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STABILITY OF ADDITIVE (n, 2)–MAPPINGS

Pyung-Lyun Kang* and Chun-Gil Park**

Abstract. We define an additive (n, 2)-mapping, and prove the sta-

bility of additive (n,2)-mappings.

1. Additive (n, 2)-mappings

In [1, Definition 4.2.3], the authors defined a linear 2-functional.

We introduce an additive (n, 2)-mapping that is weaker than a linear

2-functional.

Definition 1. Let B be a Banach algebra, and let BA and BC be

left B-modules. Let BD be a left Banach B-module with norm ‖ · ‖.

An additive (n, 2)-mapping f : BA × BC → BD is a mapping such

that

(i) f(
n∑

i=1

xi,

n∑

j=1

zj) =
n∑

i,j=1

f(xi, zj)

for all x1, · · · , xn ∈ BA and all z1, · · · , zn ∈ BC.

Th.M. Rassias [3] proved the stability of linear mappings in Banach

spaces. If B is unital and we add the condition

(ii) f(ax, bz) = abf(x, z), for all a, b ∈ B, x ∈ BA, z ∈ BC,
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20 P. KANG AND C. PARK

to (i), then it is a B-bilinear mapping. But (i) is a weaker condition

than

(i’) f(x1 +x2, z1 + z2) = f(x1 , z1)+ f(x1 , z2)+ f(x2 , z1)+ f(x2 , z2).

In this paper we call f : BA × BC → BD a linear (n, 2)-mapping

if it satisfies (i) and (ii) rather than (i’) and (ii) to emphasize the

additivity on the sum of n elements.

The main purpose of this paper is to prove the stability of additive

(n, 2)-mappings.

Theorem 1. Let f : BA × BC → BD be a mapping for which

there exist a nonnegative function ϕ : BA
n × BC

n → [0,∞) for some

integer n > 1 such that

ϕ̃(x1, · · · , xn,z1, · · · , zn) :

=
∞∑

k=0

1

n2k
ϕ(nkx1, · · · , nkxn, nkz1, · · · , nkzn) < ∞(iii)

‖f(

n∑

i=1

xi,

n∑

j=1

zj) −

n∑

i,j=1

f(xi, zj)‖ ≤ ϕ(x1, · · · , xn, z1, · · · , zn)(iv)

for all all x1, · · · , xn ∈ BA and all z1, · · · , zn ∈ BC. Then there exists

a unique additive (n, 2)-mapping T : BA× BC → BD such that

(v) ‖f(x, z) − T (x, z)‖ ≤
1

n2
ϕ̃(x, · · · , x, z, · · · , z)

for all x ∈ BA and all z ∈ BC. If, in addition, f satisfies

(vi) ‖f(ax, bz) − abf(x, z)‖ ≤ ϕ(x, · · · , x, z, · · · , z)

for all a, b ∈ B, all x ∈ BA and all z ∈ BC, then T satisfies (ii) too.

Proof. For each integer k ≥ 0, let x1 = · · · = xn = nkx and

z1 = · · · = zn = nkz in (iv). Then we get

‖f(nk+1x, nk+1z) − n2f(nkx, nkz)‖ ≤ ϕ(nkx, · · · , nkx, nkz, · · · , nkz)
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for all x ∈ BA and all z ∈ BC. A division by n2k+2 gives

‖
1

n2k
f(nkx, nkz) −

1

n2k+2
f(nk+1x, nk+1z)‖

≤
1

n2k+2
ϕ(nkx, · · · , nkx, nkz, · · · , nkz)

for all x ∈ BA and all z ∈ BC. So we get

‖f(x, z)−
1

n2k
f(nkx, nkz)‖

≤

k−1∑

d=0

1

n2d+2
ϕ(ndx, · · · , ndx, ndz, · · · , ndz)(1)

for all x ∈ BA and all z ∈ BC.

Let x ∈ BA and z ∈ BC. For positive integers l and d with l > d,

‖
1

n2l
f(nlx, nlz)−

1

n2d
f(ndx, ndz)‖

≤
1

n2

l−1∑

j=d

1

n2j
ϕ(njx, · · · , njx, njz, · · · , njz),

which tends to zero as d → ∞ by (iii). So { 1

n2j f(njx, njz)} is a

Cauchy sequence for all x ∈ BA and all z ∈ BC. Since BD is complete,

the sequence { 1

n2j f(njx, njz)} converges for all x ∈ BA and all z ∈

BC. We can define a mapping T : BA× BC → BD by

(2) T (x, z) = lim
j→∞

1

n2j
f(njx, njz)

for all x ∈ BA and all z ∈ BC. By passing to the limit in (1) as

k → ∞, we get the inequality (v).

By (2), it follows from (iv) and (vi) that the mapping T : BA ×

BC → BD satisfies (i) and (ii) respectively.
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Now let L : BA × BC → BD be another additive (n, 2)-mapping

satisfying

‖f(x, z) − L(x, z)‖ ≤
1

n2
ϕ̃(x, · · · , x, z, · · · , z)

for all x ∈ BA and all z ∈ BC.

‖T (x, z) − L(x, z)‖ =
1

n2j
‖T (njx, njz) − L(njx, njz)‖

≤
1

n2j
‖T (njx, njz) − f(njx, njz)‖

+
1

n2j
‖f(njx, njz) − L(njx, njz)‖

≤
2

n2

1

n2j
ϕ̃(njx, · · · , njx, njz, · · · , njz),

which tends to zero as j → ∞ by (iii). Thus T (x, z) = L(x, z) for all

x ∈ BA and all z ∈ BC. This proves the uniqueness of T . �

Theorem 2. Let f : BA×BC → BD be a mapping for which there

exists a function ϕ : BA
n ×BC

n → [0,∞) for some integer n > 1 such

that

ϕ̃(x1, · · · , xn, z1, · · · , zn) :=

∞∑

k=1

n2kϕ(
x1

nk
, · · · ,

xn

nk
,
z1

nk
, · · · ,

zn

nk
) < ∞(vii)

‖f(
n∑

i=1

xi,

n∑

j=1

zj) −
n∑

i,j=1

f(xi, zj)‖ ≤ ϕ(x1, · · · , xn, z1, · · · , zn)

(viii)

for all x1, x2 · · · , xn ∈ BA and all z1, z2 · · · , zn ∈ BC. Then there

exists a unique additive (n, 2)-mapping T : BA×BC → BD such that

(ix) ‖f(x, z) − T (x, z)‖ ≤
1

n2
ϕ̃(x, · · · , x, z, · · · , z)



ADDITIVE (n, 2)–MAPPINGS 23

for all x ∈ BA and all z ∈ BC. If, in addition, f satisfies

(x) ‖f(ax, bz) − abf(x, z)‖ ≤ ϕ(x, · · · , x, z, · · · , z)

for all a, b ∈ B, all x ∈ BA and all z ∈ BC, then T is a linear (n, 2)-

mapping.

Proof. The proof is similar to the proof of Theorem 2. �

2. Linear (n,m)-mappings

Definition 2. Let B be a Banach algebra, and BAi left B-modules,

i = 1, · · · ,m. Let BD be a left Banach B-module with norm ‖ · ‖. A

linear (n,m)-mapping f :
∏m

i=1 BAi → BD is a mapping such that

(a) f(
∑n

i=1
x1i, · · · ,

∑n

i=1
xmi) =

∑n

i1,··· ,im=1
f(x1i1 , · · · , xmim

)

for all xjij
∈ BAj (1 ≤ ij ≤ n), j = 1, 2, · · · ,m,

(b) f(a1x1, · · · , amxm) = a1 · · · am ·f(x1 , · · · , xm) for all a1, · · · ,

am ∈ B and all xi ∈ BAi, i = 1, 2, · · · ,m.

By a similar method to the proof of Theorem 2, one can obtain

the following theorems. We need only the additivity on the sum of n

elements in the proof of the existence and the uniqueness.

Theorem 3. Let f :
∏m

i=1 BAi → BD be a mapping for which

there exists a function ϕ :
∏m

i=1 BA
n
i → [0,∞) for some integer n > 1

such that

ϕ̃(x11, · · · , x1n, · · · , xm1 , · · ·, xmn)

=
∞∑

k=0

1

nmk
ϕ(nkx11, · · · , nkx1n, · · · , nkxm1, · · · , nkxmn) < ∞(xi)

‖f(
n∑

i=1

x1i, · · · ,

n∑

i=1

xmi)−
n∑

i1,··· ,im=1

f(x1i1 , · · · , xmim
)‖

≤ ϕ(x11, · · · , x1n, · · · , xm1, · · · , xmn)
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‖f(a1x1, · · · , amxm)−a1 · · · am · f(x1 , · · · , xm)‖

≤ ϕ(x1, · · · , x1, · · · , xm, · · · , xm)

for all a1, · · · , am ∈ B and all xi, xi1, · · · , xin ∈ BAi, i = 1, 2, · · · ,m.

Then there exists a unique linear (n,m)-mapping T :
∏m

i=1 BAi → BD

such that

‖f(x1 , · · · , xm)−T (x1, · · · , xm)‖

≤
1

nm
ϕ̃(x1 , · · · , x1, · · · , xm, · · · , xm)(xii)

for all xi ∈ BAi, i = 1, 2, · · · ,m.

Theorem 4. Let f :
∏m

i=1 BAi → BD be a mapping for which

there exists a function ϕ :
∏m

i=1 BA
n
i → [0,∞) for some integer n > 1

such that

ϕ̃(x11, · · · , x1n, · · · , xm1 , · · · , xmn)

=
∞∑

k=1

nmkϕ(
x11

nk
, · · · ,

x1n

nk
, · · · ,

xm1

nk
, · · · ,

xmn

nk
) < ∞

‖f(
n∑

i=1

x1i, · · · ,

n∑

i=1

xmi)−
n∑

i1,··· ,im=1

f(x1i1 , · · · , xmim
)‖

≤ ϕ(x11, · · · , x1n, · · · , xm1, · · · , xmn)

‖f(a1x1, · · · , amxm)−a1 · · · am · f(x1 , · · · , xm)‖

≤ ϕ(x1, · · · , x1, · · · , xm, · · · , xm)

for all a1, · · · , am ∈ B and all xi, xi1, · · · , xin ∈ BAi, i = 1, · · · ,m.

Then there exists a unique linear (n,m)-mapping T :
∏m

i=1 BAi → BD

such that

‖f(x1 , · · · , xm)−T (x1, · · · , xm)‖ ≤
1

nm
ϕ̃(x1, · · · , x1, · · · , xm, · · · , xm)

for all xi ∈ BAi, i = 1, · · · ,m.
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Definition 3. Let B be a unital C∗-algebra, U(B) the unitary group

of B, and BAi left B-modules, i = 1, · · · ,m. Let BD be a left Banach

B-module with norm ‖ · ‖. A unitary linear (n,m)-mapping f :
∏m

i=1 BAi → BD is a mapping such that

(a) f(
∑n

i=1
x1i, · · · ,

∑n

i=1
xmi) =

∑n

i1,··· ,im=1
f(x1i1 , · · · , xmim

)

for all xjij
∈ BAj (1 ≤ ij ≤ n), j = 1, 2, · · · ,m,

(b) f(u1x1, · · · , umxm) = u1 · · ·um ·f(x1 , · · · , xm) for all u1, · · · ,

um ∈ U(B) and all xi ∈ BAi, i = 1, 2, · · · ,m.

Theorem 5. Let B be a unital C∗-algebra with norm | · |. Let

f :
∏m

i=1 BAi → BD be a mapping for which there exists a function

ϕ :
∏m

i=1 BAn
i → [0,∞) for some integer n > 1 satisfying (xi) such

that

‖f(
n∑

i=1

x1i, · · · ,

n∑

i=1

xmi)−
n∑

i1,··· ,im=1

f(x1i1 , · · · , xmim
)‖

≤ ϕ(x11, · · · , x1n, · · · , xm1, · · · , xmn)

‖f(u1x1, · · · , umxm)−u1 · · ·um · f(x1 , · · · , xm)‖

≤ ϕ(x1, · · · , x1, · · · , xm, · · · , xm)

for all u1, · · · , um ∈ U(B) and all xi, xi1, · · · , xin ∈ BAi, i = 1, 2, · · · ,m.

Then there exists a unique B-multilinear unitary linear (n,m)-mapping

T :
∏m

i=1 BAi → BD satisfying (xii).

Proof. By the same method as the proof of Theorem 2, one can

show that there exists a unique unitary linear (n,m)-mapping T :
∏m

i=1 BAi → BD satisfying (xii).

It is obvious that the unique unitary linear (n,m)-mapping T :
∏m

i=1 BAi → BD is a multi-additive mapping.

Now let a ∈ B (a 6= 0) and K an integer greater than 4|a|. Then

|
a

K
| =

1

K
|a| <

|a|

4|a|
=

1

4
< 1 −

2

3
=

1

3
.
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By [2, Theorem 1], there exist three elements u1, u2, u3 ∈ U(B) such

that 3 a
K

= u1 + u2 + u3. And

T (x1, · · · ,xi−1, xi, xi+1, · · · , xm)

=T (x1, · · · , xi−1, 3 ·
1

3
xi, xi+1, · · · , xm)

=3T (x1, · · · , xi−1,
1

3
xi, xi+1, · · · , xm)

for all (x1, · · · , xm) ∈
∏m

i=1 BAi. So

T (x1, · · · , xi−1 ,
1

3
xi,xi+1, · · · , xm)

=
1

3
T (x1, · · · , xi−1, xi, xi+1, · · · , xm)

for all (x1, · · · , xm) ∈
∏m

i=1 BAi. Thus

T (x1, · · · , axi, · · · , xm) = T (x1, · · · ,
K

3
· 3

a

K
xi, · · · , xm)

=
K

3
T (x1, · · · , 3

a

K
xi, · · · , xm)

=
K

3
T (x1, · · · , u1xi + u2xi + u3xi, · · · , xm)

=
K

3
(u1 + u2 + u3)T (x1 , · · · , xi, · · · , xm)

=
K

3
· 3

a

K
T (x1 , · · · , xi, · · · , xm)

= aT (x1, · · · , xi, · · · , xm)

for all (x1, · · · , xm) ∈
∏m

i=1 BAi. Obviously,

T (x1, · · · , 0xi, · · · , xm) = 0T (x1, · · · , xi, · · · , xm)

for all (x1, · · · , xm) ∈
∏m

i=1 BAi. So the unique unitary linear (n,m)-

mapping T :
∏m

i=1 BAi → BD is a B-multilinear mapping. �

Similarly, one can obtain a similar result to Theorem 4.
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