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SOME PROPERTIES OF FUNCTIONS OF
GENERALIZED BOUNDED VARIATION

Hwa JuN KiMm

ABSTRACT. We investigate some properties of functions of ® A-bounded
variation on a closed bounded interval, which is the generalization
of bounded variation.

1. Introduction

The concept of bounded variation has been generalized in many ways.
If f is a function of bounded variation, its Fourier series converges uni-
formly to f on a closed bounded set. The desire to extend this theorem
to larger classes of functions has provided much of the impetus for the
study of generalizations of bounded variation. Afterward two directions
of research have been pursued. One is to find a function spaces where
Fourier series converges pointwise to its associated function. The other
is to find ways that modify its Fourier coefficients to make resulting se-
ries converge to associated function. This method is called summability.
We can think a summability method on given ®ABV space. This paper
is aimed at studying ¢ABV.

2. The Relations Of Functions Of Generalized Bounded Vari-
ation

In defining a function of bounded variation on [a,b], we considered
the supremum of " |f(I,)| for every collection {I,} of non-overlapping
subintervals of [a, b] such that [a,b] = |J I,,, where

Ly = [0, yn)s f(Ln) = f(z0) = f(Yn)-
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A function f is of bounded variation on [a, b] if V(f) =sup >_ |f(1,)]
is finite, that is, if there exists a positive constant ¢ such that for every
collection {I,,} of subintervals of [a, b],

dolf) <e.

Schramm [3] generalized the above idea by considering a sequence
of increasing convex functions ¢ = {¢,} defined on [0,00); f is of ¢-
bounded variation on |[a,b] if V,f = sup) ¢n(|f(L,)|) is finite. We
denote by ¢BV the collection of all functions f such that cf is of ¢-
bounded variation for some ¢ > 0.

If A = {\,} is an increasing sequence of positive numbers such that
> ﬁ diverges, the functions of A-bounded variation (ABV') are those f

for which .
n=1 )\n

for every sequence I,, of non-overlapping intervals.

DEFINITION 2.1. If ¢ is a nonnegative convex function defined on
[0,00) such that @ — 0 as ¢z — 0, we say that f is of ¢A-bounded
variation if, for every {I,},

x)(c|f(1,
> el _

and the total variation of f over [a,b] is defined by

Von(f) = sup Z %j—n)‘)

We denote by ¢ABV the collection of all functions f such that cf is
of ¢A-bounded variation for some ¢ > 0. We denote by f € ¢ABV if
Vea(ef) < oo for some ¢ > 0.

Here, we investigate that if f is of BV on [a, b], then f is of pABV
on [a,b].

PROPOSITION 2.2. If fis of 9BV on a closed interval [a,b], then f is
¢ABV on [a,b].

Proof. For every collection {I,} of non-overlapping subintervals of
la, b] such that [a b] = U I,,, we can make that

Z Altent Z AP — L5 slen)n) < .
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Thus, Vga(cf) < oo and so ¢BV C ¢ABV. O

3. ¢A-Bounded Variation

We will investigate that ¢ ABYVj is a Banach space and if f be of ¢A-
bounded variation, then Vj, is right(left) continuous at a point = € [a, b]
if and only if f is right(left) continuous at x.

If ¢ is an increasing convex function, ¢(0) =0, 2 > 0and 0 < a < 1,
we have ¢(ax) < ag(x). Let ¢; > 0 be such that Vy(c; f) < oo and let
O0<c<q.

Then

c

Vo(cf) < C—1V¢(01f) —0
as ¢ — 0. Recall that f € pABV if Vi (cf) < oo for some ¢ > 0. We
define a norm as follows:

Let pABVy = {f € ¢ABV|f(a) = 0}. For f € pABV}, let

1
1£] = inf {£ > 0] Vs (%) <1}

We show that || f|| is a norm in the following lemma.
LEMMA 3.1. || - || is a norm on ¢ ABVj.

Proof. Since ||f|| = inf{k > O]V(M(%) < il}, IIfll > 0. If f 0, let
x € [a,b] be a point such that f(z) # 0. Then

Viacly 2 AUENE



120 Hwa Jun Kim

as k — 0. Thus there is a k > 0 so that Vya(£) > 3> and so || f[| # 0.

lef|l = mf{k>oyv¢A(cf)<i} inf {k > 0|Vya (|C|f) —}

k A A
= (el I£1]
¢ (it
2
-y o v O RO v
0™ A A+l A
B N S N W

TSl M AT+ Dl A X
thus [/ + gl <[IflI + llgll-

LEMMA 3.2, (1) Voa(php) < 5
(2) if |[fIl < 1, then Vya(f) < 1L
Proof. (1) Take k > || f|; then for any finite collection {1, },

¢|f |/k 1
Z k_)\

Thus

U _ 5~ 2UFE)I/R)
2 A B k—l>||f||+; A

n
n

< 1 1
im —
T k=l A
1
-

which implies V¢A(\\f||) <+
(2) For any {I, } since || f]| <1,

Z ¢ \f ) < ||f||z ol )\/Ilfll) <I7l- 11 _ @

/1]
Thus V¢A(f) S BVIR
THEOREM 3.3. (pABVy, || - ||) is a Banach space.
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Proof. By (1) of Lemma 3.2, (pABVj, || - ||) is a normed linear space
with the norm || f]| = inf{k > 0 |V¢A(£) < /\il} It is enough to show
that pABV} is complete.

Let f and g be functions in ¢ABVj such that ||f — g|| < . Then
H%H < 1, so, by lemma 3.2,

f—g, IE2 1
V. < —= —.
¢A( 9 ) o )\1 < )\1
Now for z € [a, b],
@ -0tz) g 1
= <V < —.
N o ( ) "

This implies that if {f,} is a Cauchy sequence in this norm it is also
a Cauchy sequence in the supremum norm. Thus there is a function f
such that f, — f uniformly. Let ¢ > 0 be given. Let {I;} be a finite
collection of non-overlapping subintervals of [a, b] such that [a, b] = | I,
where

Iy, = [, un), fIk) = flor) — ),

and suppose || f,, — [l < €, then

[(fn—£) ()] [(frn—fm)(Tk)]
pUbpEl) | g(lataltil
- Ak m—o0 & Ak
< lim V¢A(fn ; fm)
1
< —.
=5,
Thus V¢A(f"8_f) < /\il, f € pABVj and f,, — f in norm. ]

LEMMA 3.4 (Waterman [6]). Let f be of class ABV on I = [a,b]. If
[, y] C I and |f(x) = f(y)| = 6 > 0, then v(y) — v(z) = -

Mg
where

k
. 1 2u(x
l{?():lnf{k?| E >\—> (g )}
n=1""

and

U(x) = UA(fa x) = VA(fv [avx])'
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We shall show that v possesses a continuity property, and that the con-
tinuity properties of v are exactly those of the function from which it is
derived.

LEMMA 3.5. Let f be of class pABV on I = |a,b]. If [x,y] C I and
[f(x) = f(y)] = 6> 0, then v(y) —v(z) > 57—
where

k
. 1 2v(x
kozlnf{k| E )\—> ((5 )}
n=1""

and
v(w) = vea(f, v) = Voa(f, [a, z]).

Proof. Given ¢ > 0, there exist I,,,n = 1,---, N in [a,z], such that
{|f(1,)|} is a decreasing sequence and

v(x)ﬁZ%jn)D—l—a

Let m = inf({n : ¢(|f(L)]) < 2} U{N + 1}) and we claim that

(3.1) v(y) —ov(z) > % —e.
N
Put | f(I,)| = a,, T =Y 4
n=1
If ¢(an) 2 37 n = 17 o )kv but ¢(ak+1) < g7 set
P(ay) o(ax) 0 P(ars1) ¢(an)
S = oot +—+ +ot :
A Ak Akt 1 k12 AN+1
then
§_T— 6 — ¢(ars1) I ¢(ar+1) — dlagt2) NI ¢(an)
)\k+1 )\k+2 /\N+1
>5_¢<ak+1)25_g: 5 '
Akt1 Akl 2Akp
If ¢(a,) > 2 for all n, set
S:¢(a1)++¢<aN)+ 0

A1 AN AN+
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then 5 5
S—-T= > ;
ANF1 22N
If ¢(a,) < & for all n, set
0 . ¢lar) ¢(an)
S=—+ + -+ ;
)\1 )\2 >\N+1
then
S_T— 0 — ¢lar) i ¢(ar) — ¢(as) NI ¢lan—1) — dlan) i ¢lan)
)\1 )\2 )\N /\N+1

SV VR W

Now v(y) > S. Hence v(y) —v(x) > v(y) — (T'+¢e) > S —T — ¢ and so

(0
WNps1
)
2AN+1
0

0 if >
2N if ¢lan) 2

€ if ¢(a,) >

N

—¢ if ¢(an) >3 Vn

N[>

Vn

[\

which is (3.1).
Now kg > m since
1) if m =1, then kg > 1,
2) if m = N + 1, then

and so
ko > N +1,

3) if 1 <m < N + 1, then

and so

Since kg is independent to e, the proof is complete.

forn <k and ¢(ayi1) < 3
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It is known that if f in ABV is right continuous on |[a, b], then V} is
right continuous on [a, b] (cf. Waterman [6]).

THEOREM 3.6. Let f be of ¢pA-bounded variation. Then Vi is right
(left) continuous at a point x € [a,b] if and only if f is right (left)
continuous at x.

Proof. We shall consider only the behavior at the right of a point.
The arguments for the left are analogous. Suppose I = [a,b], a <z < b,
and f is right continuous at x. If z <y < b, then

0 < Via([a, y]) = Voa(la, ]) < Va([z,y)).
Since f is right continuous at =z,
Ve > 0,36 > 0 such thaty —x < d — [f(y) — f(x)] <e.
Thus we have that

o(|f([z,yDI) = o(|f(y) — f(z)]) = #(0) =0
and hence

Vsl ) = s 3 A2 _

n
as y — x+ and, therefore, V5 is continuous on the right at .

Suppose f is not right continuous at . Then there is a § > 0 such
that for y > z but sufficiently close to x,|f(x) — f(y)| > 0. Applying
Lemma 3.5, we see then that

Voa(la, 9]) = Voa(la, z]) >

2

for such y and, therefore, V5 is discontinuous on the right at . [
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