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Novel Zig-Zag Beam Element for Stress Analysis and

Vibration
Deog-Gyu Lee*

Abstract

Dynamic analysis of laminated beams with a embedded damping layer under
tensional and compressive axial load is investigated. Improved Layer-Wise Zig-Zag
Beam Theory and Interdependent Kinematic Relation are incorporated to model the
laminated beams with a damping layer and a corresponding beam zig-zag finite
element is developed. Flexural frequencies and modal loss factors under temsion or
compression axial load are calculated based on Complex Eigenvalue Method. The effects
of the axial tensional and compressive load on the frequencies and loss factors are
discussed.

£ 25 4309 $Y%8 AFL
of 71%% J1SAH JHAL o] 3he]
o)

AR4Fe 2 BRAR A3RE BULSAL oo 2P B HBALE TR
2% A% % FFAFH DAAESS PAATE Bas 4L oG AN
Atk 4 A9 2 FFHF) THAFS 2 44

Age] wAE IFE ZAAS

7l e« Wi (damping), A LA 10)E(zig-zag theory), T4 A5(loss factor)

A3 Hshs 3% EPAE TFE2EY AFE B
83 o584 e Fo|EY Ade] T8 ‘3}‘4
Aud BAe BRAER TR A B 299 93 2 9338 Wl w3
Ae e mRd Ugs A58 gaAEd G385 FHAFE 2 Bl F73% 9
adHoltt FPE Fa4 £4L ¥ T A ok
WS 23l qUAE BB FA g Di Taranto[1]&= HEA 3ol zie A=Y
2 Z+%9 JNAHEA, $9 FA, FAAF F A R 6x EEWAANE fFEIAUT. EIHY
* 1A £ /dglee@kari.re kr

Korea Aerospace Research Institute - 149



b

(ol
OHl

-0
Rl
>
;>.—_(‘
[

b

J1& M3A Hos

el

f‘é% FAHRAL 2ol ¢ §HL 2
sk} Mead $} Markus|2 ,3], Mead[4]+&
PRHE RESNGD Bag REY 3
gaadch 2 FAst %?" T A
FRAFFE dEsn FAHRSgN B
HEYE vebdch Averill[s 6]& 1%
34 Aol E ol B FI8AE
AEate] AR F3L A3l '
2 oAM= 33 Aagzel2 Auy
AE o83 VEEE FHBANE o438t 2
AR B RBLLE ALIAT. TARTHALE
Aseta Ao Fahad aAE0 AHY A
FES AT Vol e U, Jud
aga Gy eoltt. MLE B 84AF o
9“’5}"% S0 shEste FuedEA] QOHJ o
TA A AEA A AR MEA B A4
%l%% AHste] LRHANFFS HAASE ALt
ST AT R GE8E FIFE A

SO

B Hoox ™ ot

Mo o (o o 2 PR
wumwm

o

=-=$9-r&:4~k=4

2. = B

2.1 Zig-Zag HAXF

HEoR THE B kEe AaAz Hu
A(u P TS wP)E e gol Fos
3 AEAE 29 1o BAHS AT #

Tv ZFaEd 7] #x),
+h(")( Vo, wH=w )

QNN g m} I 9 GeT 9 Ao
A e et 2ol Felu

h(k)(z)=22+zz-ﬁc+z(Z_Zi)(a2i+a31fx) @
(2h+2;:'a25)

(34X a)

j=] \ R G(i) \ (3)
a, =432+ a, |, ai=(_ﬁ_]-_.,1
’ [ g=1 34]} G;((z ) I}

9 AN GUE ZHEel duA ol

43 ue k3o AVHEAY 24536

PR FARANE Bet ol FoH,

(00 _[E(+m) o e
o o G(em)) {ng @

YHNA 9, 0,8 42 FHF B A% 227
72 e,

tayer N

Liatyer m+

Layer 3

Tayer 2

it Taver t /R«efemw«:Sur(‘uce

%

3 1. R HeEel BB,

2.3 X|ujj g A

Hamilton] 2] & ]8435}
&34 2ol =g,

AP o

8TI =5L”2(UB+US+V—T—We)dt=o 6)

ANNA  oUy 8Us 8V, 8T, W, e 247 F
IRFAUA, AdAFANUA, 27] F8H0 9
g A, TEAUA, A5 Pl g A g
Hebdt S3AGAIA(oUpE o 2ol
£

[5u )’ -B Q][u)x]
8U, = Haw -B D -E|{w,ldx
[ 50.) [ = clfey @



% }j[ oﬂ}\il

N, ‘
(A,B,D)——‘bz J'ZM E)(Ck)(1+ znik))(l,z,zz)dz, @)

(Q,E,G)= bZJ EO(1+im) (1,z,h(k))dz

=l T

93 wRe) Aot We 0ed 2ol 4

@)

Q.= ax" 9)
AVAFAIA(SUHE v 2ol FdH
c}. ,
8U = [ Fosodx (10)
4 el A,
Koo ah(k)z
F=b).[" Gi)(lﬂnif))a—z dz (11)
27 FLY(Ny=P g AYA(sV)=
g o] B¥EHrt
Y 8w86w
8V = [ Nz —a—dx (12)

YA ST)E Thew o] HRAT

[61;17‘ I, H, 0 —m{ i)

A 8wl |H, H, 0 -H||

STZM(S;Z 0O o0 I, 0 ﬁj . (13)
{&a’J -I, ~H, 0 I J[(ﬁj

$l 2ol A,

(1,,1,,1,)= bEN: Jzk p(k) (l,z,z2 )dz,
v 14)

(Hy H,,H,)= ij“ p PP (1,2,17)dz

RELS

ANIMTD ERaE 0128 st H &SN

g% o] AF NUA(IW)E T 2ol
wHE,

:

SW, = joL g8 wdx

$EWAAL Bt 2o) fedck

Lo ou 9w 9y . S (16)
Su: ™ (Aa Bax2+an|j—Iou L, + Ho

oo 202 20,
) X

“Ox ox ox? N dax?
Lyt i, — Lo, + H, (17)
d du 99 )
L% gl 62 Fp=
% ax(an 3 Ol 0
H§ + Hji— H (18)

e AARAT AAAAzDE GLI

o] FEeh
Geometric Natural
u Nx
w O, +Nw, —Lii~Hg@+I%,
ow M
Ox ¥
¢ F, (19)

24 28H & ®7Ea

244 HaA(aYg 3 F2)e 38Y BHAA(2

¥ 2 22004 DAL DA e A
163 (19€ st RAAGES g9 WEA

AN u B 2ATOER fEDT

Uy U, U

w ¢, W,

aw, oW
o Ox

&, b,

a7 2. JlstE A MaAg HEBW Hei(BHZ).

Korea Aerospace Research Institute - 151



38 Hai(1¥ 2 F2)d BEEA(wE
T} o] HIreTh

U=y + u,m, + u,m, (20)

AN my, my, my= HE o] HojH
=

2

m1=1—3—Lx—+2—2—z—Jn2=4%~4z—27mg=2~§—% 2y
AAHEHL( g)= T o] BrE.
o =mo, + mp, + mg, (22)
A (we
w=nw, +n, %X;l«r mw, +n, %2— (23)
AHAA w0y, g, 0, THEH 2o FY
. .
4:231‘;--3%1, =2,
ng=3§ 2{;, 4“%;“1[ @9

289 Raa(3d 3 FH)e A (20, (22,
@B)ye S 1A G T2 (16)F (18)
oﬂ EH?:]S}CE] Uy, ¢1r ¢2/ *753% ﬁ:ﬂﬁ}oﬂ “!Ql‘
Ho u, ¢ S o] o,

u=Mlul+M2u2+N1w1+Nza +N,w,+N, aaWZ, (25)
X

dx

a ow,
P, i —1+ Bw, +P48——
2a FUA(we H2)H FYLIA A
E\:J—-E}" ‘?;I/}qoﬂ}\% Mll MZ/ N]_l NZI N3r N4/
Pll PZI P3‘9+ lel‘f Q‘%j”]' ;Q*O] 76]'04%]:}‘/

¢ =Ew+ (26)

X X

M, =1—z, M=% (27)
3B, 3B,
1=~2A},Lm”2’ 2=“‘4T;1:m2,N3="N1a N,=N, (28)
R= 12(8,0, —f,Ar), - G(BrQr-frAr) B=-B, P,=F,
F 4L FAL 29)

u, u,
W W,
ow, ow,
Ox ox

% 2, 7|88t AmAlE =HE8 HRABHZ2).
AHeAN (A, B, E,,Q,F)= )3 (11)9
AFRE Yehdth

BUZAVE([Kpl), ASBALL([K]),
74 BRBA([KE], [KE)e (23), (25), (260
©) (10) < ddst] Fatn FEPER 7
ARYDL dEF o] g

[K]=[K,]+[K;]

(30)
(K] =[ K5 [+[K5]
(1))
AP [Kp D) (23)S (129 ggstd 3

st AFFY([M)E (23), (25), 26)& (13)°
g ske] 7.

283 HQi(BHZ2)Y A=
%A}O]-‘ﬂ 718 ABRAE
2R gy go] WstHn,

4L o9 u, w,
w4 (19)

Q
B P,
— | R — <=
w: Q= Q—I—Q( an (32)
dw . = .. B
Be M= G B

383 WQABHZ) 2 244 H22(BHZ2)
o] thefgt AA=AL ¥ 19 =AHe] gt}



¥ 1, Various boundary conditions of BHZ1 and BHZ2.

Geometric and Natural Boundary
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3.1 Bending of cantilever beam
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3.1.1 Tip loaded cantilever beam
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2% 4. Cantilever beam subject to tip load.
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3 5. Tip deflection of cantilevered beam
subjected to an tip load as a function
of discretization for a/h=4
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beam subjected to an tip load as a
function of discretization for a/h =4,
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3.1.2 Uniformly loaded cantilever beam
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3 8. Cantilever beam subject to uniform
distributed load.

3.2 Stress analysis of simply supported
laminated beam
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2% 9. Tip deflection of cantilevered beam

subjected to an uniform distributed
load as a function of discretization for
a/bh=4 :

1.05 T T T T T T

EXACT TIMOSHENKO
O~ BHZ2 -
- =A - BHZI

0.95F

MroofM Bmaterio

0.9

0.85‘] .

0.8 1 1 ] L Lo L
0 0 20 30 40 50 60

No. of Elements(n)

13 10. Root bending moment of cantilevered
beam subjected to an uniform distributed
load as a function of discretization for
a/h=4,



Voo VEasterio

st
k) K
oo o y
Oz Oz (35)
L1 i T T
l ,,,,,,,,,,,,,,,,,,,,,,,,,,
PN 2
/p,/
0or & EXACT TIMOSHENKO § |
! O~ BHZZ
0.8+ /,l s ~A -~ BHZI |
!
07 J
!
!
0.6 ~! 4
!
{
0.5 1 i
0.4 L 1 1 1 ] 1
0 10 20 30 40 50 60

No. of Elements(n)

3 11. Root shear force of cantilevered beam

subjected to an uniform distributed
load as a function of discretization for
a/h=4

6 T T

: rememee CLT
sk : - - ELASTICITY =

l. ''''' BZZT

V [} BHZ2

\‘\‘ =« = FSDT
ar )

i

y
3 ]

%

y
2F )
a
hN
.
1+ L )
T T ssamoma s i g e e -
0 : ‘ ‘ ‘
0 10 20 30 40 50

a’h

a8 12. Normalized deflection of simply supported

sinusoidally loaded laminated beam
[0°/90°/0° as a function of aspect

ratio(a/h).

T T
ELASTICITY
AAAAA BHZ2 and BZZT
-—-— FSDT
08+ -
06 i
04 -
02
o =~ /
0 ot L L | 1 i | |
-20 -15 -10 5 0 5 1o 15 20
oX
22 13. Normalized axial stress(o, (a/2, z)) of
simply supported sinusoidally loaded
taminated beam[0°/90°/0° for
a/h =4,
1 e
0.8+ "\. -
“
0.6 : ! B
ELASTICITY '
-+ - = BHZ2 and BZZT-Constitutive | |
-------- BHZ2 and BZZT-Equilibrium , .
04| 27— FDT-Equilibrium ; f ]
L
02 -
0 = ;‘:":;iﬂﬂ/‘ } |
0 0.5 L 15 2

a3 14, Normalized transverse shear stress

{7..(0, 2)) of simply supported
sinusoidally loaded {aminated
beaml0°/90°/0° for a/h =4,

Korea Aerospace Research Institute - 155



ABRFTIE MIP Rz

1 T i T T
——— ELASTICITY
----- BHZ2 and BZZT
og | -~ FsDT ]
06 - -
~N
04 N
02+ —
0
40 30

X

a3 15. Normalized axial stress(o,(a/2, 2)) of

simply supported sinusoidally loaded
laminated beam[0°/90° for a/h =4,

! N T | T T T T
N ELASTICITY
AR <= -~ BHZ2 and BZZT-Constitutive
08 SN\ N | BHZ2 and BZZT-Equilibrium | _|
o N -+ =-— FSDT-Equilibrium
A .
06 LY “ 4
[ “
N \ e\
______ S
04 H ~. i
N \'\n
’ T
. /A \)\ .
02} 7 o
i ’ e
- =7,
- -
=== L 1 I i 1
[ 0.5 1 1.5 2 2.5 3 35
™

2% 16. Normalized transverse shear stress
{r.(0, 2)) of simply supported

sinusoidally loaded laminated bheam
[0°/907 for a/h =4,

3.3 Damping analysis of laminated beam
with viscoelastic layer
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