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Numerical Analysis of Low-Speed Flows in Micro—Channels

C. H. Chung

Low-speed gas flows in micro-channels are investigated using a kinetic theory analysis. The
Boltzmann equation simplified by a collision model is solved by means of a finite difference

approximation with the discrete ordinate method. Calculations are made for flows

in simple

micro-channels and a micro-fluidic system consisting of two micro-channels in series. The results are
compared well with those from the DSMC method and an analytical solutions to the Navier-Stokes
equations. It is shown that the present method is a useful tool for the modeling of low-speed flows in

micro-channels.
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(Low Speed Flow), mto]=Z 2 ald
33 2] (Boltzmann Equatlon) BGK =

% (micro-channel Flow),
22 (BGK Model)

wAAS o] g8 7]E¢ CFD 7I¥el 448A ¥
M2g F5FYol7] ol

njng, Aol B ARFEAYGY A& micro-channel
#4%4& Navier-Stokes A4 5 d&Aggq 3
£5= 7€ CFD 718e2 84317 ofgl$4,

A&A G FA9 olF D HEENE &4
7] 931X phase space°ﬂf‘H BXZEF g BE
2l Boltzmann %3 24& oF gt}

Boltzmann 3 4 9 70”2";1’} A 71YPd AFE
A (Direct Simulation Monte-Carlo method)[1]1¢]
b FAekd BEE AL FEFF Aotk {7t
A AQEARE HES 22 d7FdREe] TR
Hou 1& fFFol Ui Eelxn, MY AL
Fede EAZolZE HoAFHRe 4 W o&
9 AL #FH Utk A% FEFE AP EA
Ho2 FAHYA FAF ArT(statistical noise) 2
2 3t dAe ANAY sHe2e V&9 AH
ZARE o] &3 HEAHA A& F5F 24L EVL
St am @A Q2] A2de AFEAEY ¥
8)3to] macroscopic FEHFES @A At £ A
Zsle] CPU timed 3 8 ol €9 + U= 1P
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Aot oA ® sl AAAEEFE Haz I
Az HFol ¢ ARd}

2 dFdHes 2d ZFEXHEI(Model
Collision Integra)©22 @< 3l¥ Boltzmann %
A 21 & Discrete Ordinate ¥ 3% 2398 F3 4
H[4]& ol &3t Holet Eol9 M [/p7} 30
Q Fe volazAd, [/t 250002 & nlo]
A2Ad 2 F A9 side] AF= 449 v
oA Az¥ R AL FFEHE A}
orn, AES Yy sAqAHs APk 2 oo
E o8 A He og AANZAYG v
1=

2 olM 7

2.1 Model Equation
229 Cartesian FEA N4 BGK E4 Boltzmann
HA A5l A A 4 (D2 7ednh

Vv L = AP M
A7 fx, v, V,, V,, V)& TEEEZET(number
density distribution function), V, V, Vi< z+ ko)
BALERE, A FEW%(collision frequency)elth. =
A HYE X5 (local equilibrium distribution) F =
olgfel 2 (22 Fo]Rrh

532 AAEFH S (macroscopic flow variable)
A FUE 4 52 TLE 758 4 G, 4 32
2 A (33)7 Fol FUEEIFIFE EASTA
et AEstq 7 4 o

A= AV, DdV 3.1)
2D = f VAV, DdV 32
SR = [ VAV, 2V (33)

7]\ Al P = peculiar velocity, Z=V=1 °|t}. 2]
(41), 4 (4.2)9) ZAEE34(reduced distribution

function)[6]8 E=¢Y3td z W&o Exl&E o}
of AR F EYWF £2 Fold 4 (651)-(54)

= T
g 9=

+co
ey V, V=] funV,Vav, @

K Vo V=] VfayV,Vdv, 42

3 3
Vx—é +Vy7§ +Ag=AG 6.1)
h |y ok

V"Ec +Vy7y +Ar=AH (5.2)
+co

Qxy V. V)= [ Fav, 53)
“+co

Hxy, V. V)= [ ViFav, (5.4)

FE5F S4AY 3 71F Aeede HaE
A} &= (most probable speed) V,=V2RT & °|%
3 2 ()9 FAY AFELS =98 F
=L y=yL Tn=un, Vi= VIV,
T=U/v, T=71 A= ALV,
g=gVliin, h=hn, G= GV}/n, H=Hn

(6)

EASEAC A (7.1)-(7.3)9
Coordinate System)& =<3},

=3 % Al (Polar

Vo= Vang 7.1
V,= Vasé (72)
¢= ta (VY T) (7.3)

o2, EIHITAE YuzEAZ HEsA 4
8.1)-84) AuAAE A=

0 .0g _
ij; +C5 +AL=AG (81)
oh | 0k _
36—7; +CGE +Ar=AH 8.2
BZ(VC(E¢X5_ VSind’J’g)/]t (8.3)
C=(Vsingx,— Voosgy,) /], (8.4)
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gALES EA7IE b Wely RE wWFolA
AgHgom, sE B 2:u] (Jacobian)ol th

2.2 Discrete Ordinate Method

Gauss-Hermite ¥H12) 32 (half range quadrature)[7]
& 2 9% 2ol el #F HAREL witi(root) Vol
A9] AF(weight) P ©1&38te] Wshe= Wyolnt

fo eV VeQVay = gPaQ( Vy 9)

&= Z(velocity angle) ¢ digt HE
Simpson TH< =43E AANzEHSFE T3]
A% S=AC B HAEE2 4 (101)-0104)9 +

Agoz HAE 4 Sdvh
N K
n=2 2P o8 x (10.1)
N K
nU,= 1Z‘iP@P Vysing g5, (10.2)
N K
A= 53 2 PoP sV s ey, (103)
3 N
—2—nT=;‘10§P6P0(h&,+ g,
— U+ 1R) (10.4)
og7lol A N & Gauss-Hermite #7349 2

(order)el 3, K ¥ Simpson Tr& oA A72te 7
o]t}

2xgido &g Fite EHL EXEF FAA
BoE ANZEFHSFE Fihe FolBZ A4
< A (11LD-116)F 2o EASHEAN ZHAHY
2xNxK 7h¢] ®¥71e] 2l (discrete equation)22 ¥ 3
g 4 et

By | ~%u _
B—Jf +C52 +Agy,=AGs (11.1)
19ﬂaz +c% +Ahy,=AH, (11.2)
B—(Vaa)s¢¢,x5— V6m¢ay5)/]t (11.3)
C=(V;sing x,— Vsasdy )], (11.4)

Co=reo{{(Vosng,~U)*

H Vs ,—U) YT} (11.5)

(11.6)

del Ae EAAGS 2HAFTHAYG SEA

EXd o A (12.1)-(0124)9 w&E FFEY
(simple explicit scheme)2 ©] &3}
02y  8&M—gLé—isnE 1) (12.1)
0t SAE '
0gsy B lEN—g L& n—isAy (122)
on sAy :
is=sign (V0080 ,x .~ Vysing v /] ] (12.3)
ss=signl (Vsing .y ,— Vscosd x ,)/] ] (12.4)

A (13.1)-(134)9 FEA2LEH e d=rh

25L& N =[D,GL& N +B g (& n—isan

+C,gs(é—550€0]/(B,+C,+D),) 13.1)
B,=i(cos ¢ ,x g—sing v 5)/(]1‘A77) (13.2)
C,=ising .,y ,—cos$ v )/ (J 28 (13.3)
D,=AJV;s (13.4)
FU9E WHe Fe p0 dHAE FARD
PANe Ak 99 $HAL BRAWEL ol &
o] AHNY wo] EEFF gt 2 B HE
SAE HAsted AZE BRI slen @A 4 G,
2 g, @ A4 vAY ANBEASFE ol &8
o Astd Aok

24 HA=H

AYAANAE FFo] BFGe Folgonz
Bxdg47t 4 14.1), 4 (14.2)8 Maxwell EX2
Fojth,
g&r_—”%a(p{_[(vagn‘ﬁa_l]x.b)z
HVa8¢,~U, 0% T}
hé‘a:_% T8s

(14.1)

(14.2)
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q71A s = dEEAE vEhdnh ERolA
£ WAt A7t ZEel 25 7ol wWE Maxwell
BEXE zte= 4 (151), 4 (152)9 diffuse ¥AMEA

o] Ab&-H 3t

gw:}%‘ﬂ: @(D{—[ ( V65m¢a_Uw,x) 2
(15.1)

hw=—% T2 (152)

for (¢ <0

o714 ZE EHWHEE (inward normal to surface)
yadeoelnt. 5 & FATYEZF(wall number
flux)eg meE & & glon, EhodA HAHde]
STFYE3 E(net flux normal to surface)e] §lth=

2 (16)8 =& HEape] Az ofopst ot

[ (¢ fde=
(e-m>0

_f_ _ (e-WFde (16)
(c- W<0

2.5 Collision Frequency
BGK model®] A$¢ FEX=E 4 A7 2ol
Fo Q.

A= an

o7l A py &8, g ¥ Boltzmann A<olth &
ERNETE A st A7 Ed(hard sphere
model)¢] BT A8 2 (mean free path)E ©] &3
BAY B g5 dutF oz 2/360A 1Atele] g
(8] 7}Ath 4 & coefficient of viscositye|™, 2
(18)7 2 2% gFEAHPIE Zn o o743
HAA g= 7IE4HE JeRdL

st TNo
,U,,_(To) (18)

7F¥ 77 (Variable Hard Sphere) 2212 € [1]¢]
AS 7124 A AF Y Z(mean free path)
A= BE psh 4 9D, 4 (192)8 A2 e

_16 Fup, (19.1
0= 75 mn 27RT ) 1 b
Fy= =202 (19.2)

mebd PAdsd FEUEL AURT 2Aw
2o YAAFALE o §3HE AT 4 0F 2ol
e 5 gt

8T
* 5/ nkn

A= ¢F (20)

A7 Ky £ A QDE FoAXE JEAHNAY
FAl4 (Knudsen Number)eltl.

K= (21

>

3. oA Z3

MEMS #ZAe= odst 349 micro-channel %
chamber2 FA4¥oi1th 29 15 322 micro-channel
& MEMS #AE PAsH: 7HF 71252 gadolu, o
g et FAoM AR 7[EY HAFRAIY T2
2 nng, Heol ¢ AFEAGINM FEZE

Aused e e EAw

(Not to scale)

Fig. 1 Simple micro-channel geometry.
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Fig. 2 Comparison of x-velocity contours ( sp/s)
for the simple micro-channel.

A WA AN FAE 2] f = 05 Ao
L=15m% ¥lx3A #L micro-channelelth. &5
2 &% chamber$®} channel HHe L£xE REF
300K ZA$2 +3U9 2xH3lE BAE 4 3l
2, webA] Y FuA AgE FAS F . 4+
%HL 25bar, TFUEHL lbarZ FFH = 2501,
HBEGHd Ao FAFE i = 00622 nlndy
Holl sgdc} Channel?] Zdol7t g1 &M} =
of AFHBAPH 27 Aite] FMEdln, MnyPIY
of sigsiez o8 71X "yl og AN A
& vude #FE 5 gl 2L AFNA FA
ZAZE A4 HAG

a9 20l £ A7 AFBAMY st AN
# channel WolA ¢l x-velocity contour?} v]RE )
om, &Exo 99 m/olth AFEANE AT
(oFHARE)E 93t o]8F code[l0]ol& Varable
Hard Sphere(VHS) 2 4[1]3} No Time Counter(NTC)
Z18[1]e] AHEEA O, cell 5= 4,000(80%50), cell Z
H sampling size= 1,000,0000]th £ dA7t9] At A
(S BE9] contour)E 81x%51 grid7’} AHEULh 7lAle A
Zol9, Aol AEE HEA|F(viscosity exponent)
T =071, 22¥FE ¢=135°Itk. Chammel Y7
2 oA AHAAZRAEL Y%t characteristic
line @WH[11]o] ol &=t MZ & Wy o3
AZdzSe]l & dXEn glovt, AFREARY o3
AxrAo] & statistical noise’} %ol UYE & F
otk AALE Pentium IV 3.06GHz ®l&3A% PCojA
sgste] o, AMNAE B d7e W] & 144]
7t AR BAPY = oF 15A7k0] A H AT

—

microchannel exit

h,

L L
(Not to scale)

> ———P|
1 2

Fig. 3 micro-fludic system with two
micro-channels in series.

F dRAZ Asd EAe 2F 39 B AANY F
782l channele] AE &2 Ad¥ micro-fludic system®]
o 7 channeld] ®o|s} Hele 24 p = 05um
L1 = 7.5/1m, hz= I.Oym, LZ= 7.5/_¢m°]‘;}. As 2
815 chamber$} channel B¥He 25+ 25 300K°]
o} YF4HL 25bar, ETLHE lbarZ A WA &
At Zok a9 4ol B A7 AFRAIYHC o3
o A4 channel Woll A ¢} x-velocity contour?} B
ZHQeH, £E8 BAE  miolth T A
channele} AE=E AAE ZF$¢ dZREAANY #H
o2 2 7AY &=yt PR2PA a2 F
Al Z71EE 2 5 ok A HA FA9 wA
2 B 479 AZnset AFRANHC o AAE
FHEo] @ dA3lm o, AHBAMY od At
Z}o) = statistical noise”t 2ol J&E ¢ F Ut

Present method

Fig. 4 Comparison of x-velocity contours
( m/s) for the micro-fluidic system.
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Fig. 5 Companson of x-velocity contours
(m/s) in a micrchannel of % = 12 ym
and 7 = 3000 mm at Ky = 003 :
dashed lines, A -NS, solid lines,
present method.

A AAZ AdE EAE ¥l p=12um
L = 30002 L/p ¥l d% &
micro-channelelt}. A4HF 2 3F chambers}
channel W9 L5+ 2% 300Ko| 1, 74"
20psig, E7¢H L Opsig® Y 8H = 23609, HF
g FAFE Ky = 00322 vjung g g
FReh. ANFAIZES < 150A]7te] A8 HUTH
L/h v1&°] W% # channel W32 H50] 14/
o] 3t2 Wi o} A FEAPEY 2§ ANE AAY
AdHEsgogEs Erbsslt

vy oo sgsts dolst g 3 52
el 229 @4 channeld) A$ njnyg AAZRZA
o] &3t} Nvier-Stokes 73214 sl[12]18 4 (22),
2 (23)7 Zo] F& & ith

2.

[AURNINY
S}

tlo o

l

R2=

V (60K, +R ) >~ A (RA—D]+126K (R ,~1)]
-%ﬂ@ (22)

Ux,y) = 2# ak(y —h*—4h’K0) (23)

d71A B} = Y 279 channel ZojR
FadstE o)y, g= EE43(streamwise)d] B
@Y accommodationolt}. dHA = EFAMY
#e veEhE = A (249 o]l AoA local ¥
A o)},

|y Ma

BRSNS B B B S e R S S S s S S S S T

]

20r O  experiment |
R -~ A-NS
16 F ——— present :

Pressure (psig)

x/L

Fig. 6 Comparison of pressure distribution in
a micrchannel of j = 1.2 gy and L
= 3,000 um at Kn = 0.03.
a9 bolle £ d7e A (23 93t A
channel WA x-velocity contourZ} ¥R H
W, 459 B myelth 19 6l E AT
2l (22)] 935t A4k® channel WMol Y L E
X7 A g vuHunh ALEd# AgeA o
B e HAEAESE F ez JsE & F
At}

4. 8 =

d ZEXEgorg w@e3tE Boltzmann 44
& Discrete Ordinate W33 2%¢d FIALEHS
o]-g&te oh<kdt FHF 2 micro-channel ¥ 5%
o] &A=}

£ 479 fAUdEe A Asld &4 4t
A4z 2 9 o7 71 Wi ot AdAne
HaEdd viay gL deAd 2 HEs 434
AdolM e Ase APEAYS ZAe F YA 3y
on, AHPRAYY Hgo| ENTF [/ BlEo] o
+ & Ade] AN dne 4d 2 Nvier-Stokes W
AN G o] &g AL Ao vjuy F IX5Hh

E v o gtatistical noise?t glow, 314 H5A
2 APRAIYe] HEH7] o7 AL
Hed F e Yol

FE53d=
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