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HALF-GP-MAPS ON INTUITIONISTIC FUZZY
TOPOLOGICAL SPACES

WoN KEUN MIN, CHUN-KEE PARK AND KyuNG-HO MIN

ABSTRACT. In this paper, we introduce the concepts of half-interior,
half-closure, half-gp-maps and half-gp-open maps defined by intu-
itionistic gradations of openness.

1. Introduction

Atanassov [1] introduced the concept of intuitionistic fuzzy set which
is a generalization of fuzzy set in Zadeh’s sense [8]. Coker introduced
the concept of intuitionistic fuzzy topological spaces [4], which it is an
extended concept of fuzzy topological spaces [2] in Chang’s sense. In [6],
Mondal and Samanta introduced and investigated the concept of intu-
itionistic gradation of openness which is a generalization of the concept
of gradation of openness defined by Chattopadyay [3, 5].

In this paper, we introduce the concepts of half-interior, half-closure,
half-gp-map and half-gp-open map and also obtain some characteriza-
tions.

2. Preliminaries

Let X be a set and I = [0, 1] be the unit interval of the real line. I*
will denote the set of all fuzzy sets of X. Ox and 1x will denote the
characteristic functions of ¢ and X, respectively.

DEFINITION 2.1 ([3,5, 7]). Let X be a non-empty set and 7: IX — T
be a mapping satisfying the following conditions:

(01) 7(0x) =7(1x) = 1;
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(0O2) VA, B € I*, (AN B) > 7(A) A7(B);

(03) For every subfamily {4; :i € J} CI¥, 7(Uies Aj) > Nieg T(Ay).
Then the mapping 7 : [* — I is called a fuzzy topology (or gradation

of openness [7]) on X. We call the ordered pair (X, 7) a fuzzy topological

space. The value 7(A) is called the degree of openness of A.

DEFINITION 2.2 ([1]). An intuitionistic fuzzy set A in a set X is an
object having the form

A= {{z, pa(r),va(r)) : 2 € X}

where the functions ps : X — I and v4 : X — [ denote the degree of
membership and the degree of nonmembership of each element x € X
to the set A, respectively, and 0 < pa(z) + ya(z) <1 for each z € X.

DEFINITION 2.3 ([6]). An intuitionistic gradation of openness (briefly
IGO) of fuzzy subsets of a set X is an ordered pair (7, 7*) of functions
7,7 : I — I such that
(IGO1) 7(A) + 7(A) < 1, for all A € I¥;

(IGO2) 7(0x) =7(1x) = 1,7*(0x) = 7*(1x) = 0;

(IGO3) VA, Be I*, 7(ANB) > 1(A)AT(B) and 7" (AN B) < 7*(A) vV
m(B);

(IGO4) For every subfamily {A; : i € J} C IX, 7(Uies Ai) > Nieg T7(4)
and T*(UiGJ Al) < \/ie] T*(Al>

Then the triplet (X, 7,7*) is called an intuitionistic fuzzy topological
space (briefly ITFTS) on X. 7 and 7" may be interpreted as gradation
of openness and gradation of nonopenness, respectively.

DEFINITION 2.4 ([6]). Let X be a nonempty set and two functions
F,F*: I* — I be satisfying
(IGC1) F(A) + F*(A) <1, for all A € I¥;
(1GC2) F(0x) = F(1x) = 1,7*(0x) = F*(1x) = 0;
(IGC3) VA,B € I, F(AUB) > F(A) A F(B) and F*(AU B) <
F*(A) v F*(B);
(IGCA4) for every subfamily {A; : i € J} C IX, F(Mies Ai) > Nies F(A)
and F*(ﬂieJ AZ) S \/iej f*(AZ)

Then the ordered pair (F, F*) is called an intuitionistic gradation of
closedness [6] (briefly IGC) on X. F and F* may be interpreted as
gradation of closedness and gradation of nonclosedness, respectively.
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THEOREM 2.5 ([6]). Let X be a nonempty set. If (1,7*) is an IGO on
X, then the pair (F,F*), defined by F.(A) = 7(A°), F*«(A) = 7" (A°)
where A denotes the complement of A, is an IGC on X. And if (F,F*)
is an IGC on X, then the pair (T, 7"z« ), defined by 77(A) = F(A°),
T* 5 (A) = F*(A°) is an IGO on X.

DEFINITION 2.6 ([6]). Let (X,7,7*) and (Y,0,0%) be two IFTSs. A

mapping [ : X — Y is a gp-map if 7(f71(A)) > o(A) and 7*(f71(A)) <
o*(A) for every A € IV.

3. Half-Closure and Half-Interior Operators in IFTS

In this section, we introduce the concepts of half-closure and half-
interior of a fuzzy set on IFTS and investigate some their properties.

DEFINITION 3.1. Let (X,7,7*) be an IFTS and A € [*. Then the
half-closure (resp., half-interior) of A, denoted by A_ (resp., A,), is
defined by A- = N{K € I* : F,(A) > 0 and F.(4) < },A C K}
(resp., Ao = U{K € I : 7(K) > 0 and 7*(A) < 3, K C A}).

THEOREM 3.2. Let (X, 7,7*) be an IFTS and A, B € IX. Then

1. A,C AC A_,

2. If AC B, then A_ C B_ and A, C B,,

3. (A, = A°_,

4. (A_)e = (A°),.

Proof. (1) and (2) follow directly from Definition 3.1.

(3) We have that

(A ) = (N{K € IX : Fo(K) > 0 and F=.(K) < %,A C K}

1

=U{K°: K € I, 7(K°) > 0 and 7*(K®) < 3 K< A}
=U{U eI*:7(U)>0and 7°(U) <
= (Ac)o'

(4) Tt is similar to (3). O

THEOREM 3.3. Let (X, 7,7*) be an IFTS and A, B € I*. Then

1. (Ox)_ = Ox,

U C A%

N | —
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Proof. (1) and (2) follow from Definition 3.1.
(3) We have that

(A)_=n{HeI*:F.(H)>0and F~.(H) <
=n{H cI*: F.(H)>0and F.(H) <

1
Fo(U) >0 and F1.(U) < 5, ACU}}

b
N
=
——

1
C{K eI*: F(K)>0and F.(K) < 5
=A_.

Thus we get (A_)_ = A_ from Theorem 3.2.
(4) It follows from Theorem 3.2. O

THEOREM 3.4. Let (X, 7,7*) be an IFTS and A, B € I*. Then

L (Ix)o = 1x;

2. A, C A;

3. (Ao)o = Ao;

4. (AnB), C A, N B,.

Proof. The proof is similar to the proof of Theorem 3.3. O

THEOREM 3.5. Let (X,7,7*) be an IFTS and A € IX. Then
1. 7(A) > 0 and 7*(A) < 3 = A, = 4,
2. Fo(A) >0 and Fr.(A) < L= A = A,

Proof. (1 )LetT( )>0and 7*(A) < 5. Then A e {K € I* : 7(K) >

0 and 7*(A) < 3, K C A}. From Deﬁmtlon 3.1 and Theorem 3.2, it fol-
lows A, = A.
(2) It is similar to (1). O

EXAMPLE 3.6. Let X = [ and let N denote the set of all natural
numbers. For each n € N, we define a fuzzy set p,, in X as the following:
fin(z) = Lo for z € X.
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Define an intuitionistic gradation of openness 7,7 : IX — I by

7(0x) =7(lx) = 1,77(0x) = 7°(1x) = 0,
1 n—1

T(ﬂn) = 577*(/Ln) = on

1
() =0,7"(n) = 5 for all other fuzzy set pu € I,

Take a fuzzy set A in X such that A(x) = z for all x € X. Then it
follows A, = A but 7(A) =0, 7%(A) = 5. Thus the converse of the part
(1) in Theorem 3.5 is not true in general.

In the same way, we can show that the converses of another implica-
tion in Theorem 3.5 is not true.

4. Half-gp-maps and Half-gp-open maps

DEFINITION 4.1. Let (X, 7,7%) and (Y, 0,0%) be two IFTSs. A map-
ping f : X — Y is a half-gp-map iff for every A € IY such that o(A) > 0
and 0*(A) < 1, 7(f1(A)) > 0 and 7*(f'(A)) < 1.

We recall that for two IFTSs (X,7,7%) and (Y,0,0%), a mapping
f:X —Yisagp-mapif 7(f71(A)) > o(A) and 7*(f~1(A4)) < 0*(A)
for every A € IV.

Thus every gp-map is also a half-gp-map, but the converse may not
be true as the following example.

EXAMPLE 4.2. Let X = I and Igt N denote the set of all natural
numbers. For each n € N, we consider y, € I such that p,(z) = z
for x € X.

Define 7,7 : I* — I by
7(0x) =7(lx) =1,7"(0x) = 7"(1x) = 0;
1. 1
(1) = 0,7*(u) = 1 for all other fuzzy set u € I,

T(fp) = for each n € N;
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And define o,0* : I* — I by
0(0x)=0(ly)=1,0"(0x) = 0" (1x) = 0;
1. 1
R (n) = e for each n € N;
o(p) =0,0"(u,) = 1 for all other fuzzy set p € 1.

U(Nﬂ) =

Then the pairs (7,7*) and (o,0*) are two intuitionistc gradations of
openness on X.

Consider the identity mapping f : (X, 7,7*) — (Y,0,0%). Then f is
a half-gp-map but not a gp-map because for each n € N, 7*(f (1)) <
0*(n) but o(p,) is not less than 7(u,).

THEOREM 4.3. Let (X, 7,7") and (Y, 0,0*) be two IF'T'Ss. A mapping
f: X — Y is a half-gp-map iff for every A € IY such that F,(A) > 0
and F}.(A) < 5, F-(f7H(A)) > 0 and Fr(f(A)) < 5 .

Proof. 1t follows from Theorem 2.5 O

THEOREM 4.4. Let (X, 7,7*) and (Y, 0,0*) be two IFTSs. If f : X —
Y is a half-gp-map, then we have

1. f(A_) C (f(A))_ for every A € I¥,
2. (f7YA)_ C fYA) for every A e IV,
3. f7HA,) C (f7Y(A)), for every A € IY.

Proof. (1) For every A € I*, by Theorem 4.3 we have

A ) =Y U el : F,(U)>0and F*,-(U) < =, f(A) CU})

DN HU) € I Fy(U) > 0 and Fou(U) < 5, AC f7 (1))

=L)€Y F(HU) > 0 and Foou(fH(0) < 5, A C FHD))
DA
(2) Tt follows from (1).

(3) It is obtained by (2) and Theorem 3.2. O

DEFINITION 4.5. Let (X, 7,7%) and (Y, 0,0%) be two IFTSs. A map-
ping f : X — Y is called a half-gp-open map if for every A € I* 7(A) > 0
and 7%(A) < 3, then o(f(A)) > 0 and o*(f(4)) < 3.
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THEOREM 4.6. Let (X, 7,7*) and (Y, 0,0%) be two IFTSs. If f : X —
Y is a half-gp-open map, then f(A,) C (f(A)), for every A € IX.

Proof. For every A € IX, we have

f(A,) = f(U{U € I* : 7(U) > 0 and 7*(U) < % UC A}
CU{f(U) € I+ 7(U) > 0 and 7°(U) < 3, F(U) € F(A)}
CU{f(U) € I : o(f(U)) > 0 and o*(f(U)) < %,f(U) C f(A)}
CU{K eI :0(K)>0and c"(K) < %,K C f(A)}
= (f(4))o.
0
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