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Abstract

To present graph of probability densities, many softwares and graphical tools use
methods that link points or straight lines. However, the methods can’t display exactly
and smoothly the graph and are not efficient from the viewpoint of process time. One
method to overcome these shortcomings is utilizing interpolation methods. In these
methods, selecting the number and location of knots is an important factor. This article
proposes an algorithm to select knots for graphically presenting densities and
implements graph components based on the algorithm.

Keywords : Presenting Densities, Knots, Optimization Technique
1. Introduction

Probability distribution models are used widely in many disciplines such as natural science,
engineering, social science and finance(Lee et al, 2000; Jung, 2000, Hong, 2000; Hyun et al., 2000;
Lee and Peak, 2003). To represent the distribution of random variables, they are based on
probability density functions(PDF). However, PDFs are defined usually with a complex numerical
formula - for example, see equation (1) - and it is not easy to presume shape of distribution
through the functions. To help intuitive comprehension on the shape of intricate functions such
as equation (1), computer graphics are often used. As mentioned in Hyun et al(2000), computer
graphics are the most versatile and powerful means of communication between a computer and a
human being.
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To present graphs of probability densities, many statistical softwares and graphical tools use
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the methods that link points or straight lines. These methods assume that the functions are
approximated linearly in a fixed interval. However, the methods based on the assumption can't
display exactly and smoothly the graphs and are not efficient from the viewpoint of process
time.

An alternative to overcome these shortcomings is to utilize the approximation techniques using
curves such as cubic spline, B-spline and the bezier curve, as they are known as efficient
methods to draw graphs of probability densities(Doh and Chwa, 1993; Wegman and Carr, 1993;
Ruppert, 2002). The techniques, however, have a weakness which is the precision of
approximation is affected by the number and location of knots(Kim and Lee, 2001). Selecting the
number and location of knots, therefore, is an important factor to present graphs of probability
densities.

In this article, we propose an algorithm to select knots for graphically presenting densities and
develop graph components based on the algorithm. To find the knots, the algorithm uses the
optimization techniques to minimize the difference of the value of the original function and the
approximated function. As a criterion to select the number and location of knots, a threshold
based on the computer resolution is used.

2. The methods for presenting densities

There are methods to present graphs of probability densities. In this section, we introduce the
characteristics of the methods and explore matters that should be considered in the method using
curves.

2.1 Traditional methods

Generally and traditionally, many statistical softwares for statistics education have used
methods that link points or straight lines together to present graphs of probability densities.
These methods are appropriate to roughly express the graphs. However, they have some
shortcomings as follows: first, the methods can’t display exactly and smoothly the graphs,
especially, in the interval sections that have a high variation of curvature. Figure 1 shows the
graphs using the methods. Graph (a) is an example that places points on all pixels. In the circle
part, the graph is broken off. Graph (b) is an example that link straight lines together (piecewise
linear fitting). In the circle part of the graph (b), the graph isn’t smooth.

Second, the methods are not efficient from the viewpoint of process time in case that PDFs
are defined with a complex numerical formula. To draw a chi-square distribution graph, for
example, we ought to calculate the value of equation (1). In the case of using points and lines,
the running time is approximately O(##/2) and O(n#/2k) (a line per k pixels) respectively. In
addition, the methods are not very efficient when a graph is updated frequently or when we
draw a graph as in Figure 2.
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Third, the graphs using these methods have aliasing as in Figure 3. Aliasing is the
well~-known effect on computer screens, in fact on all pixel devices, where diagonal and curved
lines are displayed as a series of little zigzag horizontal and vertical lines. When the pixels are
large, like on computer screens, some kind of remedy is highly desirable.
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<Figure 1> Graphs of standard normal density

<Figure 2> Graph of bivariate standard normal density

<Figure 3> Aliasing and anti-aliasing image
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2.2 The method using curves

The shortcomings of traditional methods mentioned in section 2.1 can be solved by using
curves, and the most common method is one that uses cubic spline interpolation. A cubic spline
fits a smooth curve to sub-intervals. This device is a flexible rod, bent to conform to the
intervals. The precision of the method, however, is affected by the number and location of knots.

Figure 4 shows a graph of standard normal density using 6 knots. The dotted line is the
original function and the solid line is approximated. Graph (a) is an example that arranges the
knots at sub-intervals with equal width. In the graph (b), knots are arranged at sub-intervals
with unequal width. Approximate precision of the graph (a) is not good, especially, in the
neighborhood of x={(. Although graph (a) and (b) of Figure 4 use an equal number of knots,
approximate precision of the latter is very exact. The knots in graph (b) are arranged in the

neighborhood of x=0 and x =1 where they have a high variation of curvature.
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(a) sub-intervals with equal width (b) sub-intervals with unequal width

<Figure 4> Graphs of standard normal density using knots
Figure 4 gives an intimation in which it’'s approximate precision is very different according to
the arrangement of knots though we use knots of the equal number. When we use interpolation
methods for graphically presenting densities, it i1s important not only to select the number of
knots but also to arrange the location of knots.

3. Selecting the number and location of knots

3.1 An algorithm for selecting knots

The problem of selecting appropriate knots is equal to finding knots to minimize the difference
of the value and area of the original function and the approximated function as in Figure 5. This
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problem can be solved by optimization techniques.
Table 1 represents the algorithm proposed in this study for selecting knots based on an
optimization technique. In step @ of the algorithm, we define an object function for optimization

as equation (2), where £ is the interval of a density and knots(interpolation points) «x; satisfy

%1% ...<{x, and x,€Q for all =1,2,...,n The Ax) and F,(x)are original density

and cubic spline function respectively.
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<Figure 5> Error of approximate function

<Table 1> An algorithm for selecting knots
D Defining the object function
@ Set the distribution and approximate interval
@ Set the number of knots
@ Set the initial values of knots
® Find the maximum error and location of knots(interpolation points)

- using downhill simplex method
® Decide the threshold
- based on the computer resolution
@ If maximum error < threshold then
select location of knots
Else
go to step @
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Steps @ ~ @ set up a PDF and interval for approximation, the number and initial values of
knots. In step ®, the algorithm find the maximum error and location of knots using an
optimization technique. Optimization techniques have two forms that only need evaluations of the
object function to be minimized and that also require evaluations of the derivative of that
function. In this study, we use the downhill simplex method that doesn’t require a derivative,
because the object function doesn’t have a derivative. The downhill simplex method may
frequently be the best method to use if the figure of merit is “get something working quickly”
for a problem whose computational burden is small (Press et al., 1992).

In step ®, we decide the threshold based on the computer resolution and maximum value of

the density. Let y, be pixels of the vertical axis, v, be the maximum value of the density, and
¥y, be y,,/ ¥ If we want to present less than # pixels for the difference of the original function

and the approximated function, the threshold of maximum error can be decided as equation (3)
and (4).
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For example, let us consider standard normal density and let the resolution of the monitor be
1024 x 768 . The maximum value( y,) of standard normal function is approximately 0.3989, and
¥,=1925. If we want to present the graph in less than 2 pixels, £<0.001038. In step @, we

select the location of knots based on the threshold. This process to find the location of knots,
however, requires many process times. To overcome this shortcoming, we use a technique that
finds the preliminary knots and store them in a database table.

<Table 2> Maximum error and knots from standard normal distribution

No. of knots maximum error knots
4 0.100304 -3.0300, ~0.8918, 0.8918, 3.0300
5 0.001217 -3.4136, ~1.5158, 0, 1.5158, 3.4136
6 0.000959 -3.4269, ~1.4961, -0.0830, 0.0880, 1.4961, 3.4269
7 0.000951 -3.4285, -~1.4946, -0.04783, 0, 0.04783, 1.4946, 3.4285
8 0.000612 -3.3677, ~1.5638, ~0.9084, -0.2956, 0.2956, 0.9084, 1.5638, 3.3677
9 0.000607 -3.3684, -1.6341, -1.2534, -0.6278, 0, 0.6278, 1.2534, 1.6341, 3.3684
10 0.000607 -3.3685, ~1.6347, -1.3714, -0.8654, -0.2268,
0.2268, 0.8654, 1.3714, 1.6347, 3.3685

Table 2 gives the maximum errors and the knots from standard normal distribution. When we

use the threshold €=0.001, the maximum errors are less than the threshold when the number of
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knots is more than 6. Therefore, we use 6 knots at least to present exactly and smoothly the

graph of standard normal density. Table 3 and 4 give the maximum errors from the ¢ and 2
distribution. When the degrees of freedom are 1 and 30, the thresholds for presenting the ¢

density are approximately 0.0008 and 0.001 respectively, and the thresholds for presenting x°
density are approximately (.01 and 0.0001 respectively.

<Table 3> Maximum error from ¢ distribution(d.f.: 1, 30)

No. of knots | maximum errcr No. of knots| maximum error

4 0.145939 4 0.087661
5 0.010788 5 0.001058
6 0.009809 6 0.000931
7 0.005706 7 0.000930
3 0.002464 8 0.000444
9 0.000698 9 0.000222
10 0.000697 10 0.000222
11 0.000650

<Table 4> Maximum error from chi-square distribution(d.f.: 1, 30)

No. of knots | maximum error No. of knots | maximum error
4 0.595387 4 0.011887
5 0.092510 5 0.000226
6 0.063133 6 0.000173
7 0.043283 7 0.000092
8 0.040701 8 0.000073
9 0.040230 9 0.000042
10 0.039463 10 0.000029
11 0.039293 11 0.000028
12 0.030140
13 0.011082
14 0.009824
15 0.008009
16 0.007560
17 0.005323
18 0.002839
19 0.002054
20 0.001595

3.2 Graph components and performance

To present the graphs of probability densities such as standard normal, ¢ and 2% distribution,
we use the bezier curve. The graph modules for the bezier curve are usually provided in the
programming languages. Figure 6 represents the graph components implemented in this study.

The components are designed to be used easily in many applications through the modulization
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of graph routines. In the components we can compare the methods that link points or straight
lines with an interpolation method. In addition, we can shift the location of knots using the
computer mouse and explore the change of the graphs.
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<Figure 6> Graph component of probability densities

To assess the performance of the algorithm, we performed several experiments on an IBM
PC(Pentium IV) with a CPU clock rate of 1.5GHz and 1.5GB of main memory. Table 5 shows
the execution times for the three methods. The interpolation method proposed in this article did a
little better than traditional methods. In particular, we expect that the method will be more
efficient when a graph is updated frequently or when we draw a graph as in Figure 2. In
addition, the method doesn’t have aliasing because it is hardly affected by computer resolution.

<Table 5> Execution times (milisecond, d.f.: 20)

Points Lines Interpolation
Normal 63.695 8.120 1.165
¢ 61.330 7.020 2.275
o+ 59.340 6.485 2.585

4. Conclusions

In this paper, we propose an algorithm to select the number and location of knots for
graphically presenting densities, and develop graph components based on the algorithm. The
algorithm uses the optimization techniques and the threshold based on the computer resolution as
a criterion to select the most appropriate knots. With the algorithm, we can present exactly and
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smoothly the graphs of probability densities, and the method which uses curves is efficient from
the viewpoint of process time.

To find maximum error and knots in this study, we use R, a language and environment for
statistical computing and graphics, and graph modules are developed in JAVA, a programming
language. The method proposed in this article, however, has a shortcoming in that it can not be
applied for general functions such as the gamma function. Generalization on any functions and
integration of the processes remain for further research.
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