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C*-REGULARITY OF INTERFACE OF SOME
ONE-DIMENSIONAL NONLINEAR DEGENERATE
PARABOLIC EQUATIONS

YouNGsaANG Ko AND JEONGGIL CHO

ABSTRACT. We prove the regularity of a moving interface of the
solutions of the initial value problem of equation (1.1) is C°.

1. Introduction

We consider the Cauchy problem of the form

g (ou™ |ou™
1.1 =— | —=—
(1.1) = o ( ox

ox
Wherem>0,p>1+%.

Equations like (1.1) were studied many authors and arise in different
physical situations, for the detail see [3]. An important quantity of
the study of equation (1.1) is the local velocity of propagation V =
—v,|v,[P~2, whose expression in terms of u can be obtained by writing
the equation as a conservation law in the form

u + (uV), = 0.

p_2> in S={(z,t) eRxR"}

In this way we get
V= _Um|vx|p727

where the nonlinear potential v(x,t) is

mp—1) 1

1.2 = T

(1.2) ! m(p—l)—lu ’

and by a direct computation v satisfies

(1.3) v = (m(p — 1) — Do|vg [P0, + |va]P.
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In [3], it was shown that V' satisfies

V, <
T (p-D(m+ 1)t
which can also be written as

(1'4) (Um|vw‘p_2)m > —

1
(p—1)(m+ 1)t
Without loss of generality, we may consider the case where u, vanishes

on R~ and is a continuous positive function, at least, on an interval (0, a)
with a > 0. Let

Plu] = {(z,t) € S : u(z,t) > 0}

be the positivity set of a solution . Then P[u] is bounded to the left in
(x,t)-plane by the left interface curve x = ((¢)[3], where

((t) = inf{z € R: u(z,t) > 0}.

Moreover there is a time t* € [0, 00), called the waiting time, such that
C(t) =0for 0 <t <t*and ((t) <O for t > t*. It is shown [3] that t* is
finite(possibly zero) and ((t) is a nonincreasing C'! function on (¢, c0).
Actually it is shown that ('(t) < 0 for every ¢t > t*, i.e., a moving
interface never stop.

For the interface of the porous medium equation

{ut =A(u™) in R"x[0,00),

u(z,0) =up on R"

much more is known. D. G. Aronson and J. L. Vazquez [2] showed the
interfaces are smooth after the waiting time. S. Angenent [1] showed
that the interfaces are real analytic after the waiting time.

On the other hand much less is known for the equation (1.1). For
dimensions n > 2, Zhao Junning [6] showed, under some nondegeneracy
conditions on the initial data, the interface is Lipschitz continuous and
we [4] improved this result, showing that, under the same hypotheses,
the interface is a C1 surface after some time.

In this paper we show the interfaces of the solutions of (1.1) are
smooth after the waiting time. In establishing C'*° regularity of the
interfaces, we follow the ideas of Aronson and Vazquez. They showed
the C* regularity by establishing the bounds for v*) for k > 2, where
v = -2 ™! represents the pressure of the gas flow through a porous

m—1
medium, while u represents the density.
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2. The Upper and Lower Bound for v,,

Let ¢ = (xg,t9) be a point on the left interface, so that xy = ((to),
v(x,tg) = 0 for all z < ((ty), and v(x,tg) > 0 for all sufficiently small
x > ((tp). We assume the left interface is moving at ¢q. Thus tq > t*.
We shall use the notation

Ry = Riyto) = {(2,) ER* : ((t) <w < ((t) + 0t —n <t < to + 1}

PROPOSITION 2.1. Let q be the point as above. Then there exist
positive constants C', § and n depending only on p, q, m and u such that

Ve > C In Rsy 0.

1
Proof. From (1.4) we have, v,, > — CES TS But from

Lemma 4.4 in [3] v, is bounded away and above from zero near the
interface where u(z,t) > 0. O

PROPOSITION 2.2. Let ¢ = (x,ty) be as before. Then there exist
positive constants C'y,0 and n depending only on p, q and u such that

Vex §02 in R(;m/g.

Proof. From Theorem 2 and Lemma 4.4 in [3] we have

(2.1) C(ty) = —valva?2 = 27 = —a
and
(2.2) vy = |vg [P

on the moving part of the interface {z = ((t),t > t*}. Choose ¢ > 0
satisfying

(2.3) (p—1)a—[4m(p—1)+p—2]e > 2u(a+ €)e
and
(2.4) (a—€)7T >2p—3l(a+e)ie

where p1 = 2{M(2p — 3) + p(p — 1)}. Then by Theorem 2 in [3], there
exists a d = d(e) > 0 and n = n(e) € (0,ty — t*) such that Rs, C Plu],

(2.5) (a— )T <v, < (a+e)rT
and

(2.6) VU < (a — e)p%le
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in Rs,. Then we have

(2.7) (a—e)ri(z—() <vat) < (a+e)ri(z—0C)
in R;, and
(2.8) —(a+e)<l(t)<—(a—¢e) in [t,ts]

where t; =ty —n and to =ty + 7. We set

(2.9) (1) = ¢(t1) = b(t — t1)
where b = a + 2e. Then clearly ((t) > (*(t) in (¢4, t2).
Next, set M = m(p —1) — 1. Then on Plu], w = v,, satisfies
Lw) = wy — Mv|vg[P*w, — 3(p — 2) Moo, [P vww,
—{2M + p}|v. [P 20w, — {M(2p — 3) + p(p — 1) }H [P 2w?
—(p—2)M(p — 3)v|v, [P~ *w?,
We shall construct a barrier for w in Rs, of the form

o p
QS 'CL" t = + )
wO= = i cw
where o and 3 will be decided later.
By a direct computation, we have

Q , . 2 .
L) = gl ¢ - Mol + M+l )
g * p— p—
Tt Mol M e )
—[M(2p —3) +p(p — D]|veP2¢* + G
where
G = _3<p - 2)MU|Um|p_4Ux¢¢m - (p - 2)M(p - 3)U|Ua:|p_4¢3

= (p—2)Muvlu[P~* x

o I} o B
¢(3vx[(x_o2+(x_c*)z]—(p—3)[x_<+x_<*} )

If we choose o and 3 satisfying

Vg 2 |p - 3’ max(a,ﬁ)
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@ —aOQ and B = (m——ﬁg*)z Then we

then G > 0 in Rs,. Now set A =
have
L(¢) = A {(p —1)a—[4m(p—1)+p — 3le — p(a + e)%ja}
+B{(p = Do~ [m(p — 1) +p ~ e — pla+ )5 5
where p is as before. Set
(a =77 (p—Da—[m(p—1) +p—3e

0 < a < min{ , —
p— 3| jia + €)1

b=

and

(a =77 (p=1a—[m(p—1) +p—2e
p=3] u(a+e)£7j

Then L(¢) > 0 in Rs,, for all a € (0, ap] and S.

Let us now compare w and ¢ on the parabolic boundary of Rs,. In
view of (2.6) and (2.7) we have

(2.10) £ = min{ }.

1

— p—1
v < LT R
1’ —
and in particular
(a—e)r
ela—e)rT1 |
le(g(t) + 57 t) S T mn [tla tQ]

By the mean value theorem and (2.8) we have for some 7 € (1, t2)
) +6—=¢(t) = o+ (a+26)(t —t1) +{(7)(t — 1)
< 54 3e(t —t1) <6+ 6en.
Now set

1 = min{n(e), 6(¢)/6e}.
Since € satisfies (2.3), (2.4) and § < o it follows that

sc+anz b2 o n)
Moreover
6] e(a —e€)r—T
¢($7t1) > > U:mc(xvtl) on (C(tl)a C(t1> + 5]
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Let T' = {(z,t) e R? : o = ((t),t; <t < ty}. Clearly T is a compact
subset of R?. Fix a € (0, qag). For each point s € I there is an open ball
B, centered at s such that

(VU ) (2, t) < a(a — (—:)ﬁ in  Bs;N Plul.

In view of (2.7) we have

xc_v( > Upe(z,t) in By N Plul.

Since I' can be covered by a finite number of these balls it follows that
there is a v = y(«a) € (0,0) such that

¢(x,1) >

o(x,t) > w(z,t) in R,

Thus for every o € (0, a), ¢ is a barrier for w in Rs,. By the comparison
principle for parabolic equations [5] we conclude that

Vg (2, 1) < a + b in  Rs,,

r—(¢ x—C(*

where (3 is given by (2.10) and « € (0, o) is arbitrary. Now let a | 0 to
obtain

5 _28

w2, 1) < <
Vae(.1) T—C" T en

in R.

3. Bounds for (8%)311

In this section we find the estimates of v(®) = (a%)gv. By a direct
computation we have,

Ly(v®) :vt() MuovP~ 208) — (A+ B)v B — co® — D(v®))?
(3.1) CB, — M(p— 2)(p — 3)(p — Ao, = 0

zx 271
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where
A = MvP™' + M(p — 2)vvl vy,
B = (2M +p)i +3M(p — 2)vv) vy,
C = vy *{(2M +p)(p— 1) +2[M(2p — 3) + p(p — 1)]
+6M (p — 2)(p — 3)vv, *vg +3M(p — 2)},
D = 3M(p— 2wt
and

E = [MQ2p=3)+plp—-1lp-2)+Mp-2)(p-3)
Suppose that ¢ = (g, t) is a point on the left interface for which (2.1)
holds. Fix € € (0,a) and take dy = dp(e) > 0 and 1y = n(e) € (0,ty — t*)
such that Ry = Rs,,(to) C Plu] and (2.6) holds. Thus we also have
(2.7) and (2.8) in Ry. Then by rescaling and interior estimate we have

PROPOSITION 3.1. There are constants K € R*, 6 € (0,0y), and
n € (0,n9) depending only on m, p, ¢ and Cy such that

[v® (z,1)] < in  Rs,.

K
x — (1)
Proof. Set

25, 5
min{ 3 510}, n=m = oo

and define
o 9 A A _
R(z,t) =< (z,t) €eR :|x—x|<§,t——<t§t

for (z,t) € Rs,, where s = a + ¢ and A =T — ((t). Then (7,t) € Ry,
implies that R(T,t) C Rg. Since dp > 335, A < ¢ and ( is nonincreasing,
we have
A
to—ﬁozto—ﬁ—zs <t <tg+n<ty+mno
and B B
T4 T+C()

=T — 5 = 5 ><(t0+7]0)

T —

Do | >

C(to—n)+5+% < ((to —no).
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Also observe that for each (Z,t) € Ry, R(T,t) lies to the right of the

line z = ((t)+s(t—t). Next set x = A\(+7 and t = A7 +¢. The function
W(E,T) = V(N + T, AT + 1) = vgp(, 1)

satisfies the equation

— 2 D—2 p—1
W, = {M)\UI We + (2M + p)o? W}g
(3.2) +[2M(p — 2)vv§_3vm — Mvé’_l]Wg

+FAM (p — 2)(p — 3)v0E H(vga)® — M2 (v2g)?]

in the region

Bz{(g,r)eﬂ\z?;|§|§1,—i<7§0},

2" 4s
and |[W| < Cy in B. In view of (2.7) and (2.8)
om g E S AR e <)
and \
() < () < O+ 5 - 1) <D+
Therefore
A A A - A
1= LBy Se- () <TH, -~ (D=
which implies
(a— )7t U 3(a+ )it
4 D 2

Hence by (2.5) equation (3.2) is uniformly parabolic in B. Moreover,
it follows from Proposition 2.2 that W satisfies all of the hypotheses
of Theorem 5.3.1 of [5]. Thus we conclude that there exists a constant
K = K(a,m,p,C5) > 0 such that

0
C (0,0 < K
V0.0 < K
that is,
K
WD) < X

Since (T,t) € Ry, is arbitrary, this proves the proposition. O
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We now turn to the barrier construction. If v € (0, ) we will use the
notation

R}, = R} (to) = {(z,1) € R® : {(t)+7 < = < ((t)+6,t0—n < t < to+n}.

PROPOSITION 3.2. Let Ry, ,, be the region constructed in the proof
of Proposition 2.2 with

(p— Dar
(3.3) 0<61<12M(p—2)[('
For (z,t) € Ry, , , let

o p

(3.4) Oy, 1) = =) =3 =)

where (* is given by (2.9), and o and 3 are positive constant less than
K /2. Then there exist § € (0,8,) and n € (0,71) depending only on a,
m, p and Cy such that

L3(¢,y) Z 0 in Rgm
for all y € (0,0).
Proof. Choose € such that

(p—1a
13p — 23
There exist 0o € (0,01) and n € (0,7;) such that (2.5), (2.7) and (2.8)
hold in Rs, ,. Fix v € (0,42). For (z,t) € R, ,, we have
« {C/ _ 2Mwob?
(x—=C—=7/3) r—=(=7/3
! . 2MuyyP?
— (T ———4+A+B; - C
e O o
_D((b?)) EUP ’ i:{; - M(p - 2)(]) 3)(p 4)va i ;lm

where A, B, C, D, E and M are as before.
From (2.7), together with the fact that x — (* > = — ( —v/3 we have

v v L xr—( v
Py A L S

(3.5) 0<e<

Ls(¢3) = +A+B}

<(a+e)r1

:§@+@ﬁi
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From (3.3), we have

(p—Da  (p—1)e
4 + 4
Then since |C| is bounded and from (2.5) and (2.7), we have

DK
(36) DO(,Dﬁ < T < DK <

La(3) > o {(p—21)a B g (0] —E%)}

o {25 — e 0] - T}

where Y = v —(—~v/3 and E = |E|vP=30v2,. Since € satisfies (3.5) we can
choose § = da(€,a,m,p,Cy) > 0 so small that L3(¢3) > 0 in R:{n. ]

Remark 3.1. From (3.6) the Proposition 3.2 will be true for any «, 3 €
0, K).

PROPOSITION 3.3. (Barrier Transformation). Let § and n be as in
Proposition 3.2 with the additional restriction that

)

where € is as in Proposition 3.2. Suppose that for some nonnegative
constant [3

3) i
(3.8) s (x,t) < () + =) in Rs,.

Then v® also satisfies

2a/3 B +2a/3
3.9 v®) z,t) < +
39 N OO
Proof. By Remark 3.1, for any v € (0,9) since § + 2a/3 < K the

function

in R(S,n‘

2a/3 + 2a/3
bola,t) = —S__ B2
T—¢=7/3  x—(

satisfies L3(¢3) > 0 in Rj,. On the other hand, on the parabolic bound-
ary of Rgm we have ¢3 > v In fact, fort =t; and (G +v <z < (G +9,
with ¢; = ((t1), we have

2

o +ﬁ—|—2a/3>4a/3+ g .
r—G—7/3 =G r—CG -G

¢3<I,t1) = (3)<l‘,t1)




C*°-Regularity of Interfaces 101

while for z = ( + 60 and t; <t <ty we get, in view of (3.7),

2a/3 ¢ 2a/3
%3(C+01) = 5—7/3+C+(5—C* 0 + 6en
> /3, 9 +a/3221(3)(§+5,t).

o C+do—¢* )
Finally, for z = ( + v, t; <t <ty we have
2a/3 f+2a/3 _ « 6] 3)
+ > =4 >0+ ,1),
T=/3 (= Ty (F=¢ ( )

By the comparison principle we get

¢3(C + 57 t) =

¢3>0® in R}
for any v € (0,6), and (3.9) follows by letting v | 0. O

PROPOSITION 3.4. Let ¢ = (xo,ty) be a point on the interface for
which (2.1) holds. Then there exist constants Cs, 0 and n depending
only on p, q and u such that

Proof. By Proposition 3.1 we have, by letting oo = 0,
6 20

< — 1In R(gm/g.

®)(z,t) <
v <x,)_$_<*_€7]

Even though the equation (3.1) is not linear for v(®), a lower bound can
be obtained in a similar way. O]

4. Main Result

In this section we prove the interface is a C*° function in (¢*,00).
First we find the estimates of the derivatives of the form

. o\’
U = =2
w=(2)
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for j > 4. For the porous medium equation, we have [2] the following
equation:

LY = o9 = (m = Dl — (24 j(m — 1))vol) — Comj Va0

j*
~3d Ot —
=3

for j > 3 in Plu], where j* = [j/2] + 1, and the ¢,,; and d},; are
constants which depend only on their indices, but whose precise values
are irrelevant. Note that L; is linear in v, On the other hand for
the p-Laplacian equation by a direct computation we have the following
equation for j > 4,

(4.1) LY = o — Mvow?= 200 — ((j — 2)A + B)oY) — C, 00

xrx

—F(v,0g,...,097) =0

where A, B and M are as before, and C); involves only v and derivatives
of order < j. Note that equation (4.1) is linear in v"). We also follow
the method in [2]. Hence our result is

PROPOSITION 4.1. Let ¢ = (xo,t9) be a point on the interface for
which (2.1) holds. For each integer j > 2 there exist constants C}, § and
1 depending only on j, m, p, ¢ and u such that

o J
(a2)

The proof also proceeds by induction on j. Suppose that g = (xo, o)
is a point on the left interface for which (2.1) holds. Fix € € (0,a)
and take 6y = dp(e) > 0 and 79 = n(e) € (0,tp — t*) such that Ry =
Rsyno(to) C Plu] and (2.6) holds. Thus we also have (2.7) and (2.8) in

Ry. Assume that there are constants Cy € Rt for k =3,...,j — 1 such
that

(4.2) w®| <Cy on Ry for k=2,...,5—1.

Observe that by Propositions 2.1, 2.2 and 3.4, (4.2) holds for £ = 2 and
k= 3.

By rescaling and interior estimates, we have

SCJ’ in R(S,n/Q'

PROPOSITION 4.2. There are constants K € R*, 6 € (0,0y), and
n € (0,7m9) depending only on p,q and Cy for k € [2,j — 1] with j > 4
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such that K
[0 (z,1)] < gy in  Rs,.
Proof. Set
2
§= min{%,?sno},
O
n="o 487
and define
R@%%:(xweR”pwﬁﬂ<éf—i«w<f
T ’ ' 2’ 4s -

for (z,t) € Rs,, where s = a+ ¢ and A\ =T — ((t). Then (z,t) € Ry,
implies that R(T,¢) C Ry. Since dy > 335, A < ¢ and ( is nonincreasing,
we have

A
to—ﬁozto—ﬁ—g<t<t0+?7<t0+770
and _ _
T4 ((t)  T+(t)
2 2
A
((to =) 46+ 5 < Clto = o).

Also observe that for each (7,¢) € Rs,, R(T,t) lies to the right of the
line x = ((t)+s(t—t). Next set x = A +7 and ¢ = A\t +¢. The function

VU, ) =0V DN+ T, AT + 1) =00 (2,0)
satisfies the equation

VI = MV (- 2) A Bl VO
3

(4.3) — M2~ + M(p — 2)vv? v, + (j — 2)A+ BV
FA[Cpi — (5 — 2)Ap + B)IVU™ £ AF(v, ..., 002

T—-=7T- > ((to +m0)

A
2

in the region

1 1
= 2. < = —— <
B {(5,7)€R |§|_2, 48<7’_O},
and [VU=Y| < C;_; in B. In view of (2.7) and (2.8)

(a — e)p%lx _)\C(t) v(z, ) <(a+ E)p—ilx —)\C(t)
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and
_ _ - A
(B) < C(1) < CO) +5(F—1) < (B + 7
Therefore
A A A — 3A
Z:T—i—C(t)—— <z —((t) §f+§—C(t):7
which implies
(a—e)rT U 3(a+ )it
4 — A 2

Hence by (2.5) equation (3.2) is uniformly parabolic in B. Moreover,
it follows from Propositions 2.1, 2.2 and 3.4 and by (4.2) that VU~
satisfies all of the hypotheses of Theorem 5.3.1 of [5]. Thus we conclude
that there exists a constant K = K(a, m,p,C1,...,Cj_1) > 0 such that

0 )
—VU=(0,0)| < K;
‘af ( Y ) — Y
that is,
- - K
W(z,1)] < —.
7@ D] < 5
Since (T,t) € Ry, is arbitrary, this proves the proposition. ]

We now turn to the barrier construction. If v € (0, ) we will use the
notation

R}, = R} (to) = {(z,1) € R?: ((t)+y < a < ((t)+6,to—n < t < to+n}.

PROPOSITION 4.3. Let Rjs, ., be the region constructed in the proof
of Proposition 2.2. For j > 4 and (x,t) € R}, let

d1,m?

« n I}
-3 T T-C
where (* is given by (2.9), and « and [3 are positive constant. Then there

exist 6 € (0,91) andn € (0,n;) depending only on a, p, C,...,C;j_; such
that

(4.4) oj(x,t) =

Li(¢;) =0 in Rj,
for all v € (0, 0).
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Proof. Choose € such that
BMG—-3)+(G—2p—1a
3M(j—=1)+( —2)p+2
There exist dy € (0,01) and n € (0,7;) such that (2.5), (2.7) and (2.8)

hold in Ry, ,. Fix v € (0,8,). For (z,t) € Ry, , we have

(4.5) 0<e<

a (. 2Mver=2 . A
Lj(gzﬁj) = A*2{<_T+(]_2)A+B_Oij+ aF}

16} . 2MuovP? ,
— (- —2 —2)A+B—-Cpi(x — ("
where A, B, M, C,; and F' are as before and A* =z — ( — /3. From
(2.7), together with the fact that x — (* > — ( — v/3 we have
v v 1 x—C
< < (a+e¢)rt
r—C T rx—(—7/3 ate
= g(a—l—e)z’ll.
Then from (2.5), (2.7) and (4.2), we have

Li6;) = —5{BM(G—3)+( —2p—~ Da— (BM( - 1)

B .
m{@MO —3)

+ (=2p—1Da—-BM@G -1)+( —2)p+2)e — 02(|Cl}-

Since € satisfies (4.5) we can choose § = d3(€, a, m, p, Cy) > 0 so small
that Ls(¢s) > 0 in RY,. O

fy
v —/3

—:U—C—'y/Bé(ajLe)pj

. )
+ (= 2p+ e = 0(|Cpyl + | F[} +

Hence we have the following proposition whose proof can be found in
[2].

PROPOSITION 4.4. (Barrier Transformation). Let § and n be as in
Proposition 4.3 with the additional restriction that

o
4.6 < =,
(4.6) <o
where € is as in Proposition 4.3. Suppose that for some nonnegative
constant 3

(4.7) v (z,t) < 7= @) + =) in Rs,.
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Then vY9) also satisfies

2a/3 B+ 2a/3
r— () w— ()

Then as in [2], we can prove the C* regularity of the interface.

(4.8) v (x,t) < Rs,,.
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