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OPPOSITE SKEW COPAIRED HOPF ALGEBRAS

JUNSEOK PARK* AND WANSOON Kim**

ABSTRACT. Let A be a Hopf algebra with a linear form o: k —
A® A, which is convolution invertible, such that o21 (A®id)7(c(1)) =
032 (1d@A)7(0(1)). We define Hopf algebras, (As, m, u, Ag, e, S5). If
B and C are opposite skew copaired Hopf algebras and A = B®; C
then we find Hopf algebras, (A[(,],mB ® mc,up ® uc,Ag], e ®
€C, S[a]). Let H be a finite dimensional commutative Hopf algebra
with dual basis {h;} and {h}}, and let A = H°P ® H*. We show
that if we define o: &k — H°? @ H* by (1) = Y h; ® h} then
(Ajo];ma,ua, Ag],€4, S[g]) is the dual space of Drinfeld double,
D(H)*, as Hopf algebra.

Let k be a field. All unadorned tensor products are over k and
all maps are k-linear. For f,g € Hom(C, A), where C is a coalgebra
and A is an algebra, f * g is its convolution product ma(f ® g)Ac.
Let 7: V@W — W ®V be the twist map given by 7(v ® w) =
w ® v. We use the sigma notation [4]; for ¢ € C, A(c) = > cq) ®
c2)- If (B,mp,up,Ap,ep, ) and (C,mc,uc, Ac,ec,Sc) are Hopf
algebras then (B®y C,mpgc,up @uc, Apgc,ep ®ec, Sp ® Sc) has
the Hopf algebra structure of the usual tensor product of algebras and

the usual tensor product of coalgebras.

PROPOSITION 1. If (A,m,u,A,e,S) is a Hopf algebra with a con-

volution invertible linear form, o : k — A ® A, such that
(%) > 0i2(1)(0j2(1)) (1) ® i1 (1)(0j2(1))(2) ® 051 (1)
=2 052(1) ® 032(1) (051 (1)) (1) ® 031 (1) (051 (1)) (2.
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where o(1) = Y. 041 (1) ® 042(1) and 071 (1) = Zaj_ll( ) ® 0]21(1),
then
(1) You(l)oj (1) @oin(l)o, (1) =191,
Yo (Doa(l) @ oy (Doie(l) =10 1.
(2) 2e(or(1))oa(1) =1, 2 o1(1)e(o2(1)) =
(3) Xlon' Mmooz (1) @ (05" (1))@ (1) ® 0y (1)
=05 (1)@ (05 (1 ))(1)%2( ) @ (071" (1)) )05 (1)
4) Xelor ' (M)oy ' () =1, Yoy (Deloy (1) = L.
(5) You(l)e(o;;' (1) ® 05 (De(oiz(1)) = 1@ 1,
Yo (We(oa (1) ® oin()e(o,' (1) = 1@ 1.
(6) 3 S(0i2(1))oin (1)S™ (o' (1)oy' (1) =1,
> 87 o7 (1))osy (1)S(032(1))oin (1) = L.

(
(
1
)

Proof. (1) : Since 0! is a convolution inverse of o,

1®1 = uagack(l) = (0 x071)(1) = (mo(c@o )0 A)l) =
a(L)o~t(1),

1®1=uagack(l) = (e x0)(1) =071(1)a(1).

(2) : Applying id ® € ® id to both sides of (x), we have

Y- 0i2(1)(0j2(1) (1) @ e(oi1(1))e((052(1)) (2)) ® 51 (1)

= > 0j52(1)®e(042(1))e((051 (1)) (1)) @0i1 (1) (a1 (1)) 2)-
Therefore,

2012 Joj2(1)®@e(0i1(1))®0j1(1 ZUJQ )Re(0i2(1))®0i1 (1)oj1(1).
Multiplying > Uk_zl(l) ®R1® Uk_ll(l) on the right,

O elonM)o()@1el=101a (D on(l)e(on(1))),
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(3): The condition (*) can be expressed as
021 (A ®id)7T(0(1)) = 032(id @ A)1(0(1)),

where 091 = > 02(l)®o1(1) ® 1 and 032 = > 1 ®@ 02(1) ® 01 (1).

Since

l=(A®id) (e *0)(1) = [(A®@id) (e (1)][(A @ id)T(a(1))]

and

(A @id)r(e™ (1)][(A @id)r(a(1))] = 1,
it follows that
(A®id)T(c7 (1)) = [(A ®id)T(a(1))] 1.

Similarly,

Hence

where third equality follows from ().
(4) : It is proved in a same way of the proof of (2), using (3).
(5) : From (2) and (4).
(6) : Using (1) and (5),
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> 8(0i2(1))oin (1)S™H o3, (1))oj;' (1)
=30 8(0i2(1)ain (1S (o7, (D)o (Velog, ' (Vow (1))e(oy5' (1)
ok2(1))

= S(oi2(De(og,' (1)))oin (Vo (1)S™H o5 (De(owz (1)) (1)
e(or1 (1))

=1.

Similarly, >> .S~ (o5 (1)o7 1 (1)S(02(1))o1 (1) = 1. O

ExaMpPLE 1. Every Hopf algebra satisfies the condition (x) by
setting (1) = 1 ® 1. Let kZ3 be written multiplicatively as {1, g},

and assume char k # 2. Now let

1
a(l):§(1®1+1®g+g®1—g®g).

Then one can easily check that o satisfies the property (x).

We will define a new comultiplication A, and a new antipode S,
on a Hopf algebra (A,m,u,A,e,S). Then the following shows that
(A,m,u,A,,e,5,) is a Hopf algebra.

THEOREM 1. Let (A,m,u,A,e,S) be a Hopf algebra with an in-
vertible linear form, o : k — A ® A. Assume that o satisfies the
condition (x). Define A, = A, as an algebra. If we define the coprod-
uct A, and the antipode S, by

Ay(a) =) Uig(l)a(l)aj_;(l) ® O'il(].)a(g)gj_ll(l),

Sy(a) = ZS(O’ig(l))dil(1)5(&)5_1(0']-_21(1))0']-_11(1), a € A, then
(Ay,m,u, Ay, e,S,) is a Hopf algebra.

Proof. By the property (%) and Proposition 1, (3),

(As ®id)Ay(a)

= (A, ®1id) (> O'ig(l)a(l)dj_zl(l) ® O'il(l)a(g)gj_ll(l))

=y Ag(mg(l)a(l)aj_;(l)) ® Uﬂ(l)a@)aj_ll(l)

=Y o2 (D)(0i2(D)ayosy (1)) 1yo (D®ok (1) (0i2(1)ayo, (1))
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o (1) ® o1 (1)ag) o5, (1)

=Y owa(1)(i2(1)) 1) (a)) 1) (052" (1)) (1) © ox1(1)(0i2(1)) 2)
(1))@ (052 (1) @yon (1) ® oin(Lagos; (1)

=Y oin(lawyosy (1) @ ore(1) (i (1) 1) (a)q) (055 (1)) @yo5" (1)
® o1(1)(0i(1))2 (a2 (1)) @o (1)

= Y on(Damoy (1) @ ow(l)(ea(Dapoy (1), (1)
® or1 (1) (o (Dagyoj, (1)) @05 (1)

=Y oie(D)awyos, (1) @ As(oi (Lagyo;, (1))

= (id ® Ao)(Xoi2(lanyogy (1) ® ou(l)agos (1)

— (id @ A,)Ay(a) a,be A

Thus

(
)2) (0

(A, @id)Ay = (id ® Ag)A,.

By Proposition 1, (2) and (4),

25(0'1'2(1) a(1) O'j_21(1))0'i1(1) a(g)aj_ll(l)

=Y c(oi2(1))e(aqy)e(o2 (1)onn (1) agyosy (1) =a, a€ A.
Thus

(c®id)Ay =18 .

Similarly,

(ld®e)As, = R1.

Hence (A,,Ag,€) is coassociative and counitary. By Proposition 1,
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(1),
A, (ab)
= 0i2(1)(ab)(1)055 (1) ® i1 (1) (ab) (051" (1)

1) ® 041 (1)a2)bz)o5;, (1)

Dowz (1)by0p (1) @ i1 (1)agyos (1)ow (1)

= Ui2(1)a(1)b(1)gj_21
— Zaig(l)a(l)aj_;
b(g)O'l_ll(l)
= (Y oanoy (1) @oua(Lamoy (1) ok (1)bayo' (1)
® ax1 (1)bzy o7, (1))
= Ay (a)Ay(b),a,b € A

( (
( )

Thus
Ay (ab) = Ay(a)Ay(b), a,be A

And A, (1) = oo (1)1 405 (1) @ o1 (D)1 407 (1) =14 ® 14.
Hence A, and ¢ are algebra homomorphisms, i.e., (A,, m,u, Ay, €)
is a bialgebra. We can show that S, is an antipode of the bialgebra
(As,m,u, Ay, e):
(Sy *xid)(a)
=mo (S, ®id)(As(a))
=3 So(ok2(V)aqyasy (D) (or1 (Dagyop; ' (1))
=> S(Uz'z(l))dﬂ(1)5(%2(1)&(1)01}1(1))5_1(Uj_zl(l))aﬁl(1)Uk1(1)
a(2)0p, 1(1)

= S(0i2(1))oir (1)S(035" (1)) S (aq1y) S(or2(1))S ™ (05" (1)o7 (1)
or1(Daop (1)

=Y S(0i2(1))oir (1)S(a3," (1 ))S(a<1))5(0k2(1))5_1(0{21(1))0}11(1)
a1 (Do (1)e m1(1)07711(1))€(0m2( )02 (1))

=2 S(0i2(1))e(o75 (1))ai (Do (1))S (o35 (1)) (aqy)S(arz(1))
S~ 055 (De(omz(1)))o5, (De(omi (1)ow (Vaggop; (1)

=32 5(03,(1))S(a(1))S (or2(1 ))Ukl(l)a@)% (1)

(o
Jo
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> S(o5 (1))S(a))S(or2(1)ar (Vayo ' (1)e(o; (1)oin (1))
e(ojy (1)aia(1))

=2 S(035 (1))e(032(1))S (a(1)) S (or2(1))e (0 (1))arr (1e(o; (1))
a(g)al_ll(l)e(aﬂ(l))

>-S(awy)ag

=:€(a)1A

= (uoe)(a), a€ A, by Proposition 1, (5). Similarly,

Z(id*Scf) =uoe.
Hence S, is an antipode of A,. Therefore, (A4,,m,u,A,,&,S,) is a
Hopf algebra. 0J

Let B and C' be bialgebras. Recall the definition of skew copairing
in [3], which is the dual concept of skew pairing in [5].

DEFINITION 1. Let B and C be bialgebras. We say that B and C'
are skew copaired if there exists a k-linear map o: k — BRC, o(1) =
Y 01(1) ® 02(1) (called the skew copairing) such that the diagrams
below commute :

Eo—2 B®C dd®Be, B CowC

Akl Tm3®id®id
ok <227, BoCoBoC 2% poBeCoC
o —2 BeC L8 poBgC
AkJ/ Tid@id@mc
ok <227, BoCoBoC 2% poBeCoC
id id
k — k — k

l13® lﬁ l@lc
Bok —— BoC 22 ke C
1dRec
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The commutativity of the diagrams above can be expressed equa-

tionally in the following way:

ZUI )(1)® 0'2 (2) —ZO’H 0']1 ®O’i2(1)®0'j2(1)---(1)
Z(Ul( ))(1) @ (01(1))(2) @ 02(1) = Y 00 (1) ® 051 (1) @ 032 (1)aja(1) -+ (2)
28(01(1))6902 )=1®1, Zal ®e(o2(l)) =1®1---(3)

where (1) => 01(1)®02(1) e B&C.
ExaMPLE 2. ([3]) Let H be a finite dimensional Hopf algebra.

Define o as the coevaluation map
o:k—HP?QH* o) = Zhi ® hj,

where {h;},{h}} are dual bases of H and H*. Then we see that o is
a skew copairing on H°? and H*.

Recall the definition of quasitrianular Hopf algebra in [1] and [2].
If B and C' are skew copaired Hopf algebras with an invertible skew
copairing then some properties are similar to those in quasitriangular

Hopf algebras.

PROPOSITION 2. If B and C' are skew copaired Hopf algebras with
an invertible skew copairing, o: k — B ® C, which is convolution
invertible where o= (1) = 3. o7 *(1) ® 05 ' (1), then

(1) o()o~ 1) =1p®1c, o7 (1)o(1) =1p® 1¢
(2) Yo7 (1)) @ (07 (1)) (2) @ 05 (1)
=Y 05 (V@0 (D@, (o' (1)
(3) Xor'(M) @ (ox ' (1)) @ (03" (1))2)
=Y 05 (Vojy (D®oy, (D)@' (1)
4) Xeplor'(D)oy (1) =1, Yo' (Dec(oz ' (1) = 1.
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Proof. (1) : Since o~ ! is a convolution inverse of o,

1®1=upgcer(l) = (e xo1)(1)
= (mpgco(c®o™)oA)(1)

=o(1)o71(1).
Similarly,
ot (o(l) =1®1.
(2) : Since
1= (Ap®id)((oc*o1)(1))
= [(Ap ®@id)o(1)][(Ap ®id)o~ (1)),
we have

[(Ap ®id)o(1)] ™ = (Ap @ id)o ™ (1).

93

By Definition 1, (2), (AB@)id)O‘(l) = 013023, where o3 = 20'1(1)@)
1p ® 02(1) and 023 = > 1p ® 01(1) ® 02(1) in B® B ® C, so

(Ap @id)o~' (1) = [(Ap ®id)o(1)] ! = 053 073"
Thus

(Ap ®@id)o~ (1) = 05310;31

=) oa'l (1) ® 05 (Lo (1).

(3) : Similarly,

(id® Ac)o (1) = o3 oo

= oq'(Mop' (1) @ o' (1) @ o' (1).

(4) : Since

1®1=(id®ec)((o*xo1)(1))
= (id®ec)(o(1)o™1(1))

(1)
(DI[(id @ ec)o™' (1)),

[(id®ec)o
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1®1=[(idoec)o(1)] ' = (idoec)o™ (1) =S o7 (1) @ec(oy (1)
by Definition 1,(3). Similarly, 3" eg(o; (1))oy (1) = 1. O

LEMMA 1. If B and C' are skew copaired bialgebras with a skew
copairing o: k — B ® C, then B°P and C'°°P are skew copaired bial-

gebras with same skew copairing o: k — B°P @ C°°P,

Proof. Since B and C' are skew copaired bialgebras

((id ® Ag)o)(1)

— (id® 70 0 Ac)o(1)

= (id ® 7¢)((id ® Ac)o(1))

= (id®@71c)((mp ®id®id)(id ® T ® id)(0c @ 0)(1))
= (id ® 7¢) ZU“ )o1(1) ® 0i2(1) @ 0j2(1))

—2011 )o1(1) ® 0j2(1) ® 042(1)

= (Mm% ®id®id)(id @ T ® id)(c ® 0)(1),

and
(Ap ®id)o)(1) = (id ® id ® m¢)(id @ T ®id)(0 @ o)(1)

by definition. O

ExXAMPLE 3. Let H be a finite dimensional Hopf algebra. As in
Example 2, the coevaluation map ¢ : k — H? ® H*, o(l) =
> hi ® h}is a skew copairing on H°? and H*. By Lemma 1, 0: k —
(H°P)°P @ (H*)“°P is a skew copairing on H and (H™*)P.

ProprosiTION 3. Let B and C be skew copaired Hopf algebras
with bijective antipodes Sp, Sc respectively and with an invertible

skew copairing oc: k — B ® C. Then

= o1(1) @ Sc(oa(1)), = S5l (1) @ oy (1),
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Proof. By the Definition 1, (1) and (3),

o(1)(id ® Sc)(o(1))

= 3 (Dot (1) © i (1Se(oa(1)

= (id®@m)(id ® id @ S¢)( ZU“ )o1(1) ® 0i2(1) @ 0j2(1))
(id®id ® Sc)(D _ o1(1) )1y @ (02(1))2))

(id ® id @ Sc)((id ® Ac)(o ( ))

(1))

=(id®@m
=(id®@m
=(ld®e)
=1®1.

)
)
)
(o

Therefore

201 ® Sc(o2(1)).

Since S~! is an anti-coalgebra morphism

o (1)(Sp" @id)(07 (1))
=Y 0 (1S5 o (1) ® 03 (Vo' (1)
= (mp ®id)(id® Sg' ® z’d)(z o7 () @ oy (1) @ 033 (1o (1))
= (mp ®id)(id ® Sp' @ id)(Y_(o7" (D)) © (o7 W)y ® 03" (1))
=Y (o7 (M) S5 (o7 (D)) @ o5 (1)

(8®Zd)( (1)
=1®1,

by Proposition 2, (2) and (4). Therefore

ZS ®02 (1)7

as desired. 0
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COROLLARY 1. Let B and C' be skew copaired Hopf algebras with
bijective antipodes Sp, Sc respectively and with an invertible skew

copairing o: k — B ® C. Then
= o1(1) ® S5 (o2(1)).

Proof. If (B,mp,up,Ap,ep,Sg) and (C,mc,uc,Ac,ec,Sc) are
Hopf algebras then (BOp,ng’,uB,AB,SB,Sgl) and (C°P m¢,uc,
A ec, Sal) are Hopf algebras with antipode Sgl, and Sal respec-
tively [1]. By Lemma 1, B°? and C°°P are skew copaired Hopf alge-
bras with skew copairing o. By Proposition 3, 071(1) = Y 01(1) ®
551 (02(1)). a

ExXAMPLE 4. Let (H,m,u,A,e,S) be a finite dimensional Hopf
algebra with basis {h;}. Define o as the coevaluation map ¢ : k —
H°P @ H*, o(1) = > h; ® h} where {h!} is the dual basis of {h;}.
Then we see that o is an invertible skew copairing on H°? and H*.
By Proposition 3 and Corollary 1, o=1(1) = Y h; ® S71(h}) and

o(1) = X5 oy '(1)) ® 031 (1). So o(1) = 3257 (hy) @ STH(hy).
Hence 071(1) = 32 01(1) ® S(o2(1)) = X257 (ki) ® S(STH(R])) =
S S (hi) @ hi.

DEFINITION 2. Bialgebras B and C are opposite skew copaired
if there exists a skew coparing o: k — B ® C (is called the opposite
skew coparing on B and C) such that > 01(1)oj1(1) = > 041 (1)1 (1)
where 0(1) = > 041(1) ® 052(1) € B® C.

The opposite skew copairity can be expressed equationally in the

following way:

201 )(1) ® 02 (2) = Zgﬂ 011 ® gi2(1) X gj2(1) ..
2(01( ))(1) ® (01(1))(2) ® o2(1 Zazl ® 0j1(1) ® gia(1)oj2(1) - --
25(01(1))@)02 =1®1, Zal YRe(oa(1)=1®1---
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where (1) => 0,1(1) ® 042(1) € B C.

EXAMPLE 5. Let H4 be Sweedler’s four-dimensional Hopf algebra
over k, and assume char k # 2. As an algebra over k, Hy is generated
by g and z with relations

92:1, ¢ =0, zg = —gz.

The coalgebra structure and antipode are determine by

Alg) = g®yg, A®) = (z®@9)+(1®2),

elg) =1, e(x)=0, S(g)=g9=g ", S(x) =gz

Hy has a basis {1, g, z, gz }. Let kZ5 be written multiplicatively as
{1,a}, and assume char k # 2. Now let

1
o) =;(101+10a+g®1-g®a) € Hi® k2.

Then one can easily check that ¢ is an invertible opposite skew co-
pairing of (Hy, kZs) with 0~ = o. Therefore (Hy, kZ>) are opposite
skew copaired Hopf algebras.

PROPOSITION 4. Let o be an invertible opposite skew copairing
on (B,C) and let A = B ®y, C, the usual tensor product of algebras.
Then the linear form [o] on A defined by

o]: k— (B (C)® (B C),

1L Y [0l ® o] = D (01(1) ®1) ® (1 ® 02(1)) satisfies (*) with
inverse [0]71(1) = Y (o7 (1) ® 1) ® (1 ® o5 1(1)).
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Proof. By the Definition 2, (1) and (2),

—

[0

(]

i2(1)([0]52(1)) (1) ® [o]i1 (1) ([0]52(1)) (2) ® [o]51(1)

NI ®0oj2(1)1) @ (0 (1) @ (1 ® 052(1))(2) ® (051(1) @ 1)
)1 ® (052(1)) 1)) @ (0i1(1) @ 1)(1 ® (052(1))(2)) ® (051(1) @ 1)
N1 ®052(1) ® (0:1(1) ® 1)(1 ® 0k2(1)) ® (01 ()01 (1) © 1)
)oj2(1)) ® (1 ® ox2(1)) (031 (1) ® 1) ® (%1 (1) ® 1)(052(1) ® 1)

) © (L®ok2(1))((051(1)) 1) ©®1) @ (ox1(1) @ 1)((051(1))(2) ® 1)
) ® (1@ 0i2(1))(0;1(1) ® 1) (1) ® (0 (1) @ 1)(051(1) ® 1)2)

[0]52(1) @ [o]i2(1)([e];1 (1)) 1) ® [e]ir (1) ([o]51(1))(2),

(1 ® iz
(1 ® iz
(1®042(1
(1® iz
(1® aja(
( (

MMMMMMM

as desired. 0

The following theorem shows that (A[s), m,u, A, €, S[s)) are new
Hopf algebras.

THEOREM 2. Let (B,mp,up,Ap,ep) and (C,m¢c,uc, Ac,ec) be
opposite skew copaired bialgebras with an invertible opposite skew
copairing o. Let [o] be the linear form in Proposition 4. There exists a
bialgebra structure on the vector space B&yC, such that Ay, = B&C,
the usual tensor product of algebras as algebra with unit ug ® uc and

its comultiplication is given by

Agj(b@c) =Y (bay @ oa()eyoy (1) @ (a1(Dbyor (1) @ ¢(2)),
and its counit by
e(b®c) =ep(b)ec(c)

for allb € B,ce C.
If the bialgebras B and C' have antipodes, respectively denote Sp
and Sc, then the bialgebra (Ajy), mp®mc,up®@uc, Ay, €) is a Hopf
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algebra with antipode S[U] given by
Seb@c) =) ai(1) o1 (1) ® Sc(o2(1))Sc(e)Sg' (o3 (1))
Proof. By Theorem 1, and by Proposition 4, (4[5, m,u, A, €) isa
bialgebra, if B and C are Hopf algebras, then (A, m,u, Ay, €, S[4])
is a Hopf algebra since A, = B @ C is an algebra by the definition
of Ay. And iflet [0]: k —» (BRC)®@(B®C), 1— > [c1(1)®[o]2(1)
then
A[U](b ® C)
= lola()(b @ c))lo)s (1) @ [o]1(1)(b @ ¢)z) (o] (1)
= (1 ®@02(1))(ba)y ® c1))(1®@ 051 (1) @ (01 (1) @ 1)(bz) © c(2)) (07 (1) @ 1)
= (b ® 02(1)c1yo3 1 (1) @ (01 (Db2yor (1) @ ¢2)),
and
S[U](b ® c)
= 5([0] 1(1D)S(b®e)S™H (o) (1)[o] (1)
= S(1®0a(1) (o1 (1) @ D)(S(b) ® S(e)S (L ®oy ' (1)(o7 (1) @ 1)

= (SB(1) ® Sc(02(1)))(01(1) © 1)(Sp(b) © Sc(e))(S5' (1) ® Sg' (051 (1)))
(o7 (1) ®1)
=Y o1(1)Sp(b)or (1) @ Sc(02(1)Sc(c)Sc (o (1)),
as desired. 0

Recall the definition of coquasitriangular Hopf algebra in [2]. The
dual space of Drinfeld double D(H)* is an interesting object for the
study of coquasitriangular Hopf algebras. We are going to show
that (Ajs), ma,ua, Ajs),€4,S,]) is the dual space of Drinfeld double,
D(H)*, as Hopf algebra. So we find a constuction of coquasitriangu-
lar Hopf algebras when H is a finite dimensional commutative Hopf

algebra.
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THEOREM 3. Let (H,m,u,A,¢e,S) be a finite dimensional commu-
tative Hopf algebra with dual basis {h;} and {h}}. Let A= H?@ H*.
If we definec: k — H?@H* by o(1) = > h;®h} then the Hopf alge-
bra (Ajs),ma,ua, Ais],€4,S4]) is the dual space of Drinfeld double,
D(H)*, as Hopf algebra.

Proof. Since H is commutative, the skew copairing o is an oppo-
site skew coparing of bialgebras H°? and H* with inverse o~1(1) =
>S5~ (h;) @ h} as in Example 4. As an algebra, A = H°? @ H* has
the same product with D(H)*, the usual tensor product of algebras.

The comultiplication on A, is

A[a](h ® f)
= (ha) @ 02(1) f1yo5 ' (1) @ (07 (Dh2)01(1) ® f(z))
= (hay @ hifayhi) @ (S7 (h)hyhs © fi2))

in H°? @ H* by Theorem 2. Therefore the bialgebra A, is the dual
space of Drinfeld double, D(H)*, as bialgebra. By Proposition 3, and
Corollary 1, " h; @ S(h}) = o71(1) = S h; ® S7Y(h}) and o(1) =
S8 oy (1) ® o5 1(1). Hence o(1) = .87 H(h;) @ S~1(h}). The
antipode on Ap, is

Se1(h @ f)

=> o7 (1)S(h)o1 (1) @ S(o2(1)S(f)S ™ (o3 (1))
=D heS(R)S™H(he) ® S(STH(h7))S()STH(S(h]))
= hS(h)S™ (hi) ® hi S(f)hs,

by Theorem 2. Therefore the Hopf algebra A, is the dual space of
Drinfeld double, D(H)*, as Hopf algebra. OJ
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COROLLARY 2. Let (H,m,u,A,¢e,S) be a finite dimensional com-
mutative Hopf algebra with dual basis {h;} and {h}}. Let A= H? ®
H*. If we definec: k — H°? @ H* by o(1) = >_ h;®h} then the Hopf

algebra (A[,],ma,ua, A, €4, S|s)) is coquasitriangular.

Proof. By [2, Proposition 10.3.14], the dual space of Drinfeld dou-
ble, D(H)* is a coquasitriangular Hopf algebra with braiding < | >:
DH)*®@D(H)* - kisgiven by < h® flk®g >=¢e(k)f(1) < g,h >,
as desired. O
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