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OPPOSITE SKEW COPAIRED HOPF ALGEBRAS

Junseok Park* and Wansoon Kim**

Abstract. Let A be a Hopf algebra with a linear form σ : k →

A⊗A, which is convolution invertible, such that σ21(∆⊗id)τ (σ(1)) =

σ32(id⊗∆)τ (σ(1)). We define Hopf algebras, (Aσ , m, u,∆σ , ε, Sσ). If

B and C are opposite skew copaired Hopf algebras and A = B ⊗k C

then we find Hopf algebras, (A[σ], mB ⊗ mC , uB ⊗ uC , ∆[σ], εB ⊗

εC , S[σ]). Let H be a finite dimensional commutative Hopf algebra

with dual basis {hi} and {h∗i }, and let A = Hop ⊗ H∗. We show

that if we define σ : k → Hop ⊗ H∗ by σ(1) =
∑

hi ⊗ h∗i then
(A[σ],mA, uA, ∆[σ], εA, S[σ]) is the dual space of Drinfeld double,

D(H)∗ , as Hopf algebra.

Let k be a field. All unadorned tensor products are over k and

all maps are k-linear. For f, g ∈ Hom(C,A), where C is a coalgebra

and A is an algebra, f ∗ g is its convolution product mA(f ⊗ g)∆C .

Let τ : V ⊗ W → W ⊗ V be the twist map given by τ (v ⊗ w) =

w ⊗ v. We use the sigma notation [4]; for c ∈ C , ∆(c) =
∑

c(1) ⊗

c(2). If (B,mB , uB,∆B, εB , SB) and (C,mC , uC ,∆C , εC , SC) are Hopf

algebras then (B⊗k C,mB⊗C , uB⊗uC ,∆B⊗C , εB ⊗ εC , SB ⊗SC) has

the Hopf algebra structure of the usual tensor product of algebras and

the usual tensor product of coalgebras.

Proposition 1. If (A,m, u,∆, ε, S) is a Hopf algebra with a con-

volution invertible linear form, σ : k → A⊗ A, such that

(∗)
∑

σi2(1)(σj2(1))(1) ⊗ σi1(1)(σj2(1))(2) ⊗ σj1(1)

=
∑

σj2(1)⊗ σi2(1)(σj1(1))(1) ⊗ σi1(1)(σj1(1))(2),

Received by the editors on April 01, 2004.

2000 Mathematics Subject Classifications: Primary 16S40.

Key words and phrases: skew copaired Hopf algebra, Drinfeld double.

85



86 J. PARK AND W. KIM

where σ(1) =
∑

σi1(1)⊗ σi2(1) and σ−1(1) =
∑

σ−1
j1 (1)⊗ σ−1

j2 (1),

then

(1)
∑

σi1(1)σ−1
j1 (1)⊗ σi2(1)σ−1

j2 (1) = 1⊗ 1,
∑

σ−1
j1 (1)σi1(1)⊗ σ−1

j2 (1)σi2(1) = 1⊗ 1.

(2)
∑

ε(σ1(1))σ2(1) = 1,
∑

σ1(1)ε(σ2(1)) = 1.

(3)
∑

(σ−1
i2 (1))(1)σ

−1
j2 (1)⊗ (σ−1

i2 (1))(2)σ
−1
j1 (1)⊗ σ−1

i1 (1)

=
∑

σ−1
i2 (1)⊗ (σ−1

i1 (1))(1)σ
−1
j2 (1)⊗ (σ−1

i1 (1))(2)σ
−1
j1 (1).

(4)
∑

ε(σ−1
1 (1))σ−1

2 (1) = 1,
∑

σ−1
1 (1)ε(σ−1

2 (1)) = 1.

(5)
∑

σi1(1)ε(σ−1
j1 (1))⊗ σ−1

j2 (1)ε(σi2(1)) = 1⊗ 1,
∑

σ−1
j1 (1)ε(σi1(1))⊗ σi2(1)ε(σ−1

j2 (1)) = 1⊗ 1.

(6)
∑

S(σi2(1))σi1(1)S−1(σ−1
j2 (1))σ−1

j1 (1) = 1,
∑

S−1(σ−1
j2 (1))σ−1

j1 (1)S(σi2(1))σi1(1) = 1.

Proof. (1) : Since σ−1 is a convolution inverse of σ,

1 ⊗ 1 = uA⊗Aεk(1) = (σ ∗ σ−1)(1) = (m ◦ (σ ⊗ σ−1) ◦ ∆)(1) =

σ(1)σ−1(1),

1⊗ 1 = uA⊗Aεk(1) = (σ−1 ∗ σ)(1) = σ−1(1)σ(1).

(2) : Applying id⊗ ε ⊗ id to both sides of (∗), we have
∑

σi2(1)(σj2(1))(1) ⊗ ε(σi1(1))ε((σj2(1))(2))⊗ σj1(1)

=
∑

σj2(1)⊗ε(σi2(1))ε((σj1(1))(1))⊗σi1(1)(σj1(1))(2).

Therefore,

∑

σi2(1)σj2(1)⊗ε(σi1(1))⊗σj1(1) =
∑

σj2(1)⊗ε(σi2(1))⊗σi1(1)σj1(1).

Multiplying
∑

σ−1
k2 (1)⊗ 1⊗ σ−1

k1 (1) on the right,

(
∑

ε(σi1(1))σi2(1))⊗ 1⊗ 1 = 1⊗ 1⊗ (
∑

σi1(1)ε(σi2(1))),

by (1). Thus

∑

σi1(1)ε(σi2(1)) = 1 =
∑

ε(σi1(1))σi2(1).
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(3) : The condition (∗) can be expressed as

σ21(∆⊗ id)τ (σ(1)) = σ32(id⊗∆)τ (σ(1)),

where σ21 =
∑

σ2(1)⊗ σ1(1)⊗ 1 and σ32 =
∑

1⊗ σ2(1)⊗ σ1(1).

Since

1 = (∆⊗ id)(τ (σ−1 ∗ σ)(1)) = [(∆⊗ id)τ (σ−1(1))][(∆⊗ id)τ (σ(1))]

and

[(∆⊗ id)τ (σ−1(1))][(∆ ⊗ id)τ (σ(1))] = 1,

it follows that

(∆⊗ id)τ (σ−1(1)) = [(∆⊗ id)τ (σ(1))]−1 .

Similarly,

(id ⊗∆)τ (σ−1(1)) = [(id ⊗∆)τ (σ(1))]−1 .

Hence

(∆⊗ id)τ (σ−1(1)) · σ−1
21 = [(∆⊗ id)τ (σ(1))]−1 · σ−1

21

= [σ21 · (∆⊗ id)τ (σ(1))]−1

= [σ32 · (id⊗∆)τ (σ(1))]−1

= [(id ⊗∆)τ (σ(1))]−1 · σ−1
32

= (id ⊗∆)τ (σ−1(1)) · σ−1
32 ,

where third equality follows from (∗).

(4) : It is proved in a same way of the proof of (2), using (3).

(5) : From (2) and (4).

(6) : Using (1) and (5),
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∑

S(σi2(1))σi1(1)S−1(σ−1
j2 (1))σ−1

j1 (1)

=
∑

S(σi2(1))σi1(1)S−1(σ−1
j2 (1))σ−1

j1 (1)ε(σ−1
l1 (1)σk1(1))ε(σ−1

l2 (1)

σk2(1))

=
∑

S(σi2(1)ε(σ−1
l2 (1)))σi1(1)ε(σ−1

l1 (1))S−1(σ−1
j2 (1)ε(σk2(1)))σ−1

j1 (1)

ε(σk1(1))

= 1.

Similarly,
∑

S−1(σ−1
2 (1))σ−1

1 (1)S(σ2(1))σ1(1) = 1. �

Example 1. Every Hopf algebra satisfies the condition (∗) by

setting σ(1) = 1 ⊗ 1. Let kZ2 be written multiplicatively as {1, g},

and assume char k 6= 2. Now let

σ(1) =
1

2
(1 ⊗ 1 + 1⊗ g + g ⊗ 1− g ⊗ g).

Then one can easily check that σ satisfies the property (∗).

We will define a new comultiplication ∆σ and a new antipode Sσ

on a Hopf algebra (A,m, u,∆, ε, S). Then the following shows that

(A,m, u,∆σ, ε, Sσ) is a Hopf algebra.

Theorem 1. Let (A,m, u,∆, ε, S) be a Hopf algebra with an in-

vertible linear form, σ : k → A ⊗ A. Assume that σ satisfies the

condition (∗). Define Aσ = A, as an algebra. If we define the coprod-

uct ∆σ and the antipode Sσ by

∆σ(a) =
∑

σi2(1)a(1)σ
−1
j2 (1)⊗ σi1(1)a(2)σ

−1
j1 (1),

Sσ(a) =
∑

S(σi2(1))σi1(1)S(a)S−1(σ−1
j2 (1))σ−1

j1 (1), a ∈ A, then

(Aσ,m, u,∆σ, ε, Sσ) is a Hopf algebra.

Proof. By the property (∗) and Proposition 1, (3),

(∆σ ⊗ id)∆σ(a)

= (∆σ ⊗ id)(
∑

σi2(1)a(1)σ
−1
j2 (1)⊗ σi1(1)a(2)σ

−1
j1 (1))

=
∑

∆σ(σi2(1)a(1)σ
−1
j2 (1))⊗ σi1(1)a(2)σ

−1
j1 (1)

=
∑

σk2(1)(σi2(1)a(1)σ
−1
j2 (1))(1)σ

−1
l2 (1)⊗σk1(1)(σi2(1)a(1)σ

−1
j2 (1))(2)
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σ−1
l1 (1)⊗ σi1(1)a(2)σ

−1
j1 (1)

=
∑

σk2(1)(σi2(1))(1)(a(1))(1) (σ−1
j2 (1))(1)σ

−1
l2 (1) ⊗ σk1(1)(σi2(1))(2)

(a(1))(2)(σ
−1
j2 (1))(2)σ

−1
l1 (1)⊗ σi1(1)a(2)σ

−1
j1 (1)

=
∑

σi2(1)a(1)σ
−1
j2 (1) ⊗ σk2(1)(σi1(1))(1) (a(2))(1) (σ−1

j1 (1))(1)σ
−1
l2 (1)

⊗ σk1(1)(σi1(1))2 (a(2))(2) (σ−1
j1 (1))(2)σ

−1
l1 (1)

=
∑

σi2(1)a(1)σ
−1
j2 (1) ⊗ σk2(1)(σi1(1)a(2)σ

−1
j1 (1))(1)σ

−1
l2 (1)

⊗ σk1(1)(σi1(1)a(2)σ
−1
j1 (1))(2)σ

−1
l1 (1)

=
∑

σi2(1)a(1)σ
−1
j2 (1)⊗∆σ(σi1(1)a(2)σ

−1
j1 (1))

= (id ⊗ ∆σ)(
∑

σi2(1)a(1)σ
−1
j2 (1) ⊗ σi1(1)a(2)σ

−1
j1 (1))

= (id ⊗ ∆σ)∆σ(a) a, b ∈ A.

Thus

(∆σ ⊗ id)∆σ = (id ⊗ ∆σ)∆σ.

By Proposition 1, (2) and (4),
∑

ε(σi2(1) a(1) σ−1
j2 (1))σi1(1) a(2)σ

−1
j1 (1)

=
∑

ε(σi2(1))ε(a(1))ε(σ
−1
j2 (1))σi1(1) a(2)σ

−1
j1 (1) = a, a ∈ A.

Thus

(ε⊗ id)∆σ = 1⊗ .

Similarly,

(id⊗ ε)∆σ = ⊗1.

Hence (Aσ ,∆σ, ε) is coassociative and counitary. By Proposition 1,
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(1),

∆σ(ab)

= σi2(1)(ab)(1)σ
−1
j2 (1)⊗ σi1(1)(ab)(2)σ

−1
j1 (1)

= σi2(1)a(1)b(1)σ
−1
j2 (1)⊗ σi1(1)a(2)b(2)σ

−1
j1 (1)

=
∑

σi2(1)a(1)σ
−1
j2 (1)σk2(1)b(1)σ

−1
l2 (1)⊗ σi1(1)a(2)σ

−1
j1 (1)σk1(1)

b(2)σ
−1
l1 (1)

= (
∑

σi2(1)a(1)σ
−1
j2 (1)⊗ σi1(1)a(2)σ

−1
j1 (1))(

∑

σk2(1)b(1)σ
−1
l2 (1)

⊗ σk1(1)b(2)σ
−1
l1 (1))

= ∆σ(a)∆σ(b), a, b ∈ A.

Thus

∆σ(ab) = ∆σ(a)∆σ(b), a, b ∈ A.

And ∆σ(1) = σ2(1)1Aσ−1
2 (1)⊗ σ1(1)1Aσ−1

1 (1) = 1A ⊗ 1A.

Hence ∆σ and ε are algebra homomorphisms, i.e., (Aσ,m, u,∆σ, ε)

is a bialgebra. We can show that Sσ is an antipode of the bialgebra

(Aσ,m, u,∆σ, ε) :

(Sσ ∗ id)(a)

= m ◦ (Sσ ⊗ id)(∆σ(a))

=
∑

Sσ(σk2(1)a(1)σ
−1
l2 (1))(σk1(1)a(2)σ

−1
l1 (1))

=
∑

S(σi2(1))σi1(1)S(σk2(1)a(1)σ
−1
l2 (1))S−1(σ−1

j2 (1))σ−1
j1 (1)σk1(1)

a(2)σ
−1
l1 (1)

=
∑

S(σi2(1))σi1(1)S(σ−1
l2 (1))S(a(1))S(σk2(1))S−1(σ−1

j2 (1))σ−1
j1 (1)

σk1(1)a(2)σ
−1
l1 (1)

=
∑

S(σi2(1))σi1(1)S(σ−1
l2 (1))S(a(1))S(σk2(1))S−1(σ−1

j2 (1))σ−1
j1 (1)

σk1(1)a(2)σ
−1
l1 (1)ε(σm1(1)σ−1

n1 (1))ε(σm2(1)σ−1
n2 (1))

=
∑

S(σi2(1))ε(σ−1
n2 (1))σi1(1)ε(σ−1

n1 (1))S(σ−1
l2 (1))S(a(1))S(σk2(1))

S−1(σ−1
j2 (1)ε(σm2(1)))σ−1

j1 (1)ε(σm1(1))σk1(1)a(2)σ
−1
l1 (1)

=
∑

S(σ−1
l2 (1))S(a(1))S(σk2(1))σk1(1)a(2)σ

−1
l1 (1)
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=
∑

S(σ−1
l2 (1))S(a(1))S(σk2(1))σk1(1)a(2)σ

−1
l1 (1)ε(σ−1

j1 (1)σi1(1))

ε(σ−1
j2 (1)σi2(1))

=
∑

S(σ−1
l2 (1))ε(σi2(1))S(a(1))S(σk2(1))ε(σ−1

j2 (1))σk1(1)ε(σ−1
j1 (1))

a(2)σ
−1
l1 (1)ε(σi1(1))

=
∑

S(a(1))a(2)

= ε(a)1A

= (u ◦ ε)(a), a ∈ A, by Proposition 1, (5). Similarly,
∑

(id ∗ Sσ) = u ◦ ε.

Hence Sσ is an antipode of Aσ. Therefore, (Aσ,m, u,∆σ, ε, Sσ) is a

Hopf algebra. �

Let B and C be bialgebras. Recall the definition of skew copairing

in [3], which is the dual concept of skew pairing in [5].

Definition 1. Let B and C be bialgebras. We say that B and C

are skew copaired if there exists a k-linear map σ : k → B⊗C, σ(1) =
∑

σ1(1) ⊗ σ2(1) (called the skew copairing) such that the diagrams

below commute :

k
σ

−−−−→ B ⊗ C
id⊗∆C−−−−−→ B ⊗ C ⊗ C

∆k





y

x





mB⊗id⊗id

k ⊗ k
σ⊗σ
−−−−→ B ⊗ C ⊗B ⊗ C

id⊗τ⊗id
−−−−−−→ B ⊗B ⊗ C ⊗ C

k
σ

−−−−→ B ⊗ C
∆B⊗id
−−−−−→ B ⊗B ⊗ C

∆k





y

x





id⊗id⊗mC

k ⊗ k
σ⊗σ
−−−−→ B ⊗ C ⊗B ⊗ C

id⊗τ⊗id
−−−−−−→ B ⊗B ⊗ C ⊗ C

k
id

−−−−→ k
id

−−−−→ k




y

1B⊗





y

σ





y

⊗1C

B ⊗ k ←−−−−
id⊗εC

B ⊗C
εB⊗id
−−−−→ k ⊗ C
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The commutativity of the diagrams above can be expressed equa-

tionally in the following way:

∑

σ1(1)⊗ (σ2(1))(1) ⊗ (σ2(1))(2) =
∑

σi1(1)σj1(1)⊗ σi2(1)⊗ σj2(1) · · ·(1)
∑

(σ1(1))(1) ⊗ (σ1(1))(2) ⊗ σ2(1) =
∑

σi1(1)⊗ σj1(1)⊗ σi2(1)σj2(1) · · ·(2)
∑

ε(σ1(1))⊗ σ2(1) = 1⊗ 1,
∑

σ1(1)⊗ ε(σ2(1)) = 1⊗ 1 · · ·(3)

where σ(1) =
∑

σ1(1)⊗ σ2(1) ∈ B ⊗ C.

Example 2. ([3]) Let H be a finite dimensional Hopf algebra.

Define σ as the coevaluation map

σ : k → Hop ⊗H∗, σ(1) =
∑

hi ⊗ h∗

i ,

where {hi}, {h
∗
i } are dual bases of H and H∗. Then we see that σ is

a skew copairing on Hop and H∗.

Recall the definition of quasitrianular Hopf algebra in [1] and [2].

If B and C are skew copaired Hopf algebras with an invertible skew

copairing then some properties are similar to those in quasitriangular

Hopf algebras.

Proposition 2. If B and C are skew copaired Hopf algebras with

an invertible skew copairing, σ : k → B ⊗ C, which is convolution

invertible where σ−1(1) =
∑

σ−1
1 (1)⊗ σ−1

2 (1), then

(1) σ(1)σ−1(1) = 1B ⊗ 1C , σ−1(1)σ(1) = 1B ⊗ 1C

(2)
∑

(σ−1
1 (1))(1) ⊗ (σ−1

1 (1))(2) ⊗ σ−1
2 (1)

=
∑

σ−1
i1 (1)⊗σ−1

j1 (1)⊗σ−1
j2 (1)σ−1

i2 (1)

(3)
∑

σ−1
1 (1)⊗ (σ−1

2 (1))(1) ⊗ (σ−1
2 (1))(2)

=
∑

σ−1
i1 (1)σ−1

j1 (1)⊗σ−1
j2 (1)⊗σ−1

i2 (1)

(4)
∑

εB(σ−1
1 (1))σ−1

2 (1) = 1,
∑

σ−1
1 (1)εC(σ−1

2 (1)) = 1.
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Proof. (1) : Since σ−1 is a convolution inverse of σ,

1⊗ 1 = uB⊗Cεk(1) = (σ ∗ σ−1)(1)

= (mB⊗C ◦ (σ ⊗ σ−1) ◦∆)(1)

= σ(1)σ−1(1).

Similarly,

σ−1(1)σ(1) = 1⊗ 1.

(2) : Since

1 = (∆B ⊗ id)((σ ∗ σ−1)(1))

= [(∆B ⊗ id)σ(1)][(∆B ⊗ id)σ−1(1)],

we have

[(∆B ⊗ id)σ(1)]−1 = (∆B ⊗ id)σ−1(1).

By Definition 1, (2), (∆B⊗id)σ(1) = σ13σ23, where σ13 =
∑

σ1(1)⊗

1B ⊗ σ2(1) and σ23 =
∑

1B ⊗ σ1(1) ⊗ σ2(1) in B ⊗ B ⊗ C, so

(∆B ⊗ id)σ−1(1) = [(∆B ⊗ id)σ(1)]−1 = σ−1
23 σ−1

13 .

Thus

(∆B ⊗ id)σ−1(1) = σ−1
23 σ−1

13

=
∑

σ−1
i1 (1)⊗ σ−1

j1 (1)⊗ σ−1
j2 (1)σ−1

i2 (1).

(3) : Similarly,

(id ⊗∆C)σ−1(1) = σ−1
13 σ−1

12

=
∑

σ−1
i1 (1)σ−1

j1 (1)⊗ σ−1
j2 (1)⊗ σ−1

i2 (1).

(4) : Since

1⊗ 1 = (id⊗ εC)((σ ∗ σ−1)(1))

= (id⊗ εC)(σ(1)σ−1(1))

= [(id⊗ εC)σ(1)][(id ⊗ εC)σ−1(1)],
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1⊗ 1 = [(id⊗ εC)σ(1)]−1 = (id⊗ εC)σ−1(1) =
∑

σ−1
1 (1)⊗ εC(σ−1

2 (1)

by Definition 1,(3). Similarly,
∑

εB(σ−1
1 (1))σ−1

2 (1) = 1. �

Lemma 1. If B and C are skew copaired bialgebras with a skew

copairing σ : k → B ⊗ C , then Bop and Ccop are skew copaired bial-

gebras with same skew copairing σ : k → Bop ⊗ Ccop.

Proof. Since B and C are skew copaired bialgebras

((id ⊗∆op
C )σ)(1)

= (id ⊗ τC ◦∆C)σ(1)

= (id ⊗ τC)((id ⊗∆C)σ(1))

= (id ⊗ τC)((mB ⊗ id⊗ id)(id ⊗ τ ⊗ id)(σ ⊗ σ)(1))

= (id ⊗ τC)(
∑

σi1(1)σj1(1)⊗ σi2(1)⊗ σj2(1))

=
∑

σi1(1)σj1(1)⊗ σj2(1)⊗ σi2(1)

= (mop
B ⊗ id⊗ id)(id ⊗ τ ⊗ id)(σ ⊗ σ)(1),

and

((∆B ⊗ id)σ)(1) = (id⊗ id⊗mC)(id ⊗ τ ⊗ id)(σ ⊗ σ)(1)

by definition. �

Example 3. Let H be a finite dimensional Hopf algebra. As in

Example 2, the coevaluation map σ : k → Hop ⊗ H∗, σ(1) =
∑

hi ⊗ h∗
i is a skew copairing on Hop and H∗. By Lemma 1, σ : k →

(Hop)op ⊗ (H∗)cop is a skew copairing on H and (H∗)cop.

Proposition 3. Let B and C be skew copaired Hopf algebras

with bijective antipodes SB, SC respectively and with an invertible

skew copairing σ : k → B ⊗ C. Then

σ−1(1) =
∑

σ1(1)⊗ SC(σ2(1)), σ(1) =
∑

S−1
B (σ−1

1 (1))⊗ σ−1
2 (1).
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Proof. By the Definition 1, (1) and (3),

σ(1)(id ⊗ SC)(σ(1))

=
∑

σi1(1)σj1(1)⊗ σi2(1)SC(σj2(1))

= (id ⊗m)(id⊗ id⊗ SC)(
∑

σi1(1)σj1(1)⊗ σi2(1)⊗ σj2(1))

= (id ⊗m)(id⊗ id⊗ SC)(
∑

σ1(1)⊗ (σ2(1))(1) ⊗ (σ2(1))(2))

= (id ⊗m)(id⊗ id⊗ SC)((id ⊗∆C)(σ(1))

= (id ⊗ ε)(σ(1))

= 1⊗ 1.

Therefore

σ−1(1) =
∑

σ1(1)⊗ SC(σ2(1)).

Since S−1 is an anti-coalgebra morphism

σ−1(1)(S−1
B ⊗ id)(σ−1(1))

=
∑

σ−1
j1 (1)S−1

B (σ−1
i1 (1))⊗ σ−1

j2 (1)σ−1
i2 (1)

= (mB ⊗ id)(id ⊗ S−1
B ⊗ id)(

∑

σ−1
j1 (1)⊗ σ−1

i1 (1)⊗ σ−1
j2 (1)σ−1

i2 (1))

= (mB ⊗ id)(id ⊗ S−1
B ⊗ id)(

∑

(σ−1
1 (1))(2) ⊗ (σ−1

1 (1))(1) ⊗ σ−1
2 (1))

=
∑

(σ−1
1 (1))(2)S

−1
B ((σ−1

1 (1))(1))⊗ σ−1
2 (1)

= (ε ⊗ id)(σ−1(1))

= 1⊗ 1,

by Proposition 2, (2) and (4). Therefore

σ(1) =
∑

S−1
B (σ−1

1 (1))⊗ σ−1
2 (1),

as desired. �
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Corollary 1. Let B and C be skew copaired Hopf algebras with

bijective antipodes SB, SC respectively and with an invertible skew

copairing σ : k → B ⊗ C. Then

σ−1(1) =
∑

σ1(1)⊗ S−1
C (σ2(1)).

Proof. If (B,mB , uB,∆B, εB, SB) and (C,mC , uC ,∆C , εC , SC) are

Hopf algebras then (Bop,m
op
B , uB,∆B, εB , S−1

B ) and (Ccop,mC , uC ,

∆op
C , εC , S−1

C ) are Hopf algebras with antipode S−1
B , and S−1

C respec-

tively [1]. By Lemma 1, Bop and Ccop are skew copaired Hopf alge-

bras with skew copairing σ. By Proposition 3, σ−1(1) =
∑

σ1(1) ⊗

S−1
C (σ2(1)). �

Example 4. Let (H,m, u,∆, ε, S) be a finite dimensional Hopf

algebra with basis {hi}. Define σ as the coevaluation map σ : k →

Hop ⊗ H∗, σ(1) =
∑

hi ⊗ h∗
i where {h∗

i } is the dual basis of {hi}.

Then we see that σ is an invertible skew copairing on Hop and H∗.

By Proposition 3 and Corollary 1, σ−1(1) =
∑

hi ⊗ S−1(h∗
i ) and

σ(1) =
∑

S−1(σ−1
1 (1)) ⊗ σ−1

2 (1). So σ(1) =
∑

S−1(hi) ⊗ S−1(h∗
i ).

Hence σ−1(1) =
∑

σ1(1) ⊗ S(σ2(1)) =
∑

S−1(hi) ⊗ S(S−1(h∗
i )) =

∑

S−1(hi)⊗ h∗
i .

Definition 2. Bialgebras B and C are opposite skew copaired

if there exists a skew coparing σ : k → B ⊗ C (is called the opposite

skew coparing on B and C) such that
∑

σi1(1)σj1(1) =
∑

σj1(1)σi1(1)

where σ(1) =
∑

σi1(1)⊗ σi2(1) ∈ B ⊗ C.

The opposite skew copairity can be expressed equationally in the

following way:

∑

σ1(1)⊗ (σ2(1))(1) ⊗ (σ2(1))(2) =
∑

σj1(1)σi1(1)⊗ σi2(1)⊗ σj2(1) · · ·(1)
∑

(σ1(1))(1) ⊗ (σ1(1))(2) ⊗ σ2(1) =
∑

σi1(1)⊗ σj1(1)⊗ σi2(1)σj2(1) · · ·(2)
∑

ε(σ1(1))⊗ σ2(1) = 1⊗ 1,
∑

σ1(1)⊗ ε(σ2(1)) = 1⊗ 1 · · ·(3)
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where σ(1) =
∑

σi1(1)⊗ σi2(1) ∈ B ⊗ C.

Example 5. Let H4 be Sweedler’s four-dimensional Hopf algebra

over k, and assume char k 6= 2. As an algebra over k, H4 is generated

by g and x with relations

g2 = 1, x2 = 0, xg = −gx.

The coalgebra structure and antipode are determine by

∆(g) = g ⊗ g, ∆(x) = (x⊗ g) + (1⊗ x),

ε(g) = 1, ε(x) = 0, S(g) = g = g−1, S(x) = gx.

H4 has a basis {1, g, x, gx}. Let kZ2 be written multiplicatively as

{1, a}, and assume char k 6= 2. Now let

σ(1) =
1

2
(1⊗ 1 + 1⊗ a + g ⊗ 1− g ⊗ a) ∈ H4 ⊗ kZ2.

Then one can easily check that σ is an invertible opposite skew co-

pairing of (H4, kZ2) with σ−1 = σ. Therefore (H4, kZ2) are opposite

skew copaired Hopf algebras.

Proposition 4. Let σ be an invertible opposite skew copairing

on (B,C) and let A = B ⊗k C, the usual tensor product of algebras.

Then the linear form [σ] on A defined by

[σ] : k 7→ (B ⊗C)⊗ (B ⊗C),

1 7→
∑

[σ](1) ⊗ [σ](2) =
∑

(σ1(1) ⊗ 1)⊗ (1 ⊗ σ2(1)) satisfies (∗) with

inverse [σ]−1(1) =
∑

(σ−1
1 (1)⊗ 1)⊗ (1⊗ σ−1

2 (1)).
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Proof. By the Definition 2, (1) and (2),

∑

[σ]i2(1)([σ]j2(1))(1) ⊗ [σ]i1(1)([σ]j2(1))(2) ⊗ [σ]j1(1)

=
∑

(1⊗ σi2(1))(1 ⊗ σj2(1))(1) ⊗ (σi1(1)⊗ 1)(1 ⊗ σj2(1))(2) ⊗ (σj1(1)⊗ 1)

=
∑

(1⊗ σi2(1))(1 ⊗ (σj2(1))(1))⊗ (σi1(1)⊗ 1)(1 ⊗ (σj2(1))(2))⊗ (σj1(1)⊗ 1)

=
∑

(1⊗ σi2(1))(1 ⊗ σj2(1))⊗ (σi1(1)⊗ 1)(1 ⊗ σk2(1))⊗ (σk1(1)σj1(1)⊗ 1)

=
∑

(1⊗ σi2(1)σj2(1))⊗ (1⊗ σk2(1))(σi1(1)⊗ 1)⊗ (σk1(1)⊗ 1)(σj1(1)⊗ 1)

=
∑

(1⊗ σj2(1))⊗ (1⊗ σk2(1))((σj1(1))(1) ⊗ 1)⊗ (σk1(1)⊗ 1)((σj1(1))(2) ⊗ 1)

=
∑

(1⊗ σj2(1))⊗ (1⊗ σi2(1))(σj1(1)⊗ 1)(1) ⊗ (σi1(1)⊗ 1)(σj1(1)⊗ 1)(2)

=
∑

[σ]j2(1)⊗ [σ]i2(1)([σ]j1(1))(1) ⊗ [σ]i1(1)([σ]j1(1))(2),

as desired. �

The following theorem shows that (A[σ],m, u,∆[σ], ε, S[σ]) are new

Hopf algebras.

Theorem 2. Let (B,mB , uB,∆B, εB) and (C,mC , uC ,∆C , εC) be

opposite skew copaired bialgebras with an invertible opposite skew

copairing σ. Let [σ] be the linear form in Proposition 4. There exists a

bialgebra structure on the vector space B⊗kC, such that A[σ] = B⊗C ,

the usual tensor product of algebras as algebra with unit uB⊗uC and

its comultiplication is given by

∆[σ](b ⊗ c) =
∑

(b(1) ⊗ σ2(1)c(1)σ
−1
2 (1))⊗ (σ1(1)b(2)σ

−1
1 (1)⊗ c(2)),

and its counit by

ε(b ⊗ c) = εB(b)εC (c)

for all b ∈ B, c ∈ C.

If the bialgebras B and C have antipodes, respectively denote SB

and SC , then the bialgebra (A[σ],mB⊗mC , uB⊗uC,∆[σ], ε) is a Hopf
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algebra with antipode S[σ] given by

S[σ](b ⊗ c) =
∑

σ1(1)SB(b)σ−1
1 (1)⊗ SC(σ2(1))SC(c)S−1

C (σ−1
2 (1)).

Proof. By Theorem 1, and by Proposition 4, (A[σ],m, u,∆[σ], ε) is a

bialgebra, if B and C are Hopf algebras, then (A[σ],m, u,∆[σ], ε, S[σ])

is a Hopf algebra since A[σ] = B ⊗ C is an algebra by the definition

of Aσ. And if let [σ] : k → (B⊗C)⊗ (B⊗C), 1 7→
∑

[σ]1(1)⊗ [σ]2(1)

then

∆[σ](b ⊗ c)

=
∑

[σ]2(1)(b ⊗ c)(1)[σ]−1
2 (1)⊗ [σ]1(1)(b ⊗ c)(2)[σ]−1

1 (1)

=
∑

(1 ⊗ σ2(1))(b(1) ⊗ c(1))(1 ⊗ σ−1
2 (1))⊗ (σ1(1)⊗ 1)(b(2) ⊗ c(2))(σ

−1
1 (1)⊗ 1)

=
∑

(b(1) ⊗ σ2(1)c(1)σ
−1
2 (1))⊗ (σ1(1)b(2)σ

−1
1 (1)⊗ c(2)),

and

S[σ](b ⊗ c)

=
∑

S([σ]2(1))[σ]1(1)S(b ⊗ c)S−1([σ]−1
2 (1))[σ]−1

1 (1)

=
∑

S(1⊗ σ2(1))(σ1(1)⊗ 1)(S(b)⊗ S(c))S−1(1 ⊗ σ−1
2 (1))(σ−1

1 (1)⊗ 1)

=
∑

(SB(1)⊗ SC(σ2(1)))(σ1(1)⊗ 1)(SB(b) ⊗ SC(c))(S−1
B (1)⊗ S−1

C (σ−1
2 (1)))

(σ−1
1 (1)⊗ 1)

=
∑

σ1(1)SB(b)σ−1
1 (1)⊗ SC(σ2(1))SC(c)S−1

C (σ−1
2 (1)),

as desired. �

Recall the definition of coquasitriangular Hopf algebra in [2]. The

dual space of Drinfeld double D(H)∗ is an interesting object for the

study of coquasitriangular Hopf algebras. We are going to show

that (A[σ],mA, uA,∆[σ], εA, S[σ]) is the dual space of Drinfeld double,

D(H)∗ , as Hopf algebra. So we find a constuction of coquasitriangu-

lar Hopf algebras when H is a finite dimensional commutative Hopf

algebra.
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Theorem 3. Let (H,m, u,∆, ε, S) be a finite dimensional commu-

tative Hopf algebra with dual basis {hi} and {h∗
i }. Let A = Hop⊗H∗.

If we define σ : k → Hop⊗H∗ by σ(1) =
∑

hi⊗h∗
i then the Hopf alge-

bra (A[σ],mA, uA,∆[σ], εA, S[σ]) is the dual space of Drinfeld double,

D(H)∗ , as Hopf algebra.

Proof. Since H is commutative, the skew copairing σ is an oppo-

site skew coparing of bialgebras Hop and H∗ with inverse σ−1(1) =
∑

S−1(hi)⊗ h∗
i as in Example 4. As an algebra, A = Hop ⊗H∗ has

the same product with D(H)∗ , the usual tensor product of algebras.

The comultiplication on A[σ] is

∆[σ](h⊗ f)

=
∑

(h(1) ⊗ σ2(1)f(1)σ
−1
2 (1))⊗ (σ−1

1 (1)h(2)σ1(1)⊗ f(2))

=
∑

(h(1) ⊗ h∗
sf(1)h

∗
t )⊗ (S−1(ht)h(2)hs ⊗ f(2))

in Hop ⊗H∗ by Theorem 2. Therefore the bialgebra A[σ] is the dual

space of Drinfeld double, D(H)∗ , as bialgebra. By Proposition 3, and

Corollary 1,
∑

ht ⊗ S(h∗
t ) = σ−1(1) =

∑

hi ⊗ S−1(h∗
i ) and σ(1) =

∑

S−1(σ−1
1 (1)) ⊗ σ−1

2 (1). Hence σ(1) =
∑

S−1(hi) ⊗ S−1(h∗
i ). The

antipode on A[σ] is

S[σ](h⊗ f)

=
∑

σ−1
1 (1)S(h)σ1(1)⊗ S(σ2(1))S(f)S−1(σ−1

2 (1))

=
∑

htS(h)S−1(hi)⊗ S(S−1(h∗

i ))S(f)S−1(S(h∗

t ))

=
∑

htS(h)S−1(hi)⊗ h∗
i S(f)h∗

t ,

by Theorem 2. Therefore the Hopf algebra A[σ] is the dual space of

Drinfeld double, D(H)∗, as Hopf algebra. �
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Corollary 2. Let (H,m, u,∆, ε, S) be a finite dimensional com-

mutative Hopf algebra with dual basis {hi} and {h∗
i }. Let A = Hop⊗

H∗. If we define σ : k → Hop⊗H∗ by σ(1) =
∑

hi⊗h∗
i then the Hopf

algebra (A[σ],mA, uA,∆[σ], εA, S[σ]) is coquasitriangular.

Proof. By [2, Proposition 10.3.14], the dual space of Drinfeld dou-

ble, D(H)∗ is a coquasitriangular Hopf algebra with braiding < | > :

D(H)∗⊗D(H)∗ → k is given by < h⊗ f |k⊗ g >= ε(k)f(1) < g, h >,

as desired. �
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