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ON CLOSURE GAMMA-SEMIGROUPS

YOUNG BAE JUN

ABSTRACT. We introduce the notion of closure I-semigroups. We
give a condition for a closure I'-semigroup to be I'-central, and
we show that the I'-centralizer of a closure I'-semigroup is a I'-
subsemigroup.

1. Introduction

In 1986, M. K. Sen and N. K. Saha [1] introduced the notion of
gamma-semigroups. They studied I'-group and I'-regular semigroup,
and established a relation between I'-group and I'-regular semigroup.
The aim of this paper is to introduce the notion of closure I'-semigroups,
and to investigate some properties.

2. Preliminaries

Let M = {z,y,2,---} and T = {a, 3,7, - - } be two non-empty sets.
Then M is called a I'-semigroup if

(1) zay € M,

(2) (zay)Bz = za(yBz) for all z,y,z € M and o, B € T.
A nonempty subset S of a I'-semigroup M is called a I'-subsemigroup of
Mif STSCS.

3. Closure I'-semigroups

DEFINITION 3.1. A T-semigroup M is called a right closure I'-sems-
group if there exist a unary operation “~” satisfying

(U1) zvz = «,

(U2) &vi = 92,
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(U3) & = %,

(U4) zyyvy = zvy
for all z,y € M and « € T', and in such case we call “~” a right closure
on M.

If (U1) and (U4) are replaced by

(U5) vz = «,

(U) zyy7Z = 27y, :
respectively, we say that M is a left closure T'-semigroup, and “~” is a
left closure on M.

In what follows a closure T'-semigroup means a right closure I'-semi-
group unless otherwise specified.
Let M be a closure I'-semigroup. Denote M := {Z | x € M}, and

Cr(M)={yeM|Zy=yyZ forall ze M and yeT},

which is called the I'-centralizer of M. A closure I'-semigroup M is said
to be I'-central if Cr(M) = M.

PROPOSITION 3.2. If M is a I'-central closure I'-semigroup, then the
condition (U2) is superfluous.

PROOF. The proof is straightforward. (]

PROPOSITION 3.3. For any elements z and y of the I'-centralizer of
a closure I'-semigroup M, we have zyy = ZyyyZ for every v € I.

PROOF. Let z,y € Cr(M) and v € T'. Then

——

VY = zyyyE = TyyvEVE = TYyyENE = TYYVE.
This completes the proof. 3

Using Proposition 3.3, we know that if M is a I'-central closure I'-
semigroup then the operation “”” is also a left closure on M.

THEOREM 3.4. Let M be a closure I'-semigroup. If the operation
“~7» is a left closure on M, then M is I'-central.

PRrROOF. Let z,y € M and v € I'. Then

vy = Zyyyiyy by (U1)
Tyyyiyyyy by (U4)
TyyyEyyyzyg by (U6)
Tyyy#yy by (Ul) and (U3)
Tyyygvez by (U2)

= Zyyyi. by (U1)
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Similarly, yyZ = ZvyyyZ, and so Zyy = yvZ, that is, y € Cp(M). Hence
M is I'-central. |

THEOREM 3.5. The I'-centralizer of a closure T'-semigroup M is a
I’-subsemigroup of M.

ProOOF. Let y,z € Cp(M) and v € I. Then

Ty(yvz) = (@vy)yz = (Yr@)vz = yy(&y2) = yv(27%) = (yy2)r2
for all z € M, and so yyz € Cr(M). Hence Cr(M) is a I'-subsemigroup
of M. O
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