appell polynomials and f :

[a,b] x [¢,d] € R? — R such that f9)(z,y) are continuous on [a,b] x [c,d] for all
0<i<mand 0 < j <n. We then have

b d
(34) / / £(t, 5)dsdt = A(f, P, Qn) + B(f, Py @) + R(f, Pray @),

where
A(f, Pm, Qn) =

gy VT REVREHFT ) - Qe d) 7= g, )]

=S ST (-1 R(0,0) [Q4(d, d) TV (B, d) — Q5(e, ) FETH TV (b, ¢,

i=1 j=1
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n

b
B(f, Py @a) = 3 (-1)/Q;(c,d) / FOIDt, ) it

Jj=1

i b
- _(-1YQ;(d,d) / FOI-1(¢, d) dt
i=1 a

(36) - d
+ 3 (~1)'R(a,b) / £6-19)(g. ) ds
i=1 ¢
m d
S CURGY [0 5 ds
i=1 i
and

b pd
(37) R(f, Py, Qn) = (—1)’"*"/ / P (t,)Qn(s,d) F™™ (t, 5) ds dt.

Proof. Using the generalized integration by parts formula consecutively yields
b pd
/ / P (t,0)0n (s, d) ™) (8, 5) ds dt
ab ‘ d
= / P,(t,b) [ / Qn(s,d)f™™(t, s) ds] dt
a c

= (-1)™ / b Pm(t,b){ / ’ FmO(t, 5)ds

n

+ Z ¥ [Qi(d, d) ™ (t,d) - Qj(c, ) iV, 0)] } dt

/ / ) F™O (¢, 5) ds dt

+Z(——1)m+JQj(d,d) / Pan(t,b)f™i=V(t,d) dt

—Z 1)™Q;(c, d) / Po(t,b)F™I=1(t,c) dt

~1) /( 1) {/fts)dt

£ 30 [RODS96,9) - Plans Ve )]}

+Z "+JQJdd{ UfOJ D(t,d)d
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+Z < P;(b,b) f0-13=1)(p, d) — (a,b)f@—ld-l)(a,d))]}
- Z(—nnﬂczj(c, ofoe] [ 1o

+Z ( Pi(b,b) f19-D(b,c) — Pi(a,b) "1V (a, c))]}

:(_1)m+n/a / f(t, ) ds dt

D yEia / [Pi(b,6) 70 (b, 5) = Pi(a,0) {71 (a, 5)] ds

1=1
n

+ Z(_l)m+n+ij(d’ d) /b f(O’j”l)(t, d) dt

i=1

+ 373 (~1ymEnH (b, 0)Q; (d, d) £ TV (b, d)

i=1 j=1

=3 S D)™ R (6, Qs (A ) FU T e, d)

i=1 j=1

n b
=3 ()™ (e, d) / F0I-Dt, &)t
j=1 @

+ 373 (-1)mHH Pa, )@ (e, d) f4 1 TV (a, 0)

i=1 j=1
= 30 S (1) P (b, b)Q5 (e, d) £ (b o)
i=1 j=1
1)m+nzz 1+JP(b b QJ(d d)f(z 15— 1)(b d)
i=1 j=1

— Qj(c, d) fE 171 (b, o))
1™ 3" 3" (-1)™ Pi(a, )[@5(c, d) f¢H 7 (a, ¢)

i=1 j=1

- Q;(d,d)f*"1 7 (a, d)]
+"Z(—1)'R~(b,b)/ FO-10(b, 5) ds
i=1 ¢
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m

d
— (1™ Y (1) Pi(a,b) / F6-19(q, 5) ds
i=1 ¢

PSPy [ 1O dat
=1 @

n

_ (~1)m+n Z(_l)in(c, d) /b f(°=j°1)(t, c) dt

a

i=1
b pd
+(—1)m+"/ / f(t,s)dsdt.

The proof of Theorem 3 is complete. §

REMARK 2. As usual, let B;, i € N, denote Bernoulli numbers.

;From properties (6) and (7), (9) and (10) of the Bernoulli and Euler polynomials
respectively, we can easily obtain that, for ¢ > 1,

1
(38) B;i+1(0) = Biy1(1) = Bia, B1(0)=-Bi(1) = —
and, for j € N,
2
(39) E;(0) = —E;(1) = —m@’“ —1)Bjt1.

It is also a well known fact that Bg;4; = 0 for all s € N.

As an example, taking P;(t,z) = P; p(t,z;a) and Q;(s,y) = P;e(s,y;c) from (12)
and (13) for 0 < i <m and 0 < j < n in Theorem 3 and using (38) and (39) yields

T (a = b)i(c—d)f 2(20F! -1

x [f0-19"D(a,d) + fO-1D(a,c) ~ fO-1D(b,d) - FEHII (b, )]

(40) M (9i+l d)
+(b—a)z:(2 — (e~ )B

(i + 1! 7
% [f("“l’o)(a,d) + f(i—l,O)(a, c) + f(i—l,O)(b, d) + f(z‘—1,o)(b, C)],
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B(f) Pm,Qn) =
— 23+t (ec — d)I b ; j
23 T P [ 10000 + 10 0]
(41) n Z (a - b) B / f(';—lO)(a S) f(" 10)(b 3)]
j=2
b—-a

+

d
5 /c [f(a,s) + f(b,5)] ds,

and

(42) R(f,Pm,Qn) =

(a—-b)mc—d)”/ /

3. ESTIMATES OF THE REMAINDERS

En (; — Z) Fmm (¢ 5) ds dt.

In this section, we will give some estimates for the remainders of expansions in The-
orem 2 and Theorem 3.

We firstly need to introduce some notation.
For a function £ : [a,b] X [¢,d] — R, then for any z,y € [a,b], u, v € [c, d] we define

1€l iz gx ), 00 = €8S SUP {J€ (£, 8},
te[z,y] or [y,z] and s € [u,v] or [v,u]
and

, p>1

1
y rv P
Hen[a:,y]x[u,'u],p = ‘/ / 1h(t73)‘p dsdt
z Ju

The following result establishing bounds for the remainder in the Taylor-like formula
(18) holds.

Theorem 4. Assume that {P; (t,x)}{2y, {Q;j (s,y)}50¢ and f satisfy the assumptions

of Theorem 2. Then we have the representation ( 18) and the remainder satisfies the
estimate

( ”Pm ('7 x)”[a,,z]‘oo ”Qn ('7 y)“[c,y],oo Hf(m+1,n+1)”[a,x]x[c)y]’l )

”Pm ('a x)”[a,m],p 1Qn (‘a y)“[c,y],p “f(m+1 n+1) “[a x]x[c
where p > 1,

(43) ‘T(f’PmaQn)\S ﬁ i/lp

L 1 Prm (- x)”[a,z],l 1Qn ('7y)”[c,y],1 ‘lf(m+1’n+1)“[a’m]x[c,y],oo .
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The proof follows in a straightforward fashion on using Holder’s inequality applied for
the integral representation of the remainder T (f, Pr,@n) provided by equation (22).
We omit the details.

The integral remainder in the cubature formula (34) may be estimated in the following
manner.

Theorem 5. Assume that {P; (t,)}i2o, {Qj (5,9)}520 and [ satisfy the assumptions
in Theorem 3. Then one has the cubature formula (34) and, the remainder R (f, Pm, Qn)

satisfies the estimate:
([P (5 0) g, p7,00 1@ (5 Dl a1,00 1™ g pixied 1

“Pm (" b)“[a,bl,p “Qn ('> d)”[c,d],p ”f(m,n) “[a,b]x[c,d],p )

44 R(f,Pn,Qn)| <

L “Pm ('> b)”[a,b],l ”Q'n (" d)”[c,d],l “f(m,n)ll la,b]x [c,d],00

Remark 1. If we consider the particular instances of Appell polynomials provided
by (11), (12) and (13), then a number of particular formulae may be obtained. Their
remainder may be estimated by the use of Theorems 4 and 5, providing a 2—dimensional
version of the results in [4].

For instance, if we consider from (11),
t-(Aa+(1=-N )™

(45) Pm’)‘(t,z;a) — —
(46) Qn(syyic) = L= e Lo p Ul

then we obtain the following result.

Theorem 6. Let {Pp ) (t,2;8)}00_y ) {@np (8,9)}oey and f satisfy the assumptions
of Theorem 2. Then we have the representation ( 18) and the remainder satisfies for

a <z, c<y, the estimate

(47)

( (x—azm(y—c)" )\oo m Hf(m+1,n+1
o

min] ) H [a,x]x[e,y],1

1
1 ( _ )mq+1( _ )nq+1 = , 1
IT (f, P, Quy)l < {70 [ermtsdr] % e 11 e
where p > 1, %-}-%:1;

_aymt+le  antl n
k @ (2+1)!§z+§))! Mgy || £ +1)”[a,z]x[c,y],oo'
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where
/\1 — [Am-l-l + (1 _ A)m+1] ,
1
Ap = [AMF 4 (1 - )™H P and
1 1™
Ao = |=+ A== .
== |3+~

and similar for py, p, and py,

Proof. Utilizing equations (45) and (46) and using Holder’s inequality for double inte-
grals and the properties of the modulus on equation (22), then we have that

[ [ 7. Pnas@n)

T Y
/ / Pr(t, 750) Qnu(s, y;c) fmHn+D) ds dt ]
a [

€T Y
< [* [ 1Baat,350) Quls, il |17 ds de
a C

sup  |Pua(t,x;0)Quu(s,y;c)| || fHIn+D "
(t,9)€la,z]x[cy) A ) n”( ) “ ”[a,m]X[ .l

1
48 <) (g J2 1Ptz @)Quu(s i) deds) (72Dl e

1 —_1-
p>1,5+3—1,

U JE 2 1P (6,25 0)Qu(s, s ) deds [|fmHEm D]

Now, the result in equation (48) can be further simplified by the application of equations
(45) and (46), given that,

a=(1-X)z+Xa and f=(0-p)y+uc
It then follows

sup  [Pua(t230)Qn,u(s, y;¢)l
(t,8)€la,x] x[c,y]

= sup {Pm,A(t,m;a)I sup ‘Qn,u(s,y;c)l

tela,d] s€[e,y]
a-a)" (z-a)™ -9 W-8)"
= Lo g ), A x {1 - )"

. S

‘
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giving the first inequality in (47) where we have used the fact that

X+Y |Y-X
2 2 '

max{X,Y} =

Further, we have

(/: /cy | P (8 250)Qnu(s, 95 ¢)| ds dt)a N
- (/ |P(t, 5 0) l"dt) (/ 1Qn (5,5 0) |7 dsdt)
) Elm Uaa(a“t)qu“r/: (t—a)’""dt]é
x [/cﬂ(ﬂ—s)”"ds+/;(s_ﬂ)nqu]5

_ 1 [(x_(a)mq+l (y_c)nq+lj|5)\p "

min! mq + 1)(ng + 1)

—

producing the second inequality in (47).
Finally,

/aw /Cy |Pra(t, %5 0)Q@n,pu(s, y; )| dt ds
[
([ [ [ O e [

3 (:E _ CL)m-H (y _ c)n+l
(m+ 1) (n+1)!

(s—8)"

ds
n!

[(1 _ )\)m+1 + )‘m+1] x [(1 _ u)n+1 + Nn+1]

gives the last inequality in (47). Thus the theorem is completely proved.

Remark 2. By taking A = u = 0 or 1, we recapture the result obtained by G. Hanna
et al. in [3].

In a similar fashion, we can stat the remainder R (f, Pp, @Qny) estimate in the
cubature formula (34) as in the following
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Theorem 7. Let {Pp (t,2;0)}°°_ o, {Qnu(5,9)}52, and [ satisfy the assumptions
of Theorem 3, then the remainder R(f, Ppx,Qny) estimate in the cubature formula
(84) satisfies the following
(b—a)™(d—¢)"
D00 too | F™ ™ | sixtesdl
1 (=gt (d—e)™T* ] (m.n)
(49)  |R(f, Py @np)l S 4 ™ [ (mg+D){ng+1) ] Y b 177 oo
where p > 1, %+%:1;

b—a)"t (d—c)" ! m,n
( (w)e+1)!gn+1)! A1 Hf( )“[a,b]X{c,d}m‘

The proof is similar to the one in Theorem 6 applied on the interval [a,b] X [c,d] , and
we omit the details.
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