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On the Instantaneous and Average Piston Friction
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Piston friction is one of the important but complicated sources of energy loss of a hydraulic
axial piston machine. In this paper, two formulas are derived for estimating instantaneous piston
friction force and average piston friction moment loss. The derived formula can be applicable
for piston guides with or without bushing as well as for axial piston machines of motoring and
pumping operations. Through the formula derivation, a typical curve shape of friction force
found from several experimental measurements during one revolution of a machine is clearly
explained in this paper that it is mainly due to the equivalent friction coefficient dependent on
its angular position. Stribeck curve effect can easily be incorporated into the formula by
replacing outer and inner friction coefficients at both edges of a piston with the coefficient given
by Manring (1999) considering mixed/boundary lubrication effects. Novel feature of the derived
formula is that it is represented only by physical dimensions of a machine, hence it allows
to estimate the piston friction force and loss moment of a machine without hardworking

experimental test.
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Nomenclature
ap . Piston acceleration, w*R» tan @ cos 8 lso . Distance between origin and ball joint at
Ap . Piston area, nd3/4 ODP
dr . Diameter of piston leo  : Distance of cylinder block from origin O
F  © Force acting on each part of a machine l[r . Length of piston
fp : Equivalent friction coefficient w.r.t. Fgp M Moment generated by each force
Frp © Total radial force acting on a piston mp . Piston mass
hp . Gap height between piston and cylinder N Normal reaction force of piston
hs . Gap height of slipper and swash plate Ap : Difference of piston and housing pressure
lsr . Length between ball joint and piston guide  #s;,7s0 - Inner, outer radius of slipper sealing ring
lr  Piston guide length, /ro or lrot+2p Rp ' Pitch circle radius of pistons
Ve © Geometric displacement, 2ApRp tan a
* Corresponding Author, vp : Piston velocity, wRp tan a sin 0
E-mail : hsjeong @ kunsan.ac.kr zp . Piston displacement, Rp»tan a¢(1—cos 8)
TEL : 4+82-63-469-4723; FAX : +82—§3—46.9—4727 o * Tilting angle of swash plate
Professor, School.of Mechanical Engineering, Kunsan P - Angular position of a piston, ie. phase
National University, Kunsan, Chonbuk 573-701, Ko- ’

rea. (Manuscript Received August 19, 2003; Revised angle
July 16, 2004) A» Equivalent friction coefficient w.r.t. Fpp
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¢ . Viscosity of hydraulic oil
Mo, i - Outer, inner piston friction coefficient
@ Rotational speed in rad/sec

1. Introduction

Since hydrostatic pumps were firstly appeared
and practically used around 17th century in the
world, modern high operating pressure pump of
bent-axis piston type was developed by Thoma in
1930. In the year 1944 a weight to power ratio of
0.3kg/KW was already realized with hydraulic
pumps for aircraft applications. In 1950s, axial
pumps of swash plate design were asserted suc-
cessfully by themselves on the market (Jaroslav et
al., 2001).

Several authors tried to make precise perform-
ance models for hydraulic piston machines. How-
ever, it can be said unfortunately that until now
there are no successful models effectively des-
cribing the performance accurately enough over
the whole operating range. To address the effici-
ency issues, research has been conducted to eval-
uate the types of energy losses that exist within
axial-piston machines. In particular, these losses
have been divided into volumetric losses due to
leakage and fluid compression and moment losses
due to internal friction. Among machine parts
producing friction losses, piston-cylinder element
is the most unfavourable condition for the view-
point of lubrication because a lateral force is
exerted on the piston by swash plate. When the
operating condition is severe for lubrication, a
local metal contact can occur at the edges of the
piston.

For the piston friction force, one can find not
so many mathematical models in the literatures,
while many literatures show experimental trends
of friction force and moment at various operating
conditions measured with specially designed dev-
ices for their own purpose. The frictional char-
acteristics of a piston with a ring pack is reported
with cosideration of mixed lubrication (Kim et
al., 2002). Manring developed a detail mathe-
matical model for piston friction based on lubri-
cating conditions, well-known as Stribeck curve
(Manring, 1999) for a piston guide with a bus-

hing. The model was verified with test results at
low speed and low pressure by special device with
linearly moving piston in its axial direction. The
strength of the model is that both mixed and
hydrodynamic lubrication conditions are reflect-
ed in one variable of friction coefficient. But, it is
applicable only for rotating swash plate design
with guide bushing rather than rotating cylinder
design among axial piston machines. For rotating
cylinder design of a machine, Ivantysyn calculates
piston friction force by a brief model with con-
stant friction coefficient applicable for piston
guide both with and without bushing (Jaroslav et
al., 2001). Tt includes the effects due to piston
rotation around a main shaft such as those of
forces due to slipper friction, viscous friction of
the gap between piston and cylinder and cen-
trifugal forces acting in lateral direction of a
piston. It can be said to be a model for roughly
estimating amounts of moment loss and effects on
the average performance due to piston friction
rather than detail analysis of frictional behaviour
of a piston.

Meanwhile, both models mentioned above as-
sume that direction of reaction forces at the edges
of a piston are aligned in a line. However, the
direction of reaction forces at each edge can not
be aligned in a line because of lateral forces acting
on the piston due to rotation of cylinder or swash
plate. In this work, two formulas for instantan-
eous piston friction force and average piston
friction moment will be derived considering mis-
alignment of reaction force direction as well as
forces introduced due to rotation of piston and
cylinder. The rest of this paper is organized as
follows : Section 2 describes working principle of
hydraulic axial piston machines and forces acting
on a piston. In section 3, a formula for instantan-
eous piston friction force is derived and section 4
discusses about a more elaborated model consi-
dering effect of misaligned reaction forces. In sec-
tion 5, approximate formula for average friction
of total sum of each piston moment is derived.
Section 6 discusses about several aspects of the
derived formulas and calculation examples for a
typical machine and conclusions are finally fol-
lowed in the last section.
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2. Working Principle
of Piston Machines and Forces
Acting on a Piston

2.1 Working principle of swash plate type

axial piston machines

A swash plate design of a axial piston machine
consists of several components such as piston,
slipper, cylinder, swash plate, valve plate, and
shaft as shown in Fig. 1. According to the kine-
matic arrangement of the rotating and fixed com-
ponents, swash plate machine is classified into
a design with rotating cylinder and a design
with rotating swash plate. The first between two
designs is main concern of this article.

When an axial piston machine is in use as a
pump, external mechanical energy input forces
main shaft of the machine to rotate. Thus the
rotating cylinder, pistons and slippers make in
turn the pistons slide on a swash plate. As the
result, a piston reciprocates one time per revolu-
tion and fluid connected through valve ports are
sucked and delivered one time per revolution.
Hence, the return port side for 0< #<rin Fig. 1
now becomes a pumping port delivering hy-
draulic oil of high pressure. And right hand port
of a valve plate for 7<#<27 now becomes a
suction port introducing hydraulic oil of low

pressure.

However, the machine in motoring operation
is driven by external hydraulic fluid of high
pressure. In this case, note that the delivery port
for 7<@<2rx is the high pressure side and the
the return port for 0< §<r is the low pressure
side, differently from pumping operation.

2.2 Forces acting on a piston

As shown in Fig. 1, there exist three facing gaps
between reciprocating and/or rotating members
with relative speed such as slipper pad and swash
plate, piston and cylinder, and valve plate and
cylinder block. Through the gaps, flow of laminar
character leaks and hydro-mechanical friction
occurs to degrade the efficiency of the machine.
Among three gaps producing friction losses,
piston-cylinder element is the most unfavourable
element for the viewpoint of lubrication because a
lateral force as well as axial force are exerted on
the piston by a swash plate.

Before describe friction forces as depicted in
Fig. 2, note that two types of piston guide are
generally used. One is the piston guide with bus-
hing, so-called short piston guide as shown in
Fig. 1 and the other is the piston guide without
bushing, so-called long piston guide as shown
in Fig. 2. A simplified stress distribution caused
by the radial force Fgp exerted on the piston,
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Fig. 1 Hydraulic axial piston machine of swash plate design
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Fig. 2 Forces acting on a piston and slipper
which will be derived below in this section, alon v
] . . .g pr:/l h—P’ﬂdP'lF (3)
the contact between piston and piston guide is P

depicted in the lower half of the Fig. 2. It can be
seen that very high stress is developed at the
cylinder and piston edges. The maximum permis-
sible surface compressive stress of the related
materials limits the force Frp and in other words,
limits the maximum allowable swash plate angle
a (Jaroslav et al.,, 2001).

Let us now describe forces acting on a piston
one by one. There are basically two types of
forces in hydraulic piston machines such as pres-
sure independent and pressure dependent forces.
Pressure dependent force acting on a piston in
z-direction is given by

Fppzﬁdg/“’/_\ﬁ:AP‘Aﬁ <1>

Note that even though forces in Fig. 2 is depicted
for motoring case, every equations derived in this
article are also applicable for pumping case sim-
ply by considering that Ap is high at 7<8<2x
and Ap=0 at 0< § < for a motor, while for a
pump Ap is high at 0< §<mand Ap=0 at 7<
6 <2x. The inertia force of a piston acting also in
z-direction is

(2)

Viscous friction force induced by hydraulic oil

Fopr=mp+ap=mp+»* Rptan a-cos 0

acting on the piston yields

Céntrifugal forces acting on the piston in radial
direction from the shaft center O is given by

(4)

From Fig. 2, magnitude of the reaction force of

Fa,p=mp-ar=mp-Rp-w2

swash plate acting onto a piston can be easily
given

FsP: (FpP+FaP+F;AP+FfP) /COS a
EFAP/COS a

(s)

The frictional force produced on the sliding sur-
face of a slipper acts on a piston in tangential
direction.

Assuming viscous friction, it can be determined
as

Ts

Note that the centrifugal force acts at the mass

wR P
hs

rameredr=pu 7 (ré —7r&) (6)

center M of a piston in radial direction of x-y
plane, while other forces in radial direction act
at the center of ball joint. Hence, in order to
integrate all the radial direction piston forces in
one value, the centrifugal force Fyp acting at its
center of mass is replaced by an equivalent force
F'yp acting at the center of ball-joint B as
follows (Jaroslav et al., 2001):
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F op=Foup*lur/lsp="Fup+ (lsr— )/l (7)

As the result, magnitude of the resultant radial
force acting at the point of ball-joint B of a
piston perpendicular to the piston axis can then
be summarized as

FRPZ\/(F/wa-}'Ffo) 2+ (FSPy+F,wa+FfSy> 2 (8)

where third subscripts x, v stand for x, y com-
ponents of the corresponding forces in x-y plane,
respectively. The z-directional Coulumb friction
force exerted on a piston due to the resultant
normal force Fgp acting on the piston can be
generally described in a form

Ffp:fp'FRP'Sign('UP) (9)

where sign(-)} is +1 or —1 for positive or
negative argument respectively and sigz(0) =0.
Hence, sign{ve) is +1 for 0< § < while —1 for
z<0<2m.

Note that the length of piston guide /- in Eq.
(3), the length between piston guide center and
ball joint and piston mass center /s in Eq. (7),
are all dependent on the piston guide type as well
as the angular position # of a piston as follows

lr=lpt2p= (lP—lw—[Bo) +2zp
= (lp—la)) — o COS 19,
ly=Retan ¢

w/o bushing (10)

lr=lp, with bushing

2Upr=2lp—lp= (lp‘l’lca"i‘lm) —Zp

=(lp+lco) + o cOS 8 w/o bushing (1)
leF:2(180+[Co_ZP> +lr
=(lro+2lco) +2l50 cos @ with bushing

where for piston guide without bushing /r, means
the length of piston guide at ODP, while for
piston guide without bushing /r, is the length of
bushing itself.

Meanwhile, moments in z-direction generated
by forces mentioned above represent input tor-
que in case of pump and output torque in case of
motor. Pressure force acting on a piston makes
slipper slide on a swash plate and in turn makes
cylinder and motor shaft rotate. The driving mo-
ment generated by the pressure force can be given
as

Heon-Sul Jeong and Hyoung-Eui Kim

(12)

The loss moment produced due to three useless

Mpp=Fpp+ Rp tan a+sin 6

forces acting on a piston at the gap between
piston and cylinder yields

M= (Fop+ Fup+Fsp) « Rptan a+sin 6 (13)
=Mer+ MLfP +Mier

3. Compact Model
for Piston Friction Force

Let us consider friction force Eq. (9) given in
general form in detail. Relevant forces acting on
the piston and reaction and friction forces are
depicted in Fig. 3. )

Assuming that friction coefficients g and o
between two materials of piston guide and piston
at the inner and outer edges are different, friction
forces can be given in a form

{ Fi=1:N; sign(ve)

Fo=poNo-sign(vp) (14

Force balance in y-direction and moment balance

about the center of piston guide F respectively
give

Frp+N:=N, (15)

Frelsr= (No+Ni) le/2+ (Fo—Fi) dp/2  (16)

Solving Eqgs. (14) ~ (16) for reaction forces yields

No=FRP{ lp+1ls/2— (dP/2> ﬂi'Sigﬂ(VP) }/l#
Ni=Fe{ ler—Ir/2— (dp/2) pto* sign{ve) }/ If
E=lp+ (dp/2) (o 143) * signve)

(17)

By substituting Eq. (17) into Eq. (14), piston

-+,

Fig. 3 Simplified model for piston friction force
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friction force yields into a form of Eq. (9) as

follows

FjP:FfPi-I—F}?O: (lloNo+lli]Vi) 'Sign(UP)
= (llp' lz"ar/l#) 'FRP'Sign(VP)
=fp+ Fresign(vp), (
18)
ﬂPE(#o+/£i)/2

| HBor —213F+ fo— ﬂ: lr— /J/:a_#l dp-sign{ve)
fo= (o lfor [ IF)
tolp+ tileo+ pilso €08 01— poptide + sign{ve)

Ip—leo—lno c08 8+ (pto— 1) dp/2+sign{vs)
- w/o bushing (19)

Holrot 2itploot2pplao 08 01— proptidp* sign(ve)

Irot (pto— i) dp/ 2+ sign{ve)

- with bushing

Now Eq. (18) clearly gives physical based mea-
ning. But, total radial force Frr of Eq. (8) in-
cludes friction term Fyp via y-directional compo-
nent of swash plate reaction force Fspy as given in
Eq. (5), which is again a function of Fgp. It
means they are implicit algebraic equations for
the term Fge. Solving the following second order
equation obtained after arranging Eqs. (5) and
(8), gives the magnitude of radial force Fre.

A*F&—2-B*sign{vp) « Fep— C*=0 (20)
A*=1-fitalta
*=(frtan @) { F'uopyt Fiyt (Fyp t Fapt Fop)tan o}
C*=(F uprt Frs)*H{ Fumyt Froy+ (Fopt Fap+ Fup)tan a

Fw={B* sign{ve) +V/B**+A*-C*}/A* (21)

As a result, one can finally determine piston
friction force Fyp by Eqs. (18) and (21). When
neglecting Fup and Fys generally known to be
small, Egs. (5) and (8) give Fgr in compact form

as

tan ¢

Fep~ :
B —frtan a-sign(vep)

(FPP+FaP+FpP) (22)

Hence, approximate piston friction force yields

Frtan a-sign(vp)
1—f» tan a-sign{vs)
=4p- (FPP+FaP+F#P)

Frp~ (Fop+Fapt+Fup)

(23)

By substituting fp of Eq. (19), equivalent friction
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coefficient Ar of a piston machine with respect to
piston pressure force Fyp yields as

p _AftBus
P atbeos
(stolo o o 5 B)tan @ sign{up) — ot tan @
{1- o tan e sign (vp) }/ lo—{ 1 tan - sign (ve) Ve +
={ 14 tan asign(op)  lpprcos 0
_ " wfo bushing (24)
{oloo+ 2ot 2l 05 6)tan asign{ve) =+ opudh tan @
{1 tam e sign{up) }lro—2¢p tan aleo*signve) +f
—2pp tan el sign (vp) o5 6
- with bughing

where df=dp{ pops tan a+ (uo— ) /2+ sign(vs) }.

4. Elaborated Model
for Piston Friction Force

The model discussed in the previous section
assumes implicitly that total radial force Fp and
inner and outer reaction force N;, N, are aligned
in a line. However, they can not be aligned in a
line since centrifugal and slipper friction forces
continuously change its direction. Considering
this fact, related forces for more elaborated model
are depicted in Fig. 4.

Force balances in x-, y- and z-direction and
moment balances about B in x- and y-direction
respectively give the following relationships

2 Fx | +N,sin yo+N;sin 7:

—Fup sin 8—Fys cos =0

=N, cos 7o+ Ni cos 7

+Fsp sin @+ Fup cos 8—Fg sin §=0
— (toNo+ 1:N2) * sign (vp)

+ Fop cos @— (Fop+ Fop+ Fup) =0

ZFy: (25)

XF -

Y +Ng[ ——szgn ) Jcos 7o
A
L

ZMBY +No

signlvp }cosyl Fulg cos §=0
=11

ety 2O

. )

#_
2
%S }smr»

+N(l--—dszgn(vp)]sm7, = Fupln sin =0

There are five equations and five unknown vari-
ables such as No, N;, Fsp, 7o, 7:. Hence basically
it can be solved. Even though we can not derive
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Fig. 4 Elaborated model for piston friction force

analytical solution due to its non-linearities, but

one can calculate reaction forces No, N; and in
turn friction force Fypp=F;+F, by numerical
technique.

5. Average Piston Friction
Moment of a Axial
Piston Machine

All of the forces and moments discussed until
now as well as those mentioned in section 2.2 are
represented at a certain instantaneous angular
position 4 for one piston. Generally several pis-
tons are arranged at equi~interval angular posi-
tions with the same pitch circular radius on a
cylinder. In this section, average of piston fric-
tion moments with pistons of number z over one
revolution period will be derived. Each term of
“average” used hereafter without any special com-
ment in this article means average value of total
sum of force or moment of each piston.

Total output moments produced by pressure
forces of all pistons in a motor, which is the same
as total delivered moments from external mec-
hanical energy through the main shaft of a pump,
can be given as

MPP:‘g;FpH'RP tan a+sin &;

Y (27)
=§(AP-A;D,-) * Rp tan a-sin ;- sign(Ap;)
where 2, means the number of pistons at high
pressure port side and #; means angular position
of each piston. The pressure force induced mo-
ment Mpr fluctuates slightly with fixed fre-

quency depending on the machine’s speed. Av
erage moment of the fluctuating value yields

MpP=FpPRP tan (l/'i
i (28)
=zAp - (2Rptan a) '%E Ve ?_ﬁﬁ

where Vg is generally called geometric displace-
ment per revolution of a machine. Detail deri-
vation of Eq. (28) is given in appendix A.l.

Since the piston friction force of elaborated
model can not be represented in analytical form,
average of approximate piston friction force Eq.
(23) of simplified model will be derived below.
Instantaneous piston friction moment is

MU}’:gFﬂ-’i'RP tan e-sin &
£ (29)
zglipi‘ {Fopit+ Fapi+ Furs) * Rp tan a-sin 6

Note that equivalent friction coefficient A» of Eq.
(24) is in a rational trigonometric function of a
form (A+Bcos 8)/{a+b cos &) and its mean
value over half cycle of one revolution can be
obtained in analytical form as given in appendix
A.2. Hence average piston friction moment can be
summarized by approximation as

(B, Ab=aB\ , . z
Mpr—( A +bﬂ¢2———b?) ApAp Rptana pe 0

E/TP'APAD'RP tan a-%

where parameters a2, b, A, B are self defined in
Eq. (24). Now, carefully interpret sign(vp) in
Eq. (24) that it is 1 for pumps and —1 for mo-
tors, since pumps or motors have non-zero Fpp=
App for those two cases. For the meaning of
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the last term z/7 in Eq. (30), refer to the last
paragraph in appendix A.l. The accuracy of the
formula will be discussed in the next section.
Among loss moment contributions in Eq. (29),
moment due to Fup, Fup is zero if equivalent
friction coefficient f» is constant, since the two
forces are pure sinusoidal functions and its mean
over a period is zero. Even though fp is not con-
stant that can be known from the context up to
here, their contribution are checked negligible
for typical machines, to be one to three order-of-
magnitude smaller.

6. Discussion of the Models, Piston
Guides and Machine Types

For a typical machine described in Table I,
several aspects of the models derived for different
piston guide and machine operation types will be
discussed in this section.

First of all, for motoring case, comparison of
two derived models for the same inner and outer
friction coefficients of contact materials between
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piston and guide po=y4=p=0.08 is shown in
Fig. S. In the figures in this section, the compact
model designates Eqs. (19) and (21) and ela-
borated model stand for Egs. (25) ~ (26). Exact
and approximate formula stand for friction force
obtained by Eq. (21) and (22) respectively. And
varying co-efficient means fp is dependent on &
as given by Eq. (19) and constant coefficient,
as assumed in reference (Jaroslav et al., 2001),
stands for a constant value of varying fp at =

Table 1 Principal parameters of a hydraulic

machine
displacement Ve 200 cc/rev
tilting angle 15 degree
piston number 9 EA
piston diameter dp 27.9 mm
pitch circle radius Rr 68.0 mm
nominal speed w 1000 rpm
pressure difference Ap 100 bar
outer friction coeft. Lo 0.08
inner friction coeff. M 0.08
Piston Guide With Bushing Pump)
800 S
) ST S -
- i : : H : i ¢
% &m0 N [ Exact Formula : :
g -3 1] SR ?-’-\,{- ~ - _Approximate Formuta f-++4-- -+
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I -
RS N S O I U S o
100 i i H i i i i
0 50 16 150 200 250 300 380
Phase Angle [Degres]
Piston Guide With Bushing (Motar)
100 ’
P} sy veeede
R li) SRR VPP SN J S SRt Sesanen desenens i
g .
S : : : : :
“é B ] 3,.‘:.\.\:\ feeenne i
3 4 : ; PN i
w : : i T\f ;
=R+ 11 SERRTTR SRR e Areeeees Razmeeet
: : : PR !
a 600p- : fromereereeendeens gy
200 feearidenas ~~ Exact Fomula BT - 1]
0 } ~ - Approximate Formula ; i
0 50 100 150 20 B0 30 350
Phase Angle {Degree]

Fig. 5 Comparison of motoring and pumping operation
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Fig. 6 Comparison of compact and elaborated models (no bushing)
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Fig. 7 Instantaneous and average piston friction moment (motor)
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7/2 or 6=37/2.

In the upper two graphs of Fig. 5, constant co-
efficient model, as assumed in reference (Jaroslav
et al., 2001), gives quite different shape of friction
force and hence, it does not seem to be an appro-
priate model. While, approximate formula gives
very similar result to exact formula of compact
model, even though slight deviations appear due
to neglected centrifugal and viscous forces. In
the lower two graphs of Fig. 5, one can find that
piston friction forces of compact and elaborated
models are almost same each other, except at
second quarter period 7/2< < x. This can be
understood from the fact that the two reaction
angles for 7<#<2x is almost zero and hence
the base assumption for the compact model can
be justified. For 0< #<x, even though reaction
angles vary largely, one can find that its effect on
the piston friction force is negligible. From Fig. 5,
one can conclude that exact formula of compact
model is accura te enough to represent the in-
stantaneous piston friction force and approximate
formula in handy form is also good enough.

In Fig. 6, piston friction forces of a machine in
pumping and motoring operation are compared.
As can be expected, high friction is produced at
0<8<r and 7<O<2x for pumps and motor,
respectively. Note that as mentioned in (Manring,
1999), the magnitude of friction for pumps is
larger than that of motors. This fact can be easily
explained by sign(vp) in the denominator of
Eq. (23). Note also that piston friction with
bushing yields larger friction force than that
without bushing. It is because that piston guide
with bushing has shorter guide length and hence
larger reaction force yielding larger friction. Com-
bining left two graphs gives similar trend to the
experimental measurement in (Manring, 1999).
Manring derived friction coefficient including
mixed/boundary lubrication effect in detail
(Manring, 1999), implicitly explaining that the
typical friction curve shape is due to the Stribeck
effect. However, Fig. 5 especially the upper left
graph shows that the typical curve shape is mainly
due to equivalent friction coefficient fp varying
with angular position 4.

Comparison of piston friction moments of com-
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pact model with constant and varying coefficient
are shown in Fig. 7. Instantaneous moment with
constant coefficient shows sinusoidal form, while
realistic moment of varying coefficient gives
distorted sinusoidal form. As the result, one can
see from right graphs of Fig. 7 that total piston
friction moment of all pistons yields z-times
rather than 2X2z-times fluctuations per revolu-
tion. One can find also that approximate average
friction moments given by Eq. (30) give quite
accurate values compared with actual fluctuating
total moments. In Fig. 8, friction moments with-
out and with bushing are compared. Instantan-
eous, total and average moments with piston gui-
de bushing are larger than that without bushing,
since friction force with bushing is larger as
explained in the above.

For the average moment of Eq. (30), there are
two sources of error. One is due to the distorted
moment shape from the sinusoidal form as men-
tioned in the above. And the other is due to the
neglected centrifugal and viscous forces in the
course of simplification. Since two neglected
forces depend on the machines speed w, error in
average moment may become large, especially at
high operating speed.

In order to compensate the two error source,
the following Eq. (31) is derived after analyzing
average moments of approximate formula and
elaborated model over wide operating region of
pressure difference and machine speed. In Eq.
(31), f5* and F'%? stand for equivalent friction
coefficient and equivalent centrifugal force evalu-
ated at angular position #=nx/2 or 8=3x/2,
respectively.

0951 XTp+ Apsp By tan a-%

i +2.05X £ (F )+ () Ry tan a-%
Mip> ~ (31)
10034 X+ Ap s Ro tan a-%

+I.68Xf}"z-/(FV“w/z?)2+(F/s)z'Rptana-%
Accuracy of the new formula Eq. (31) com-
pared with the moment of elaborated model, is

depicted in Fig. 9. Fig. 9 shows that only slight

without bushing

with bushing

deviation between new formula and elaborated
model can be found, especially at low operating
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Fig. 8 Comparison of friction moment with and without bushing
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Fig. 9 New formula for average friction moment

pressure condition. The accuracy of Eq. (31) was
also checked and verified for the typical machines
with other piston numbers of z=7 and 8.

7. Conclusions

In this paper, two formula for estimating in-
stantaneous piston friction force and average pis-

ton friction moment loss are derived. The derived
formula can be applicable for piston guides with
or without bushing as well as for axial piston
machines of motoring and pumping operations. A
typical curve shape of friction force during one
revolution of a machine which was found from
many experimental measurements is clarified that
it is due to the equivalent friction coefficient f»
dependent on its angular position. Error in av-
erage moment loss formula given in closed form
can be significant at high speed operating condi-
tion. However, one can get more accurate moment
loss by numerically calculating average value of
exact friction force given in this article. Moreover
when considering mixed/boundary lubrication,
Stribeck curve effects represented by a coefficient
by Manring (1999) can easily be incorporated
into the formula in this article by replacing the
two outer and inner friction coefficients 4, (g at
both edges of a piston with the coefficient in
(Manring, 1999).

Using the two derived formula in this article,
one can now estimate the piston friction force
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and loss moment of a designed or given machine
in hand without hardworking experimental test,
since the formula are represented only by physical
dimensions of a machine.

Appendix

A.1 Average driving moment Eq. (27)

Piston number at high pressure port side 2,
depends on the total piston number of a machine
and changes periodically with the angular position
g of a piston. It can be summarized as follows

z/2, for z . even, 0<8<2x/z
2o=13 (g+1)/2 for 2 odd, 0<8<n/z
(z—1)/2 for z: odd, 7/2<0<27/z

(AD)

Utilizing formula for sums of trigonometric func-
tions (Gradshteyn and Ryzhik, 2000), the fluc-
tuating moment M, can be given

Mop=Ap 59 Rotan ¢ sm (9+ 2 lr)/sm—

Ape A By tan 008 (0—2)/sin;, for even z, 0<0<2—” (A2)

AMp-Rﬂmwcos(ﬂ-z%}/(lsm ) for odd z, 0<6<—

By integrating each trigonometric term over the
period given in Eq. {A2), one can find its mean
value as z/z. Hence, the mean value of the
pressure force induced moment yields Eq. (27).
I\zlote that the term z/7 stands for the summation
; sin 8;*sign(Ap:) of equally spaced non-neg-
ative half-sinusoidal functions for 0< 6: < or
< 6; <27 of pumps or motors, respectively.

A.2 Mean value of rational trigonometric
function in Eq. (30)
According to (Gradshteyn and Ryzhik, 2000),
integral of (A+B cos 6)/(a+b cos 8) is

A+Bcos §
f’l”da “atbcos 8 a0

:THTAb an

Again utilizing the following integral relation-
ship for @*>b? (Gradshteyn and Ryzhik, 2000),
one can get integration of the second term of
Eq. (A3) over half period of one revolution, for

(A3)

a—i—b cos &
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example 0< < as
/” g 2 ! Jad—b'tan §/2 |*
atbcosd JzZ_p2 atbh
0 a’—b 0 (A4)
T
Fr=d

Hence, mean value of (A+ B cos 8)/(a+ b cos
g) for the interval [0, 7] or [z, 27] is

A+Bcos 8 g
Mean< a+bcos 8 a’6>0
2r
=Mean( [ T 40), (a9
B Ab—aB
b b=
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