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ON THE STOCHASTIC PROCESS X(t,w) € L?a.p.

Jong M1 Cuoo*

ABSTRACT. We find some properties of a stochastic process X (¢, w) €

Lg.a.p. which is of bounded variation.

1. Introduction
Throughout this paper, (2,F,P) is the underlying probability
space and , without otherwise mentioned, X (t,w), t € R, is a complex

valued stochastic process of the second order,where w is an element

of €2, that is,

B|IX(t,w)|* = || X(t,w)|]* < 00 for every t.

Suppose that X (¢, w) is measurable on R x {2 and also suppose that

b
/ | X (t,w)||? dt < oo, for every finite a < b.

In this case, X (¢,w) is of L?(a,b) as a function of ¢ almost surely.

DEFINITION 1.1. X (t,w) € L7, , if and only if the set

u+1
SQ(G,X)E{T;SUP/ X (t+ T,w) — X(t,w)||*dt < €}
’LLER u

is relatively dense for every e > 0.
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PROPOSITION 1.1. Let X(t,w) € L%, , . For

s.a.p.
17 :
a(A) = l.z’.m.T_mo—/ X (t,w)e~ Mt
T Jo

there exists A = {\,} C R such that a(\) # 0 for A € A and a(A) =0
for A ¢ A. Let a(\) = app,n =1,2,... And then Parseval relation

.17 2 2
Jim 7 [ 1wl e - Znann

holds.(We call the numbers A1, Az, ..., Fourier exponents and the num-
bers i, @, ..., Fourier coefficients of X (t,w) € L2, )

Proof. We know[1] there exist A = {\,,} and {\,} C R™ such that
S Y < 00,0(u) = Y07 et where

(Convergence of the above limit is uniform for v and w.)

Therefore,

. 1 —iAu An—Au
IJLII;OT i od(u)e du-j}er;OT/ Z’y e’ du

1
— : - z()\n—)\)u
= E ’yn(Tllm T/o du)

The above value is v, if A=\, € A,n=1,2,... and 0 if A € A°.
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Otherwise,

1 (T 1 [
= lim T/ e~ lim —/ < X(u+t),X(t) >dtldu
0

S—o0

— 1 1 - —zAu
Tl—r>nooSI—>HoloTS/ / X(u+t), X(t) > dtdu

IR
- sh_{%o < lim. oo /_t e~ A X (u)du, 5/0 e MX (t)dt >

L%
_sh—{%o<a()\) 5/0 e "X (t)dt >

1[5,
=< oz()\),l.i.m.s_mog/ e MNX (t)dt >
0
=< a(A),a(N) >
= [la(N)]I*.

Hence

laAa)* = llanl]* = n,n = 1,2, ...
e =0,A € A°.

Therefore, we have

T
00) = Jim = [ X (0|P

T—oo 1
=Y = lla)* = Z llewnll?,
n=1 n=1
as desired. 0

We, throughout this paper, make the following assumption:
There exists some § > 0 such that |\, — A,,| > 6, for m # n, where

An,n = 1,2, ..., are Fourier exponents.
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Without otherwise mentioned, X (t,w) € L2 means X (t,w) €

s.a.p.

L2, which admits the above condition.

DEFINITION 1.2. Let X (t,w),t € R be of L?(a,b). If
sup » || X (tj,w) = X(tj-1,w)|| = V < oo,
D “
7j=1

where sup is taken for all divisions D;a < tg < t1 < ... < t, < b,
for every finite [a,b] C R, then we say that X (¢,w) is of bounded
variation and write X (t,w) € BV.

In this paper, we find some propositions of a stochastic process

X(t,w) € L? ., which is of bounded variation.

s.a.p.

2. Bounded variation

PROPOSITION 2.1. If X (t,w) € BV then

T—o0

T
lim %/ X (4 hyw) — X (8 w)||dt < clh],
0

for some constant c.

Proof. In the case of h > 0,

1 T
lim T/ X+ hyw) — X (£ w)]|dt
0

T—o0

1 T t+h
— lim —/ dt/ ]| X (1, )|
0 t

T—oo T
1 h u
= Jim ([ X)) [ ar

T u T+h T
5/amme/ ﬁ+/ amwwm/ ]
h u—h T u—h

1

T—o0

S Cth
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for some constants cq, co.
Similarly, in the case of h > 0, we can also have some constant cg
such that

1 T
lim T/ X+ hyw) — X(8,w)||dt < cs]hl,
0

as desired. 0
PROPOSITION 2.2. If X(t,w) € L?,, and X(t,w) € BV, then
|| ctn (W) < a7 for some constant c.
Proof. For each T,
et X (t T T
/ X (t,w)e"Mntdt = [ U w)]o +— [ e ?aX(tw).
)\ Z)\n 0

Therefore,

Blay (@) = lim ﬁm/ X (£ w)e—tat)?

e T X (T, w) — X(0,w)

= Thl%o[E' AnT y
+ i [ |QTQE|/ aX (t,)| ).
And
B e” T X(T,w) — X(0,w) 2
AnT
< |An1T|2 [E|X(T,w) — X(0,w)]* +2E|X(0,w)[?]
C
e

for large T' and some constant c;.
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Also we have
T T
E| / dX (1, )| < ( / dIX(tw)|12)? < ET2,
0 0

for some constant Co.

Therefore, by the following relation,

hm P |2T2E|/ |[dX (t,w)||” < hm L TMETE csT
C3
<
~ Al

for some constant cs. We have the conclusion.

PROPOSITION 2.3. Let X(t,w) € L?, —and X(t,w) € BV.

s.a.p.

0 <v < 3 then ap(w) = o(|An] "), a.s.

Proof. For any A > 0,

P({w : Jon(w)] > AXa|77}) < (AAa] ™) 2 Elan (w)]*.

If

By Proposition 2.2.; for some constant c;, the last term is not

greater than ¢y A=2|\, |21,

Since there exists some constant co such that |\, | > con, we have,

f0r0<u<%,

Cl|)\n|2(y—1) < 03n2(l/—1)’

for some constant cs.

Since Y > n2*~Y < oo, we have

3" P({w: lan(w)] > A\ ™)) < oo

By the Borel-Cantelli lemma, we have

L Jan()

n—oo |)\n|_

=0,a.s.,

as desired.
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