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STABILITY OF ADDITIVE (n,2)-MAPPINGS

Pyunc-LyuN KaAnc* AND CHUN-GIL PARK**

ABSTRACT. We define an additive (n, 2)-mapping, and prove the sta-
bility of additive (n,2)-mappings.

1. Additive (n,2)-mappings
In [1, Definition 4.2.3|, the authors defined a linear 2-functional.
We introduce an additive (n,2)-mapping that is weaker than a linear

2-functional.

DEFINITION 1. Let B be a Banach algebra, and let 3. A and gC be
left B-modules. Let gD be a left Banach B-module with norm || - ||.
An additive (n,2)-mapping f : pA x gC — pD is a mapping such
that

i=1  j=1 i,j=1
for all z1,--- ,z, € A and all z1,--- ,z, € gC.
Th.M. Rassias [3] proved the stability of linear mappings in Banach
spaces. If B is unital and we add the condition
(i)  f(ax,bz) = abf(x,z), for all a,b € B, x € pA, z € pC,
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to (i), then it is a B-bilinear mapping. But (i) is a weaker condition
than

(1) f(r1+m2,21 +22) = f(21,21) + f(21, 22) + f(22, 21) + f(72, 22).

In this paper we call f : g A X gC — gD a linear (n,2)-mapping
if it satisfies (i) and (ii) rather than (i’) and (ii) to emphasize the
additivity on the sum of n elements.

The main purpose of this paper is to prove the stability of additive
(n,2)-mappings.

THEOREM 1. Let f : pA x pC — BD be a mapping for which
there exist a nonnegative function ¢ : g A" x pC™ — [0, 00) for some

integer n > 1 such that
@(33'1,"' y Ln %1y " " 7271) :

9
1
(111) = E W@(nkxlv 7nkxn7nkzlv'“ 7nkzn) <
k=0

(IV) ||f(levzzj) - Z f(xlsz)H < (;0(3:17"' yLns BLy "0 7271)
i=1  j=1

ij=1
for all all x1,--- ,z, € pA and all z1,--- , z, € gpC. Then there exists
a unique additive (n,2)-mapping T : p A x gC — pD such that

© 1£(,2) = T, 2| € Bl 2,0 2)

for all x € g A and all z € gC. If, in addition, f satisfies
(Vl) ||f(ax, bZ) - abf(a:, Z)H S (,0(.’13', I PR 72)
for all a,b € B, all z € g A and all z € gC, then T satisfies (ii) too.

Proof. For each integer £ > 0, let z; = --- = z, = n*z and

2 =-=2z,=nFz1in (iv). Then we get

1f (0 e, nf ) —n2f(nFa,nf2)|| < p(nfa, o nfa bz, 02
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for all z € A and all z € gC. A division by n?**2 gives

k k

1
| f i, 02) = —s L, n )|

n2k+2
k k k k
§n2k+2§0(n Ty, T,M 2y, N Z)

for all z € g A and all z € gC. So we get

1
|f (@, 2) = —p f(nFz,n"2))|

k—1
1
(1) < Z W(p(nda:, coondzndz, - ndz)
d=0

for all z € g A and all z € gC.
Let x € pA and z € gC. For positive integers | and d with [ > d,

1 l l 1 d d
I f e, nte) i flna, )|
1ZH L G y
Sﬁ E()O(nxv"'vnx:nzv"'vnz)v

j=d

which tends to zero as d — oo by (iii). So {%f(nz,n’z)} is a
Cauchy sequence for all z € g A and all z € gC. Since gD is complete,
the sequence {17 f(n’z,n/z)} converges for all z € pA and all z €

BC. We can define a mapping T : g A X gC — gD by

‘ 1 S
(2) T(z,z) = Jll)rglo 7 (n’z,n’ 2)
for all z € pA and all z € gC. By passing to the limit in (1) as
k — oo, we get the inequality (v).
By (2), it follows from (iv) and (vi) that the mapping T : pA X

BC — pD satisfies (i) and (ii) respectively.
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Now let L : pA x gC — gD be another additive (n,2)-mapping
satisfying

1 _
||f(33,2) _L(Qf,Z)H < ﬁgp(gj’ ST 2y ,Z)

for all z € g A and all z € gC.

IT(x, 2) — Lz, 2) || =—z 1T ("2, 2) — L(n/ 2,1’ 2)||
n
<z T, miz) — f(niz, ni2)|
n=<J

1 ) ) ) )
_ J J _ J J

+ i lf(e,n'z) — L'z, n’2)|

2 1

>(ntx. - .nd Jy oo pd
Sﬁn—gj(p(n €, y VT, T 2,4 y T Z):

which tends to zero as j — oo by (iii). Thus T'(z,z) = L(z, 2z) for all
x € A and all z € gC. This proves the uniqueness of T'. O

THEOREM 2. Let f : pAx gC — gD be a mapping for which there
exists a function ¢ : A" x pC™ — [0, 00) for some integer n > 1 such
that

%)

~ ,_Z 2k, L1

4,0(331,---,:16”,21,---,2”).— n (’O(n_k”
k=1

. Tn 21 Zn,
(vii) ﬁ’ﬁ’.“’n_’f)<oo
(viii)
n n n
||f(levzzj) - Z f(xlsz)H < (;0(3:17"' yLny 21y 7271)
i=1  j=1 Q=1
for all x1,x9--- ,x, € BA and all z1,2z2--- ,z, € gC. Then there

exists a unique additive (n,2)-mapping T : g A x gC — D such that

) 1) = T € 5Bl a2 )
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for all x € g A and all z € gC. If, in addition, f satisfies

(x) If(az,bz) —abf(z, 2)|| < @(z,--- 2,2, , 2)
for all a,b € B, all z € pA and all z € gC, then T is a linear (n,2)-
mapping.

Proof. The proof is similar to the proof of Theorem 2. O
2. Linear (n,m)-mappings

DEFINITION 2. Let B be a Banach algebra, and g.A; left B-modules,
i=1,---,m. Let gD be a left Banach B-module with norm || - ||. A
linear (n,m)-mapping f:]]i~, BA;i — D is a mapping such that

(@) fOimy®rise 5D iy Tmi) = ZZ, =1 f@1is s T, )

for all ;;, € pA; (1 <i;<n),j=1,2,---,m,
(b) fla1x1, -+ ,amTm) = a1 am- f(x1, -+ ,xm) forall ay, -,
aym € Band all z; € gA;, 1 =1,2,--- ,m.

By a similar method to the proof of Theorem 2, one can obtain
the following theorems. We need only the additivity on the sum of n

elements in the proof of the existence and the uniqueness.

THEOREM 3. Let f : [[", sAi — D be a mapping for which
there exists a function ¢ : [[}*, p A" — [0, 00) for some integer n > 1
such that

&(xllj... 7:1:1717"' ’xml’---’xmn)
=1
(Xl) = W()O(nkxlla... 7nkx1n7... ’nkxml’... ’nkxmn) < o0
k:On
n n n
||f(zx117 723:7711)_ Z f(xlilv"' 7$mim)||
i=1 i=1 i1, im=1

S(;O(xlla"' s Tin, " s Tmly " ’:L'mn)
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||f(a1x1,--- 7a‘mxm)_a1“'am 'f(xlv"' 7$m)||
S(;O(xly"' ’xl’... ’:L'm’... ’:L'm)
for all ay,--- ,a, € B and all x;, 21, ,Tin € BA;, 1 =1,2,--- ,m.

Then there exists a unique linear (n,m)-mapping T : [[*., pA; — gD
such that

||f(fl§'1, 7$m)_T($17 7$m)||
(X]]) S_mﬁ(xl’...’xl’...’xm’...’xm)
forall z; € pA;, i =1,2,--- ,m.

THEOREM 4. Let f : [[\~, BAi — D be a mapping for which

there exists a function ¢ : [[~, A" — [0, 00) for some integer n > 1
such that

(p(xll’... 7:1:1717"' ’xml’... ’xmn)
00
o mk T11 Tin Tmil Tmn
— n (70(—]4;7...7—]4;7...7—]{;7...7 k)<oo
1 n n n n

||f(zx117 723:7711)_ Z f(xlim"' 7$mim)||
=1 =1

i1, im=1
S(;O(xlla"' s Tiny " s Tmly " ’:L'mn)
||f(a1$17"' ,amxm)—m---am-f(a:l,--- 7$m)||
S(;O(xla"' STy s Tyt e ’:L'm)
for all ay,--- ,a,, € B and all x;,x;1, - ,Tin € pA;, 1 = 1,--- ,m.

Then there exists a unique linear (n,m)-mapping T : [[~., pA; — gD
such that

1
||f(fl§'1, ,IL’m)—T(l'l,"' 7$m)|| < —()0(3:17"' sy L1y 3 Tmy - 73:777«)
nm

forall z; € pA;,i=1,---,m.
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DEFINITION 3. Let B be a unital C*-algebra, U(B) the unitary group
of B, and pA; left B-modules, 7 =1,--- ,m. Let gD be a left Banach
B-module with norm || - ||. A wnitary linear (n,m)-mapping f :
I, BA; — D is a mapping such that
(@) FOimy @iy 2y Tmi) = D=1 F( @i Ty,
for all ;;, € pA; (1 <i;<n),j=1,2,---,m,
(b) f(urz1,  + yUmTm) = U1 Um - f(T1, -+, Tp) forall uq, -+,
Um EU(B) and all z; € pA;, i =1,2,--+ ,m.

THEOREM 5. Let B be a unital C*-algebra with norm | -|. Let
f:TI~, BA; — BD be a mapping for which there exists a function
o [[%, BA? — [0,00) for some integer n > 1 satisfying (xi) such
that

||f(lelvvzxml) Z f(xlhv"':xmim)n
=1 =1

i1y im=1
§§0($11,"' s Tins s Tl e ,IEmn)
||f(U1331,"' 7umxm)_u1"'um'f($la"' :xm)H
§§0($1,"' B DRI ,IEm)
for alluy,--- ,uy € U(B) and all z;, i1, - ,Tin € BA;, i =1,2,---,m

Then there exists a unique B-multilinear unitary linear (n, m)-mapping
T :1[", BA; — D satistying (xii).

Proof. By the same method as the proof of Theorem 2, one can
show that there exists a unique unitary linear (n,m)-mapping T :
I~ BA; — D satisfying (xii).

It is obvious that the unique unitary linear (n,m)-mapping T :
1T, BA; — D is a multi-additive mapping.

Now let a € B (a # 0) and K an integer greater than 4|a|. Then

< = —.
4a] 4 33
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By [2, Theorem 1], there exist three elements uy,us,us € U(B) such
that 3% = U1 + us +u3. And

T(x1, - \Tie1, Tiy Tig1, " 5 Tom)
:T(a’/’l’... 7xi—173' gxiyxi-i-l)“' ’xm)
1
:3T(IL'1, y Li—1, gxivxi-i-l:"' 7$m)

for all (z1,--+ ,2m) € [[1~, BA;. So

1
T(xy, -, xi-1, 3TiTit1, , Tm)
1
= gT(Oﬁla"' L1, Ti, Tig 1, > Tm)

for all (z1,--+ ,2m) € [[i~, BAi. Thus

K a
T(xly"'7a‘xi7"'7xm):T(x17“'73'3E~(L’i7“'7$m)
K a
—_T c 83—, T
K
:ET(Qsl,--- UL + U2T + UST4,y -+ 5 Tn)
K
:g(U1+U2+U3)T($1,"',xi,"'7$m)
K
:g.g%T(ggh...,xi,...,xm)
:aT(fL'l,"',fL'i,"',xm)

for all (z1,--+ ,2m) € [[;~, BA;. Obviously,
T(xl’...’Oxl,...,xm)ZOT(xl’...’x’L’...’xm)

for all (x1, -+ ,zm) € [[=; BA;. So the unique unitary linear (n, m)-

mapping T : [[;~, A; — gD is a B-multilinear mapping. U

Similarly, one can obtain a similar result to Theorem 4.
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