JOURNAL OF THE
CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 17, No.2, October 2004

THE MCSHANE INTEGRAL OF BANACH
SPACE-VALUED FUNCTIONS

Dong-IL RiM* AND YUNG-JINN Kim**

ABSTRACT. In this paper, we investigate the relations between the
McShane and Pettis integrals.

1. Introduction

A general integration theory based on the concept of Riemann type
integral sums was initiated around 1960 by Jaroslav Kurzweil and in-
dependently by Ralph Henstock.

The main virtue of the presentation of the Henstock—Kurzweil inte-
gral of real-valued functions is that no measure theory is required and
that even sophisticated convergence results can be derived using merely
elementary tools from the calculus without advanced topology.

The relatively new concepts of the Henstock—Kurzweil and McShane
integral based on Riemann type sums are an interesting challenge also
in the study of integration of Banach space-valued functions. The ad-
vantage of a relatively transparent and easy definition is undoubtedly
an invitation to do so.

The investigations started around 1990 by the work of R. A. Gordon
and since then attention has been paid to this field.

In this paper, we introduce the McShane and Pettis integral and
investigate its relations for bilinear triples.
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2. Preliminaries

Assume that XY and Z are Banach spaces and that there is a
bilinear mapping B : X XY — Z. We use the short notation xy =
B(x,y) for the values of the bilinear form B for z € X,y € Y and
assume that

oyl < llfl - flyll-

Triples of Banach spaces X, Y, Z with these properties are called bilinear
triples and they are denoted by B = (X,Y,Z). For the case B =
(R,R,R), we always assume B(x,y) = zy (product).

The sets [c,d], (¢,d), (¢, d], [c,d) C |a,b] are called intervals in [a,b].
Let a compact interval [a,b] C R be given.

A finite collection {(¢;,1;) : i = 1,--- ,p} of nonoverlapping tagged
intervals is called an M-system in [a,b] if I; C [a,b] for j =1,--- | p.

An M-system {(t;,[;) :i=1,--- ,p}in [a, b is called an M-partition
of the interval [a, b] if

Ii = [a, b]

p
=1

(2

Given a positive function 0 called a gauge on [a, b], a tagged interval
(t,1) is said to be d-fine if

IC(t—08(t),t+ (1))

M-systems are called §—fine if all the tagged intervals {(t;, ;),7 =
1,---,p} are d-fine.

A figure is a finite union of intervals. Let F be the collection of all
figures on [a, b].

A function g defined on F with Banach space-values is additive if for
nonoverlapping figures A and B, g(AU B) = g(A) + g(B).

Throughout this paper we always assume that g is additive and

g(le.d]) = g((c, d)) = g((c, d])) = g([c, d)).
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DEFINITION 2.1. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,0] — X and g : F — X are given. We say that fdg is
McShane(or M)-integrable on [a, b] and v € X is its integral if for every
€ > 0 there is a gauge J on [a, b] such that for

S(fdg, P) = Z F(t:)g(Iy)

we have

15(fdg, P) —v|| <e
provided P = {(t;,I;) :i=1,--- ,p} is a d-fine M-partition of [a,b]. In
this case we denote v = (M) f:f(s)dg(s). If there is no confusion we
omit the prefix (M).

The following theorems describe some of the basic properties of the
M-integral.

THEOREM 2.1. Assume that B = (X, X, X) is a bilinear triple and
that f :[a,b) — X and g : F — X are given.

(a) If fdg is M-integrable on |a, b], then fdg is M-integrable on every
subinterval of [c,d] C |a,b].

(b) If fdg is M-integrable on each of the interval I, and I, where
I; and I, are nonoverlapping and I; U I, = I is an interval, then fdg is
M-integrable on I and

/ dg= [ rag+ [ fdg.
I I I

(c) If fidg and fadg are M-integrable on |a,b] and o and [ are real
numbers, then (afy + (f2)dg is M-integrable on |a,b] and

/ (0fy + Bh)dg = o / fudg + 5 /  fadg.

Proof. The proof of this theorem is essentially identical to that of
4]. O
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THEOREM 2.2. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,b] — X and g : F — X are given. For given ¢ > 0

assume that the gauge ¢ on |a,b] is such that

> Fleglr) - / fdg

for every d-fine partition P = {(t;,[;) i =1,--- ,p} of [a,b].
If P* = {(t;,I}) : i =1,--- ,m} is a 0-fine M-system in [a,b|, then

177

<é€

we have

> [f(ti)g(ff) - / fdg] <e.
i=1 I
Proof. The proof is essentially identical to that of [4]. O

Theorem 2.2 is called the Saks-Henstock lemma for the M-integral.

DEFINITION 2.2. Assume that g : F — X is given. We define for
a figure E in [a, b],

ZIig(Ii)

i=1

SV (g, P, E) = sup

Y

where P = {(t;,I;)} is a partition with U!_ I, = F and the supremum
is taken over all possible choice of z; € X,i = 1,...,p with ||z;]| < 1.

We denote
SV(g,E) =sup SV(g, P, F),
P

where the supremum is taken over all P = {(¢;, [;)} with U!_,I; = F.
If SV (g, E) < oo, we say that g is of semi-bounded variation on F.

For a measurable set E, we define |E| as the Lebesgue measure of

E.
We say that a function g : F — X satisfies condition(P;) if given

€ > 0 there exists a n > 0 such that

SV(g,F) <e
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whenever E is a figure with |E| < 7.
The integrals also behave like the Lebesgue integrals. Let || f|l« =

SUPse(a,b) ||f($)||

THEOREM 2.3. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,b] — X and g : F — X are given. Suppose that
| flloo < 00 and g satisfies the condition(P; ).

(a) If fdg is M-integrable on [a, b], then for every measurable subset
E C |a,b] the M-integral f; fxedg = [, fdg exists.

(b) For every set E C [a,b] with |[E| =0, [, fdg = 0.

(c) For disjoint measurable sets E;,i = 1,2, ..., we have

fdg = / fdg.

Proof. The proof of this theorem is considerably analogue to that
of [4]. But the condition(P;) and || f|lcc < oo are crucial to prove the

theorem. 0
Let X* be the set of all linear functionals on X and let B(X™*) =

(2" € X7 : ||z*|| < 1}

DEFINITION 2.3. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,b] — X and g : F — X are given. Let z* be an element
of X*. Then we say that z*(fdg) is M-integrable on [a,b], and r € R

is its integral if for every € > 0 there is a gauge 0 on [a, b] such that for

S(x*(fdg), P) = ZI*(f(ti)g(Ii))

we have
|S(x*(fdg), P) —r|| < ¢

provided P = {(t;,1;) : i = 1,-,p} is a d-fine M-partition of [a,b]. In
this case we denote r = f; x*(fdg).
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DEFINITION 2.4. Assume that B = (X, X, X) is a bilinear triple and
that f: [a,b] — X and g : F — X are given. Let I be an index set.
Then {xf(fdg) : xf € B(X*),i € I} is called M-equiintegrable if for
every € > 0 there is a gauge ¢ on [a, b] such that

<é€

S wt (Ft)g(T) — (M) / 2% (fdg)

for every d-fine M-partition P = {(tg, I) : k = 1,--- ,p} of [a,b] and
all 7 € 1.

Using the concept of M-equiintegrability we have the following con-
vergence result for the M-integral.

THEOREM 2.4. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,b] — X and g : F — X are given. If the sequence
{z*(fdg) : a¥ € B(X*),n=1,2,---} is M-equiintegrable and there is
a x* € B(X*) such that

lim 7, (f(t)g(1)) = 2" (f(t)g(]))

n—oQ

for allt € [a,b] and all intervals I C [a,b], then x*( fdg) is M-integrable

and
b

b
lim évil(fdg)zf x*(fdg).

n—oQ
a

Proof. The proof is essentially same as the proof of [2]. O

Now we introduce a concept of Pettis for our bilinear forms.

DEFINITION 2.5. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,0] — X and g : F — X are given. We say that fdg is
Pettis(or P-)integrable on [a, b] if for every measurable E C [a, b] there
is an element zx € X that satisfies

*(z) = (M) / *(f(3)dg(s))

E

for every 2* € X*. We denote zg = (P) [, fdg.



MCSHANE INTEGRAL 153

3. M-integrable functions are P-integrable
We first prove some auxiliary results.

LEMMA 3.1. Assume that B = (X, X, X) is a bilinear triple and that
f:la,b] — X and g : F — X are given. Suppose that || f|lc < 00
and g satisfies the condition(Py). If fdg is M-integrable on [a,b], then
there is am > 0 such that for any finite collection {.J; : 1 < j < p} of

nonoverlapping intervals in |a, b] with Z?Zl |J;| < n we have

;i;([;.fdg

Proof. Let € > 0 be given. Since fdg is M-integrable on [a, b], there

< E.

exists a gauge 0 on [a, b] such that

HS(fdg,P) —/abfdgH <e

whenever P is a d-fine M-partition of [a, b]. Fix a é-fine M-partition of
[a,b]
Py={(t;, ;) : 1 <1 < q}.

Suppose that {J; : 1 < j < p} is a finite collection of nonover-
lapping intervals in [a, b] such that Z?Zl |J;| < n which also satisfies
that SV (g, F) < € whenever |E| < 7. By subdividing these intervals if
necessary, we may assume that for each j, J; C I; for some 7. For each
i,1<i<gq,let M;={j:1<j<p,J; CIL} and let

P={(tiJ;): e M,i=1,--- ,q}.
Note that P is a §-fine M-system in [a, b].

Using the Saks-Henstock lemma, we have

< et [ flloce

IN

Z f(t:)g(J5)

J=1

| g = sta()

J
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This completes the proof. O

LEMMA 3.2. ([8]) Assume that F' is an X-valued interval function
defined for intervals in [a, b] such that for every ¢ > 0 there is an n > 0
such that for any finite collection {J; : j =1,--- ,p} of nonoverlapping
intervals in [a,b] with 37%_, |.J;| <n we have || 3°7_, F(J;)|| < e. Then:

(a) For any sequence {I; : i = 1,2,---} of nonoverlapping intervals
I; C la,bl,i € N with "2 |I;| < (b—a) the limit

lim iF(Ii) = i F(I)e X
=1 =1

exists.
(b) If for the sequence {I; : i = 1,2, -- - } of nonoverlapping intervals,

then Y2 |I;| <n, wheren > 0 is the value of 1) corresponding to e > 0
by the assumption, implies || Y., F(L;)|| < e.

LEMMA 3.3. Assume that B = (X, X, X) is a bilinear triple and that
f:la,b] — X and g : F — X are given. Suppose that || f|lc < 00
and g satisfies the condition (P, ). If fdg is M-integrable on [a,b], then

for every open set G C [a, b] there is an element x¢ € X such that

[ (dg) = 5"z
el
for every x* € X*.

Proof. In the proof of [8, Lemma 31] we can find a measurable set
Ey C G with |Ey| = |G| and a collection {K,,} of figures contained in
la, b] such that Ey = U2 K, KN K = () for n # [, where K° denotes
the interior of K, and K, is a finite union of non-overlapping intervals

in [a,b], i.e.,

Pn
K, =1,
i=1
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while {I*:i=1,--- ,pp,n € N} forms an at most countable system of

non-overlapping intervals contained in Ejy. Since WY _, K,, C Ey,p € N,

we have
ZIKI—U < |Eo| = |G| < [a, b]] < oo.
This gives
e o] e o] Pn oo Pn
Dl =D\ J ) =23 18 < o0,
n=1 n=1 |i=1 n=1 =1
and by Lemmas 3.1 and 3.2 we obtain the existence of the limit
m  Pn
lim ZZFI" = lim ZF ) =12¢ € X,
n=1 =1

where F'is a McShane primitive of fdg.
Given z* € X*, the real function x*(fdg) is M-integrable for every
measurable subset of [a, b]. Since |G—Ey| = 0 and Ey C G, by Theorem

2.3 we have
= (da) = [ wrdg)
G o
Further we have

/Eo z*(fdg) = /ugO_lKn x*(fdg) = /Uoo e 2*(fdg)

i=1"1

= lim x*(fdg) = lim z* / fdg
m—0o0 Um 1Upn mn m—0o0 Um 1UPn n

i=1"1 i=1"1

= lim z* </ fdg) = lim 2~ <Z F(Kn)>
m—o00 m K, m—o00 —

= l’*(l’G%

and [, 2*(fdg) = 2*(zg) for every z* € X*. The proof is complete. [
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LEMMA 3.4. Assume that B = (X, X, X) is a bilinear triple and that
f:la,b] — X and g : F — X are given. Suppose that || f|lc < 00
and g satisfies the condition (Py). If fdg is M-integrable on [a, b], then

for every closed set H C |[a,b] there is an element vy € X such that

[ a*(dg) =" Ga)

for every x* € X*.

Proof. If H C [a,b] is closed, then [a,b] — H is open and for every

z* € X* we have

(o [(raa) = [wva = [ e[ e
— [ @ (de) + o ()

where for the open set [a,b] — H the element z}, 3,y € X is given by

Lemma 3.3. Hence
/ I*(fdg) =z ((M) fdg - $[a,b]—H) )
H [a,b]

and we can take

b
TH = (M)/ fdg — vpqp-m € X. O

LEMMA 3.5. Assume that B = (X, X, X) is a bilinear triple and that
f:la,b] — X and g : F — X are given. Suppose that || f|lc < 00
and g satisfies the condition (Py). If fdg is M-integrable on |a,b] and
G C [a,b] is open, then for every € > 0 there is an n > 0 such that if
|G| <, then ||z¢|| < e, where z¢ € X issuch that [, z*(fdg) = z*(x¢)

for every x* € X*.
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Proof. As in the proof of Lemma 3.3 we say that there exists a
sequence of sets K,, C GG,n € N, which are finite unions of nonoverlap-
ping intervals and satisfy K¢ N KP = () for n # [, such that for every

z* € X* we have

/G:B*(fdg n}gréoat <ZF ) = 1" (zq).

By Lemmas 3.1 and 3.2, for every € > 0 there is an n > 0 such that if
S | K| < mthen || Y500, F(K,)| = ||z¢|| < e. Hence the lemma is
proved. O

THEOREM 3.6. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,b] — X and g : F — X are given. Suppose that
| flloc < oo and g satisfies the condition (P;). If fdg is M-integrable
on [a,b], then fdg is P-integrable.

Proof. We need to prove only that for every measurable subset E of
la, b] there is an element zp € X which satisfies 2*(zp) fE (fdg)
for every x* € X*.

Suppose that E is a measurable subset of [a, b]. Then there exists a

sequence of open sets G,, C [a,b],n € N, such that
1
Ec---CcGu1 CG,C--- and |G, — E| < o
and a sequence of closed sets H,, C [a,b],n € N, such that
1
n

Since G,, C [a,b],n € N, are open sets, by Lemma 3.3 there exists
xga, ,n € N, such that

/ S (fdg) = (x5,
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for every x* € X*. Let ¢ > 0 be given and let n > 0 be the value

corresponding to £/2 by Lemma 3.5. Then there exists N € N, such

that 1/n < nif n > N and therefore |G,, — H,| <n for n > N.
Assume that mq, my > N. Then

/Gml x*(fdg) — /sz r*(fdg)
-1/ () - / ' (pdg) - /| () + / (g
_ /G ) - /G 5

< |/ L / )

< 2l lzan, —ax [l + 126, —mx ) < 27l

2" (%G, — Tan,)|l =

_l_

because G,,, — Hy C Gy — Hy and |G, — Hy| < |Gy — Hy| < 1,
and similarly |G, — Hy| < 7.

Hence for every 2* € B(X*) we have |z*(2q,, —%a,,,)| < € provided
mi,my > N and therefore ||z¢g,, — zg,,| < € for mi,my > N, the
sequence rg, € X,n € N, is therefore Cauchy, and consequently the
limit lim,,, . xg,, = rp € X exists.

Moreover, we have £ C N°_, G, and N5_, Gy, — £ C G, — E for
every n € N and therefore | N%°_; G,,, — E| = 0. Hence

*(xg) = lim z*(zg,) = lim x*(fdg)

m—0o0 m—0o0 G
m

- / ) = [ =t

for all z* € X*.
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This holds for every measurable set E' C [a, b]. Therefore, by defini-
tion, fdg is P-integrable, (P) [, z*(fdg = 2*(xp), and the theorem is
proved. O

4. The Pettis integral and its relation to the McShane integral

LEMMA 4.1. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,b] — X and g : F — X are given. Suppose that
fdg is P-integrable. Then fdg is M-integrable if and only if the set
{z*(fdg) : x* € B(X*)} is M-equiintegrable.

Proof. 1t is obvious by definition that the set {z*(fdg) : z* €
B(X*)} is M-equiintegrable provided fdg is M-integrable. Assume that
{z*(fdg) : x* € B(X™*)} is M-equiintegrable. Then, by definition, for
every £ > 0 there exists a gauge d on [a, b], such that for every j—fine
M-partition P = {(t;,I;) : i = 1,...,q} of [a,b] and z* € B(X*) we have

< E.

> (ft)a(n) - / 2 (fdg)

Since fdg is P-integrable, we have f; r*(fdg) = z* ((P) f; fdg) , and

Z a(f(t)g(li) = o <Z f(ti)g(li)>

holds evidently. Hence for every d—fine M-partition P = {(¢;,[;) : i =
1,...,q} of [a,b] and z* € B(X"*) we have

v (S(fdg, - [ b fdg) ‘ <e

and this yields immediately

HS(fdg,P) —/bfdgH <e

a
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for every 0—fine M-partition P = {(¢;, ;) : i = 1,...,q}. So we obtain
that fdg is M-integrable on [a, b]( and (M) f; fdg = (P) f; fdg). O
For the next theorem we need to assume that the ball B(X*) has
the following properties.
Property(P,): There exists a sequence {z}} C B(X"*) such that the
closure of {z}} contains B(X*) and {z}(fdg)} is M-equiintegrable on
la, b].

THEOREM 4.2. Assume that B = (X, X, X) is a bilinear triple and
that f : [a,b] — X and g : F — X are given. Suppose that X
satisfies the condition(P,) and g is semi-bounded variation on [a,b.
Then fdg is M-integrable on [a, b].

Proof. Assume that z* € B(X*) is given. Since X satisfies the

condition(F%), there exists a sequence {z}} C {z*} such that
(4.1) lim [laf — o[ = 0.

and {z}(fdg)} is M-equiintegrable. So by definition there is a gauge ¢
on [a, b] such that

(4.2) <e

> (F(t)(1) - / 22(fdg)

Since {z}(fdg)} is M-equiintegrable and for every t € [a, b] and every
interval I in [a, b] limy_.oo 5 (f(t)g(1)) = 2*(f(t)g(I)), by Theorem 2.4,
x*(fdg) is M-integrable and limy_, f; i (fdg) = f; x*(fdg). So there
is a kg > N such that

(43) / wi(fdg) / bz*(fdg)} <e

Let P = {(t;, ;) : i = 1,...,p} is a 6—fine M-partition of [a,b] and let
k > ko. Then we get
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S (F(t)g()) - / 2 (fdg)
< S () — i 0a(1)] + i) (1) - / IZ(fdg)‘

+ /abafZ(fdg) - /abév*(fdg)‘

[flloo - [l — 2| - SV (g, [a,b]) + & + ¢
2+ [[flleo - SV (g, [a, b])]e.

Since z* € B(X™*) was arbitrary, we see that {z*(fdg) : z* € B(X™")}
is M-equiintegrable. By Lemma 4.1, fdg is M-integrable on [a,b]. .
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