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L, ERROR ESTIMATES AND SUPERCONVERGENCE FOR FINITE
ELEMENT APPROXIMATIONS FOR NONLINEAR HYPERBOLIC
INTEGRO-DIFFERENTIAL PROBLEMS

QIAN LI, JINFENG JIAN, AND WANFANG SHEN

ABSTRACT. In this paper we consider finite element methods for nonlinear hyperbolic
integro-differential problems defined in Q C R%(d < 4). A new initial approximation
of u¢(0) is taken. Optimal order error estimates in L, for 2 < p < oo are established
for arbitrary order finite element. One order superconvergence in WiPfor2<p<oo
are demonstrated as well.

1. INTRODUCTION

Consider the following initial boundary value problem for the nonlinear hyperbolic
problem with memory:

(a) uy — V-{a(r,u)Vu + /Ot b(u,t, 7)Vu(z, 7)dr = f(z,u), (z,t) € @ x J,

(0) u(x,0) =uo(z), wulz,0)=u1(0), z €,

(c) u(z,t) =0, (z,t) € 0Q x J,
(1.1)

where J = [0,7], © is a bounded domain in R%(d < 4) with smooth boundary. We
assume data a, b, f,ug, u1 together with their derivatives to be bounded on £ x R and

0<a* <a(z,s), (z,s)€ENQxR.

The global nature of those assumptions is not restrictive, as we shall show below that
the approximate solutions are uniformly close to the exact solution u of (1.1).

The object of this paper is to demonstrate optimal error estimates of finite element
approximation in L, for 2 < p < oo and to derive the superconvergence in WP for

Key words and phrases. L, error estimates, WP error estimates, integro-differential equations,
superconvergence.

MRS subject classification 65N30.

17



18 QIAN LI, JINFENG JIAN, AND WANFANG SHEN

2 < p < 0o between the numerical solution and the Ritz-Volterra projection of the
exact solution of (1.1).

For this purpose, let {Sh}o<r<1 be a family of finite-dimensional subspace of H, HoN
Wb (), with the following approximation properties : for some r > 2,1 <s<r,2 <
p < oo and C a positive constant

Xigsfh{llx —wllop + hlix — wlip} < Chllwllsp,  w € WP QNHF(Q)  (1.2)

In addition,we assume that {S)} satisfies the standard inverse properties in finite ele-
ment spaces[m].

First we define the Ritz projection operator Ry : Hy(Q2) — S for 0 <t < T by

Now we define the Ritz-Volterra projection operator Vi, : H§(Q) = Sp for 0 <t < T
by

(@(w)V(Vaw — w), Vx) + (/Ot b(u,t,7)V(Vaw — w)dr,Vx) =0, x € Sp.  (14)

Obviously, when £ = 0, V}, is the same as Ritz projection operator Ry.
The semidiscrete finite-element approximation to the solution u of (1.1) is to find a
map U(t) : J = Sp, such that

t
(@) (Ui, x) + (a(U)VU,Vx) + (/0 bU)VUdr, Vx) = (f(U),x), X € Sh,
(b) U(0) = U, U(0) = Uy,

(1.5)
and Uy, U; € Sy, is the approximation to ug and uy, respectively, which will be given in
(1.7),(1.8) below, respectively.

Let the error

U-u=U—-Vyu)+ Vhu—u)=E+7. (1.6)

Then we choose the initial approximation U(Q) to satisfy
A(£(0), x) = (aluo) VE(0), V) + (au(u0)€(0)Vuo, Vx) + A(€(0), x) (1.7)
= —(au(uo)n(O)VUO»VX)7 X € Sh,

where ) is selected large enough to ensure the coerciveness of the bilinear form A(-.-)
over H'.
We choose the initial approximation U;(0) to satisfy

(a(uo) VU1, Vx) = (a(uo) Vur, VX) — (au(uo)ur Vn(0), V)

—(b(ug,0,0)Vn(0), V), X € Sh. (1.8)
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Finite element methods for parabolic integro-differential equations have been studied
by several authors. For example, Cannon and Y,Lin[2] obtained optimal Ly error esti-
mates. In [8,11], optimal H! norm and maximum norm error estimates was obtained.
In [3], several superconvergence results for the error between the approximate solution
and the Ritz-Volterra projection of the exact solution is derived. For hyperbolic equa-
tions, Yirang Yuan,Hong Wang[13] get optimal Ly and H' norms error estimates. But
for nonlinear hyperbolic integro-differential equations, the theory is not perfect,the L,
and WHP(2 < p < o) norms error estimates as well as some superconvergence esti-
mates have not been derived before. In this paper,we shall use a initial approximation
of u(0) similar to [1] and take a new initial approximation of u¢(0), this initial condi-
tions enable us to obtain one order superconvergence of U — Vju in WP(2 < p < o0)
and optimal Ly(2 < p < o0) error estimates.

The rest of this paper is organized as follows. In section 2, some nesessary lemmas
will be proved which are essential in the analysis. In section 3, optimal L, error esti-
mates and superconvergence in WP for 2 < p < oo will be presented. In section 4,
maximun norm error estimates and superconvergence of gradients will be demonstrated.

2. LEMMAS

In this section we shall given the error estimates of Ritz-Volterra projection and
prove the estimates for the initial value error. In addition, we shall also establish Lo
estimates for &, &4y, VE and V.

The following lemma is contained in [10, 12, 14].

Lemma 1. Forte J,0<1<3 and1 < s <r we have
(@) || DHw — Vaw)llop + A Di(w — Vaw)|l1p < OB, 2<p<oo,r>2,

Chs r>2
{ _ ’ )
(b) |Df(w — Vaw)lo,oo < { Che log Bl r=2, 2.1)
() [|IDYw — Vaw)|l1,00 < Ch*TH, r>2.

The following lemma is contained in [1,14].

Lemma 2. If u € Loo(0,t; WHo(Q) N W24(Q)), ut,us € Loo(0,2; WbL>=(Q)), then
VViu, V(Vau)y and V(Vau)y are uniformly bounded on [0,1].

Now, let us establish the estimates for V£(0), £:(0).
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Lemma 3. If u(0) € W*(Q), u:(0),uy(0) € H*(Q), for 2<s<r andr > 2, then

(a) 11€(0)|l1 < CR?,
(b) &(0) =0, (2.2)
(c) |I&:(0)|| < Ch°.

Proof. (a) Take x = {(0) in (1.7) to get

1€@)1F < Clin@)IIVEO)I,

which, by (2.1a), implies (2.2a).
(b) By differentiating (1.4) with respect to t we obtain

t
(ay(u)u:Vn, Vx) + (a(u) Ve, Vi) + (/ be(u)Vndr, Vx) + (b(u,t,t)Vn, Vx) =0,
0
X € Sh,

(2.3)
from (1.8) we get

(a(u0) V£:(0), V) = —(a(uo) Vne(0), V) — (au(uo)u1 Vn(0), Vx)

— (b(uo, 0,0)Vn(0), V), xes, 29

Take x = £:/(0) in (2.3) with ¢t = 0, and combine (2.4) we have

(a(uO)Vft(O), V{t(O)) = 0.

So we get (2.2b).
(c) Combine (1.1a), (1.4),(1.5) to yield the error equation

t

(€ %) + (@(U)VE V) + ( /O b(U)Vedr, Vx)

t
= (f(U) = () = nu, x) + ((a(u) — a(U)) VViu, VX) + ([) (b(u) — b(U))VVhudr, V),

X € Sh.
(2.5)
Now subtract (1.7) from (2.5) with ¢ = 0 and set x = &;(0) to derive ( in the sequal,
t=0 will be omitted )

1€eell? = (F(U) = f(u) = nu + A&, ) + (au(U)(U — w)Vu — (a(U) — a(u))Vu, Véy)
+((a(U) — a(w)) V(v — U), V€u)
=15 + 1+ Is.
(2.6)
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Then it follows from (2.1a) (2.2a), imbedding inequalities!!] and inverse properties
I < (Jigl + il + meelDeell < CR* NIl

1
= ([ loult) = oulu-+ 5(U — u)}ds(U ~ )70, Vo)
1 1
= /0 [ /0 a1 4+ (1 = 7)(U = w))dr](=s)ds(U — u)* Vi, VEr)
< CUIENE 4 + g Dll€eelh
< CUIENZ + lnlig.)p 1€l
< ChE:=Higul,
I3 < C(||€lloa + lInllo,a) (1€l11,4 + Nnll1,a)lieells

< C(llelh + lmllo,a) (R 1€l + linltva) k™ el
< Ch® 2| €ull.

Collecting the estimates of I, — I with (2.6) completes the proof.
Our next aim is to derive estimates for £ and V¢.

Lemma 4. Assume that u(0) € W*4(Q), us(0), us(0) € H*(Q).u, us, ugs € L2(0,t; H*()).
u € Loo(0, 8 W24(Q) N WH2(Q)) and us € Loo(0,t; WH(Q)), then fort € J

ll€el -+ Nell < CR°, (2.7)

where 2 < s<r,r >2whend=1,20r3,3<s<rr>3whend=4.
Proof. Setting x = ¢; in (2.5), by using e—inequality and Lemma 2.2, we have

%g—gnstn% 5 5 (@(U)VE, VE) . t
< (a0 = a0) TV V) - [ (@ ~ ) VVhuar,ve) + 0 [ el + payir
~ S [ b0ITEdr, T + e o NI+ eI + Il + P + el + )

(2.8)
Integrating (2.8) with respect to ¢, combine the inequality

t d t
€1 = )] + /0 Liear < IO + /0 N2 + €2 dr.
By using e—inequality, we get
€15 + eel” < CLEOIR + I O)I? + InO)I?
. /0 (€ - TEIZ + €12 + il + el + el + 1€ I2)dr} + €llEl.

If we assume that
l€llo,00 - |€llr < CR?, (2.9)
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then it follows from (2.1a) and (2.2) that

i
€12 -+l < {2 + [ (1elE + ). (2.10)
Applying Gronwall Lemma now yields

€11 + lI€ll < CR°. (2.11)

Finally it remains to verify the induction hypothesis (2.9),.First note that (2.9), by
(2.2), holds for t = 0. When ¢ € (0, T}, it follows from inverse property that

I€elloco - i€ < CR™%)glllIEN < Ch*~% = o(h?),

which implies that (2.9) is valid, then the proof has been completed.
Now we establish the estimates for &; and V&;.

Lemma 5. Assume that u(0) € W*(Q), us(0), ut(0) € H*(Q), u, ut, uy € L2(0,; H*(Q)).
u € Lo (0,8 WHHQ) N\ WH®(Q)) and ug, uy € Loo(0, 8 WH(Q)), then for t € J

el + el < CR2, (2.12)

where 2<s<rr>2whend=1,20r3,3<s<rr >3 whend=4.
Proof. By differentiating (2.5) with respect to ¢, we obtain
¢
(6, ) + (a0) 6,920 + (| u(0)Vedr, T

= —(@u(U)UVE, Vx) — BU)VE, V) + (FU) — Fu) = mue)es )
+

((agu) = a(U))tVVhu, Vx) + ((a(u) — a(U))V(Vau),, V)
+(/0 (be(u) — be(U)) VVihudr, Vx) + ((b(u) — b(U))VVphu, V), X € Sh-
(2.13)
Setting x = & in (2.13), using e—inequality and Lemma 2.2, we have
S SNl + 5 o (a(U) Ve, VE) d
< g (a(w) = a(U)):VViu, V&) + — ((b(w) = b(U))VViu, V&)
+2((aw) — a(U)V Vi), V&) - 5 (a(U)UVE VE)
d (2.14)

d t
OV + | tuw) = b)) Vi, v,
~ 5[ B0 Vedr, V) + CLlIEE o + el EIE + €IS + I

Himel® + Imeell® + Neeell® + €T + N1€eell®} + C/ (IENT + Nll*)dr.
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Integrating (2.14) with respect to ¢, using e—inequality, we get

(12112 + ll€: 113
< C{IEO)NIT + 11€:(0))1F + ||7I(0t)||2 + Ine (O + € (O + NN + Nall® + llmell?

&N + 11€ellE oo - NEN2 +/0 [(11€el13 0 + NEetliE o) IENT + ENT + llmll® + llmell®
el + Umeeel)® + €017 + 1€l 2]} + ell&ll?.

(2.15)
If we assume that
(€ello,o0 + lI€ttllo,00) €]l < CZ, (2.16)
then it follows from (2.1a), (2.2) and (2.6) that
t
[€eell® + llgell? < C{n* +/0 (1€6el1® + I€NT)dr}- (2.17)
Applying Gronwall Lemma now yields
Hull + 1)l < CR®. (2.18)

Similar to Lemma 2.4, the hypothesis (2.16) can be proofed easily. Therefore the proof
has been completed .

3. ERROR ESTIMATES AND SUPERCONVERGENCE FOR 2 < p < o0

In this section the optimal L, error estimates for the semidiscrete finite element
approximation for 2 < p < oo will be proved in Theorem 3.1. In addition, super-
convergence results in WP for 2 < p < oo between the approximate solution and
Ritz-Volterra projection of the exact solution of (1.1) will be derived in Theorem 3.2.

Theorem 6. Letu and U be the solutions of (1.1) and (1.5), respectively. If, in addition
to the hypotheses of Lemma 2.2, u € W4(Q) for 2< s <r and r > 2, then fort € J

WU — ullop < Ch?, 2<p< oo (3.1)

Proof. Write the error U — u = (U — Vyu) + (Vyu — u) = £ 4+ 7 as before. To prove
(3.1) we define the auxiliary problem. For ¢ € Ly (Q),p™! +p'~! = 1, let & be the
solution of

(a(u) Vv, V®) = (v,¢), veEHN Q). (3.2)
Thus
H‘I’HZP’ < C“¢HO,p’- (3-3)
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By (2.5) we have

€ ¢) = (a(u)V¢, V)
= ((a(u) - a(U))VE, VR, @) + (a(U)VtU, VR, ®)

= (f(U) — f(u) — e — &, Rp®) + (/0 (b(u) — b(U))VVyudr, VR, ®)

t
+((a(u) — a(U)) VU, VRA®) — ( /0 WU Vedr, V(Ra® — B)) — ( /0 b(U)VEdr, V)

=h+L+L+1+Is.
(3.4)
From the inverse property, Lemma 2.2 and (2.12) .

_d
19U llo.00 < 1VEllo,00 + IV Vhtilloo < C(A™% V] +1) < C(R*™2 +1) < C.
By using the same way as in [7], we can select o > 1 such that
|Ra®|| < Cl|Rp®lh6 < Cll2fl1,0 < Cll®@ll2p-

Then from imbedding inequalities, the inverse property and the stability of R in
Wi g-1 4 d~1 =1 that

I < CUIEN+ linll + el + lme: D] Ba 2
< Ch*||Rp®|| < Ch¥|| o,

t
I < O /0 (llog + Inllo.a)dr) | Ru®lla

1
<o / (Ul + Inllo.a)dr)| Balloa < Ch¥||@ ]y,

0
I3 < C(||Ello,a + lInllo,a) | RA®l1,a
< C(llENlL + limllo,a) | R ®|1,er < CR®||®l2pr,

4] < ClIRu® ~ Bl [ el par
< Ch||®|lgprh~? /Ot i€llopdr < Cll®ll2p /Ot N¢llo,pdT,
\Is| = /O (€ bu(U) V- VB)dr + /0 NIV - (VO))dr
< 1@l [ Nellogir
Combine our estimates with (3.4) and noting (3.3), we have

)
Ilor = oup Tl

t
<o + /0 lello pd).

Applying Gronwall Lemma and noting (1.6), (2.1a), the inequality (3.1) follows .
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Theorem 7. Let u and U be the solutions of (1.1) and (1.5), respectively. If, in addition
to the hypotheses of Lemma 2.2, u € W3P(Q2) for2< s <r andr > 2, then fort € J

WU — Vaull1p < CR?, (3.5)

wher92§p<oowhend=1or2,2§p§(—i-zii—zwhend=3or4.

Proof. We first introduce the other auxiliary problem. Denote ¢ to be an arbitrary
component of Vi and let ¥ be the solution of

(a(u) Vv, V) = —(v, 1), v € HEHQ). (3.6)
Thus

1l < Cligllog,p~t +p 7 = 1. (3.7)
Similar to (3.4) we have

€2y ) = (f(U)t— f () = mt = &, Bp¥) + ((alv) = a(U)) VU, VR, Y)
+( /0 (b(w) — b(U))VViudr, VRAT) — ( /O b(U)Vedr, VRAT)  (3.8)
=h+ L+ 13+ 1.
Then similar to Theorem 3.1, we have

I < CUIEN A+ linll + el + linee DI Ra TN < CR*| R Y| < CR*| Ty,
I < C(liéllop + lImllop) 1R ¥ 10 < C(HENL + Inllop) 1 Br®ll1p < Ch[[E 1,

t
ASWAUMM+WMMMW&WM'
t
SﬂA(Mh+meﬁmmﬂmy
< OW (1T,
t t
I < Ol Rl | Nellpdr < CI¥lay [ el pir

Combine our estimates with (3.8) and noting (3.7), we have

t
mmmsam+AHwMM»

Applying Gronwall Lemma, the inequality (3.5) follows.

4. ERROR ESTIMATES AND SUPERCONVERGENCE FOR p = 00

In this section we only consider two-dimensional space R? . The optimal maximum
norm error estimates and superconvergence of gradients will be established.

In order to derive the maximum norm error estimates, we need to define the Green
functions associated with the bilinear form (a(u)V-, V-)(see[12]). Let G* € S, and
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G* € H} () be the discrete Green function and pre-Green function respectively, g; the
directional derivative of G along some direction with respect to z. Then G and ¢!
are the finite element approximations to G and g, respectively . From [12], we know
that

IGE +1G2 hp + 1G3 s + llgs ~ g2l < Cop~t +p" 7 =1,p > 2,
lgzllvs + gkl + g2 li? < Clog A,

Ch r > 2
h _ s < 3 3
167 - Gl < { Chlogh™1, r=2.

We shall first show the following Lo, norm error estimates.

(4.1)

Theorem 8. Let u and U be the solutions of (1.1) and (1.5), respectively. If, in addition
to the hypotheses of Lemma 2.2, u € W5®(Q) for 2 < s <r and r > 2, then fort € J

Che, r>2,

”U_MMwS{CMbyrH o (4.2)

Proof. From (2.1b) we need to bound & only . When 7 > 2, similar to (3.4), for
z€QandteJ

£(z,t) = (a(u)VE, VG})
= (f(Ut) = f(u) = e — €, G2) + ((a(w) — a(U)) VU, VGE)

1
+( /0 (b(w) — b(U))VVhudr, VGH) — ( /0 bU)VEdr, V(GE = G) (43

t
~([ swyvear,ver)
0
=h+L+1I3+14+ I5
Then from imbedding inequalities and (4.1)

I < CUlEN + lInll + N€eell + llnee DI G2 < CRe,
Ip < Cllicllop + InlopIGHILy < CUElL + llnllop) G2y < CR2,

I < ¢ /0 (€ll0p + lnllop)dr) G2
t

< ¢ / (€l + Inllo)dn) |G Iy < CR,

L < C|IG" — GZHH lelloodr < Ch [ I€loodr < C | [€llopodr
[t e[tz
|k||/ ﬂ7 V@MT—/(@V()V@Wﬂ
b
<0 [ BuCeyir+ 0162t [ Nelosedr <0 [ elocdr,
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where Py, : Ly(2) — Sy, is the Ly projection operator. Combine our estimates with
(4.3) and applying Gronwall Lemma, we have

l€llo,o < Ch®,  2<s<mr>2. (4.4)
When r = 2, recall that
l€llo.co < C(log h™1)3 €],
from (2.7), we have
I€lloco < CR2(logh™Y)2, =2 (4.5)

Noting (1.6), (2.1b), the conclusion of the theorem is now concluded.

Corollary 9. Under the hypotheses of Lemma 2.2, assume that u € W*P(Q) for 2 <
s<rr>2andp>2. Then forteJ

Chs, > 2,

4.6
Chs(logh‘l)%, r=2. (46)

U - th”O,oo < {

We finally show W1 superconvergence for U — Vju.

Theorem 10. Under the hypotheses of Theorem 4.1, for 2 < s < r and r > 2, then
forted

Ch®logh™!, r> 2,

Ch*(log h=1)?, r=2. (47)

1 — Viulleo < {

Proof. Similar to (4.3), for z € Q and t € J

9:£(z,t) = (a(u)VE, Vgh)
= (F(U) = f(u) = st — &, ) + ((a(w) — a(U))VU, Vgh)

t t
+([[ 0w) = b(0) VVhudr, Val) = ([ 60)Vedr, Vial ~6i)) (4
t
~([ bwyvedr,var)
0
=hLh+L+I3+ 14+ Is.
Then from imbedding inequalities and (2.1b), (4.1), (4.2),

I < C(Ell + Il + léull + imel)llg2ll < Ch*(logh™1)3,

Chslogh™!, r>2,

B2 < Closo + Ilocollgt s < { Gresh 0, e
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¢ Ch’logh™! r>2
h g ’ y
I3 < C(/O (“5“0,00 + “n“o,oo)dT)“gz Hl,l < { Ch*(log h_1)2, r=2,

t t
L] < Clig" — g3l / lell1odr < C / €l 100dr,
t b 0 t
I = | / @iz é) Vgl)dr - /O (0£¥(2), Vg2)dr]
t
<c aPh (Ceydr + ClgZlha / l€llo.codr

/ €)1 00dT + Ch*logh™1, r> 2,
[ Vel + 1 (10g K, oy

Combine our estimates with (4.5) and applying Gronwall Lemma , we obtain the result.
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