Journal of Korean
Data & Information Science Society
2004, Vol. 15, No. 1 pp. 251 ~261

Some Remarks on the Likelihood Inference for the
Ratios of Regression Coefficients in Linear Model
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Abstract

The paper focuses primarily on the standard linear multiple regression
model where the parameter of interest is a ratio of two regression
coefficients. The general model includes the calibration model, the
Fieller-Creasy problem, slope-ratio assays, parallel-line assays, and
bioequivalence. We provide an orthogonal transformation (¢f. Cox and Reid
(1987)) of the original parameter vector. Also, we give some remarks on
the difficulties associated with likelihood based confidence interval.

Keywords : Conditional profile likelihood, Integrated likelihood,
Orthogonal transformation, Profile likelihood, Ratio of regression
coefficients

1. Introduction

There is a large class of important statistical problems which can be broadly
described under the general heading of inference about the ratios of regression
coefficients in a general linear model. The calibration model, ratio of two means
or the Fieller-Creasy problem, slope-ratio assay, and parallel-line assay are
included in this class. The general nature of this problem was recognized several
decades ago, as documented for example in the excellent treatise of Finney (1978).

The frequentist approaches for these problems have typically confronted with
serious difficulties. As an example, confidence intervals for ratios of two normal
means based on Fieller’s pivot (1954) may fail to exist in many circumstances. On
other occasions, a confidence set for this ratio may be the union of two disjoint

1) First Author : Assistant Professor, Department of Statistics, Chung-Ang University, Seoul, Korea.
E-mail : gogators@cau.ac.kr

2) Associate Professor, Department of Applied Statistics, Kyungwon University, Sungnam, Korea.

3) Ph.D. Candidate, Department of Statistics, University of Florida, Gainesville, Florida, U.S.A.

4) Researcher, Department of Statistics, Seoul National University, Seoul, Korea.



2592 Yeong-Hwa Kim - Wan-Yeon Yang - M. J. Kim - C. G. Park

unbounded intervals, and in extreme situations, may even be the entire real line.
The same phenomenon occurs as in the other problems described above.

A second general approach is one based on likelihoods. We discuss the profile
likelihood, and its variants such as conditional profile likelihood (Cox and Reid,
1987; Barndorff-Nielsen, 1983) or adjusted profile likelihood (McCullagh and
Tibshirani, 1990).

In Section 2, we find the orthogonal transformation of the original parameter
vector in the sense of Cox and Reid(1987). In Section 3, we first find the profile
likelihood for the parameter of interest, then find various adjustments to this same
based on this orthogonal transformation. In Section 4, we find also an integrated
likelihood following the prescription of Berger, Liseo and Wolpert (1999). The
adjusted likelihood as well as integrated likelihood are quite similar, and we point
out same of the difficulties associated with likelihood based confidence interval.
The proof of a theorem is deferred to the Appendix.

2. The Orthogonal Transformation

Consider the general regression model
Yi= E 6j$z'j+€i; (7/:1,,n) 1)
j=1

where the errors €'s are iid N(0,0%). Here j3; € (—o0,00) for j=#2, while
0y € (—o0,00)—{0} and the parameter of interest is 6, =/,/06, . We write
Y= (y17"'7yn)T’ mi:(xilw'wxip)Tr (i:1,...,n), XT: (xl;“'zmn)v
éz(ﬁn---;ﬁn)T, and, e= (61,...,6n)T . Thus the model can be rewritten in
matrix notation as Y= X3+ e , where we assume that the rank(X) =r<n .

First we introduce a transformation of the parameter vector (/3,0) which
results in the orthogonality of 6, with the remaining nuisance parameters. We

begin with the Fisher information matrix

I(5,0) :[ ((561)) gﬂ (2.2)

n
where s; = >, z;;7,, (j,I=1,...,7). Consider the transformation
i=1

fy = 0,0,h(0y) , 0y = 0,h(0,) , %9]'29,7'_929]'(‘91) , J=3,,.,T

0:97+1 .

(2.3)

Then the Jacobian matrix is given by
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05600/ (01) + h(0,)} .0 (0;) —0,95'(0,) -+ — 9, (0,) O
91h(91) h(91) —93(91) —97-(91) 0

J= 0 0 o 0 (2.4)
0 0 0 e 1 0
0 0 0 0 1

Theorem 1. Let g;(0,) = h(6;)(ajb,+ajpn), j=3,...,m, where

1
a1 3o 833 v S3p 813 S23
o= Lo o . (25)
A Gyp Szt Sy Sy Sop

Then parametric orthogonality holds by choosing
h(6,)=Q '/*(6,),

,
—1/2 _ 2 _
where Q™ 2(0)) = b7 + 218, + , C11 = S11— E 515051 ,
j=3
T T
Clg = S19 — 81j@jo , and Cyy = 89y — E ;a0 . The proof of this theorem is
j=3 ji=3

deferred to the Appendix. Based on this transformation and writing
:[ 211 212 ], it follows from (2.1)-(2.4) that the reparametrized Fisher
12 Co2

information matrix is given by

[ 03] C)?
Ql 6000
Q=(0,)
1 0 10 --00
I0) = 7 0 0 Sy - 85, 0 (2.6)
r+1 : oo,
0 0 s5:- 5, 0
| 0 0 0 0 2n |

A A S S
Remark 1. If we write XTX:[ A; Aj} ,  where Alz( CE C;j,

833 °0t Sy o
: : , then from (2.4), it is easy to see that

S/,‘S .o 8”’7’
C= A — AA;'A]. Also, since rank(X”X) =rank(X)=r , it is positive

definite. Then C is also positive definite.

S . e ST
AQZ[ 13... 1), and A; =

S93 S3p




254 Yeong-Hwa Kim - Wan-Yeon Yang - M. J. Kim - C. G. Park

3. Likelihood Analysis

We begin with the derivation of the profile likelihood of #; . This is done in
several steps as following. First writing 5 = (517 ...,5,.)T as the unrestricted MLE
of i and SSE= (y— X3)"(y— X3) , one can write the likelihood

LBy, Bosevvs ) o0 07" em[—%‘g{ssm (5— S>TXTX<5—:3>}} 3.1
Next, using a basic identity of quadratic form
(6—6)"X"X(5—D)
51)?+ 2005 (6,— 51) (62— 52) + e (62— 5)* + ulAgu
5oy — )2+ 215 (a6 — 1) (52— ) + €0 (B2 — o) * + u" Agu

cn (B
en (
where u= (ﬁ3—ﬁ;,...,ﬁr—@)T . Hence for fixed 6,,4, and o , the MLE of 3,

is ﬁAk for every k=3,...,7 , and these do not depend 6,, 3> and o. Hence, the
profile likelihood of 6,, 5» and ¢ is given by

Lp,, (91; B, 0’)

—n

oo e>cp|:

~

—T‘Q{SSEH' e (B8 — 51)* + 215 (5o — 1) (B — B2) + €20 (55 52)2}i|
(3.2)

It follows from (3.2) that for fixed 6, and o, the MLE of 3, is
IeN (0y,0) = 5,(0,) = Q'/? (6,)[0, (01151 + C1oy) 4 €1 + 02252] (3.3)

Also, after some algebraic simplifications,

C11 (Ez (61)6, — ﬁAl)2 +2¢y9 (ﬁ; (61)6 — ﬁ])(@ (0,) — @) + Cx (Ez (601)— @)2
= | C| (50 —6)/Q6:)

(3.4)

This leads to
—n 1 =~ &
Loy (0,0) o o em[—g—og{ssm Ll el—um/cz(el)q NCE)
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Now, for fixed 60, , the MLE of o is

o(6,) =n"Y2[SSE+ | C|%(50,—6)%/Q0)] 7 . (3.6)

Thus, the profile likelihood of 6, is given by

Lp,(8,) o< [SSE+ | C|2(56,— 5)2/Q0,)) """ . (3.7)

Remark 2. It may be noted from (37) that as |6, | — oo,
(56, —5)%/Q(0,)— 5y /cy. Thus Lp,(6,) is bounded away from 0 as
| 6, | >oc0 . This immediately leads to the fact that any likelihood-based

confidence interval for 6, can potentially the entire real line. For the ratio of
normal means problem, this fact was first observed by Liseo (1993) for known o ,
and subsequently by Yin and Ghosh (2000) for unknown o .

Remark 3. Due to orthogonality of ¢ with (6,,...,0,,0,,), from (3.7) and (2.6),
the conditional profile likelihood (CPL) proposed by Cox and Reid (1987) of 6, is
given by

Lopp(01) o Lpp(6)) [ 0,4, | "
n—+r

o« [SSE+ | C|2(5,0,—5)*/Q(6,)] 2

(3.8)

Clearly, Lepp(6,) suffers from the same drawback as Lp;(6,) in this case as

| )| —o0 .

Remark 4. Another adjustment of the profile likelihood is proposed in McCullagh
and Tibshirani (1990) based on the idea of unbiased estimating functions. Suppose
0 is the parameter of interest and ¢ is the nuisance parameter. Denote the score

function derived from the profile log-likelihood by U(0) log Lp;, (6,) where

_ 9
00
Lp;(0,) = L(0,7(0)) , ¥(0) being the MLE of ¢ for fixed § . A property of the

regular maximum likelihood score function is that it has zero mean, and its
variance is the negative of the expected derivative matrix, expectation being
computed at the true parameter value. McCullagh and Tibshirani (1990) propose
adjusting U(#) so that these properties hold when expectations and derivatives

are computed at (6,4 (0)) rather than at the true parameter point.
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To this end, let U(0) =[V(0) —m(0)|w(0) , where m(#) and w(f) are so
- _ 9 -~ _
chosen that Ea,qj;(e)U(e) =0 and V, 5, (U(0)) =— Eﬁ,z@(@)[w U(6)] . this leads

to the solutions

o (3.9

w(8) = [~ By gy 2rlogLey (6) + gm(6)] / V, ;[U(0)]

Then the adjusted profile log-likelihood is given by

Lipp(8) = exp [/ D(t)dt} . (3.10)

0

In the present example with # =6, and ¢ = (6,,...,0,,0,, ), it follows after some

simplifications that

2 (3291 — 51)[%3;(01291 + C) + 5 (c1101 4 ¢19)]
[SSE+ | C1* (5,8, — 5,)*/Q(6,)]Q(6,)
(3.11)

ve,) = L8l __

& —1 2
. Ci C Cyy —C .
Next observing that *;1 — g2 12 S— 22 12 , it follow
o) Cia Cyo |Cl | —¢2 ¢

that

Cov [5291 - 5: , 52 (Crobh + ) + 51 (cnbh + cn)]

2
= |UC| [91(01291+022)011_(01191+012)C22_‘91(C11‘91+012)012_(01291+C22)C12]:0

(3.12)

This proves the independence of G0, — /5 and G, (cpf + ) + 5 ey + ¢1n) -

-~ - 2
Also, since 3,0, — 3, is N(O,laTlQ(el )J it follows that

- 50— .,
204 A\2 -
SSEA+ | C = (30, — 5,)°/Q(6;)
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Hence, from (3.11) and (3.12), m(6,) = E[U(#,)] =0 . Also, it can be shown
after much algebra that w(f;)=k+ O(n~'), where k(>0) is some positive
constant not depending on 6. Thus, U(#;) =k 'U(6,)+ O(n~'). This shows
that logLyp, =k 'logLp,(0;) + O(n~"') proving thereby that L,p,(6,) suffers
from the same drawback as Lp;(6;) when |6, | —oco . However, such an

integrated likelihood cannot be identified with any proper posterior of 6; since

/ L,(6,)df, =+ co.

4. Concluding Remark

In many important problems of statistical inference (e.g. the Neyman-Scott
problem), the deficiency of the profile likelihood has been modified by various
adjustments. We consider such as the conditional profile likelihood and the
adjusted profile likelithood in Section 3. However, as we saw in Section 3, such
likelihoods remain bounded away from zero at the end points of the parameter
space, and accordingly, any likelthood-based interval for the ratio of means could
potentially become the entire real line. Earlier, this problem has been noticed in
the Liseo (1993) and Yin and Ghosh (2000) for the special Fieller-Creasy problem.
Interestingly, we find here that an integrated likelihood derived under the
algorithm of Berger, Liseo and Wolpert (1996) avoids this drawback.

To find the integrated likelihood approach proposed in Berger, Liseo and Wolpert
(1999), we begin with the likelihood

3 3 —n 1 3 &
L(0y, 5o, .., By,0) oc o™ "exp[— 502 {SSE+ ¢, (50, — 5,)*

~

+ 2005 (50 — 5) (By — 2) + €0 (5y_35)* + uTAgul]
The corresponding Fisher information matrix is given by

B By(cy+ ) 07 0

_ 1 By (€11 + ¢12) Q(0,) 0" 0
I(Ql’ﬁ%'“;ﬁwa) - 0_2 0 0 A3 0

0 0 0" 2n

Following Berger, Liseo and Wolpert (1999), we begin with the development of
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conditional reference integrated likelihood. To this end, first we start with the
reference priors 7 (fy, ..., 3, 0|6, )oco "Q?(0,) based on the positive square

root of the determinant of the appropriate submatrix of the Fisher information
matrix. Next, taking the sequence of compact intervals
[— 4, 1] X [— 4, 0] XX [— i, 4] X [i 4], 1=1,2,3,... for (By,...,H,,c), following
Berger, Liseo and Wolpert (1999)

k' (0,) = / / /7 o Q' (0,)d%dS;...dj,do o< Q' (6;)

Thus, lim k;(6;)/k;(01)oc Q@ %(0,) where ), is a fixed value of 6, . Now from

—>00

Berger, Liseo and Wolpert (1999), the conditional reference prior is given by
w6y, ..., 0, 000)) o< o "QV2(0,)Q"2(0,) =0 "

The corresponding integrated likelihood after some simplification is then

/OOO /:)O /,OO ﬂR(ﬁ?""?ﬁr’;alel)dﬁZdﬁg...dﬁrdg
oc Qfl/Q(el)[SSE—f— | C|2( 291 51)2/62( )]7n/2

which multiplies the profile likelihood by the factor @~ '/2(6,). The advantage of
the integrated likelihood over the profile likelihood is that it tends to 0 as
| 6, | — oo due to the multiplying factor Q~'/2(6,).

5. Appendix

Proof of Theorem 1

Let I(0) = JI(3,0)J". Then
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0,

(JI),, = 92_1 (511 {011/ (01) + h(01)}+ 8120 (01) — ZJS 51;9";(01)]
(JI)y, = 95_21 (519 {011/ (01) + h(0))}+ 990" (0;) — 23 $5;9'5(01)]
(D)1= = sl OO + R0+ 0/ (0) = 3 50,5(00], i= 3,007
r+1 j=3
(JI)1,77+1 =0

Hence, if
[ 9’3(:91) J _ [ 333 S?T:I_l [ 313 5?3:“ 0,0/ (6,) + h(6;) :|
700 ] [ s ] Las W) |

then one has (JI);;=0, i=3,...,r . So pick

RN

L2 2]

| A1 G
az10; + as, :|

a0, + a,

= h(gl)[

Now, since I(§) = JI(3,0)J7, one has

I0)),; =JI), =0, i=3,..,rn,r+1.

Similarly,

(I(e))27 - (JI)2 - 0 5 7;:3,..,7"77"4_1 .

(3

Note that
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(I(Q))lz = (JIJT)12

0,h (0
= %[Sllel{elh/(el)—f—h(el)}—f— 28120 h —0 E Slj

r+1

b (0,) + s (6,) — ]23 5,9(0))]
= 92:2—&911) [5,,0, {0,/ (6,) + h(6,)}+ 25,0,k (6,)
—912 sif ay [000(0,) + h(0,)] + aph'(6,)}
+ 5190 (01 ) 8900 (6;) — E syl an [0,0(0,) + h(6,)] + aph’(6,)}]

We need I, =0 to satisfy the condition of orthogonality. Thus, we require

0= h/(el)[el S11— Z 815051 +91 2819 — E 81040 — E 52jaj1)

+ Sy — E 89i0 2] + h(01)[01 (511 — Z 81707 ) + 819 — Z 59;0j1]
=3

I8 T
Also E 1@y = Z Sa4 , since
=3 i=3

r Sgp o Sy | [ s
Z St = (130 s0,)| 1 L :
j=3 | S3r Spr Sor i

r [ sp3 s | s
Z 89051 = (823 =+ 8oy D : :
Jj=3 | S3r vt Sy | L St |

Hence, one needs to find h(f,) from

0= h(6,)[6% (51— E $1j051) + 201 (812 — E 810 ) + S — E 89j072]

j=3

+ 1 (0,)[01 (s11 — E 51505 ) + S12 = Z 5150
=3

Thus,
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h'(0;) 0, (511 — Z $1;0,) + S1p— E 51,0

h0,) ;
9 (811 — Z 8105 ) 420 (51— E 8105 ) 4 Sp9 — E S9iQ o
4 j=3

or equivalently

1 T
log h(0;) =— 5 |i91 S11— Z $17a7 ) + 20, (81— Z 51;05) + Sgp — Z 52jaj2:|
j= j=3

This leads to

o=

h(el):[g S11— Z s17a5 ) + 20, (812 — Z 810 ) 4 Sy — X}g 52jaj2:|

= [01191 + 201291512 + 022] 12
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