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ON SOME TYPES OF CONTINUOUS
FUZZY MULTIFUNCTIONS

ErpAL EKICI

ABSTRACT. In this paper, by using operations, some characteriza-
tions and some properties of fuzzy lower and upper continuous mul-
tifunctions and its weaker and stronger forms including fuzzy lower
and upper weakly continuous, fuzzy lower and upper 6-continuous,
fuzzy lower and upper strongly #-continuous, fuzzy lower and up-
per almost strongly f-continuous, fuzzy lower and upper weakly
f-continuous, fuzzy lower and upper almost continuous, fuzzy lower
and upper super continuous, fuzzy lower and upper §-continuous,
are presented.

1. Introduction

It is well known that several types of fuzzy lower and upper continuous
multifunctions and its weaker and stronger forms are given in literature.
Aim of this paper, by using operations, give some characterizations and
some properties of fuzzy lower and upper continuous multifunctions and
its weaker and stronger forms including fuzzy lower and upper weakly
continuous, fuzzy lower and upper #-continuous, fuzzy lower and up-
per strongly #-continuous, fuzzy lower and upper almost strongly 0-
continuous, fuzzy lower and upper weakly #-continuous, fuzzy lower and
upper almost continuous, fuzzy lower and upper super continuous, fuzzy
lower and upper d-continuous.

The class of fuzzy sets on a universe X will be denoted by IX and
fuzzy sets on X will be denoted by Greek letters as u, p, 7, etc. Fuzzy
point will be denoted by z., y,, etc. For any fuzzy point z. and any
fuzzy set p, we write z. € p if and only if € < u(x). A fuzzy set u is
called quasi-coincident with a fuzzy set p, denoted by ugp, if and only
if there exists a € X such that u(z) + p(z) > 1. In this paper we
use the concept of a fuzzy topological space as introduced by [1]. By
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int(u), cl(u) and 1 — p, we mean the interior of u, the closure of u and
complement of u.

Let FF: X — Y be a fuzzy multifunction from a fuzzy topological
space X to a fuzzy topological space Y. For any fuzzy set p < X,
F*(p) and F~(u) are defined by F*(u) = {z € X : F(z) < u} and
F~(p) = {z € X : F(z)qu}, respectively. We know that F~(1 — u) =
1 — Ft(u) for any fuzzy set u <Y [8].

2. Some types of continuous fuzzy multifunctions

DEFINITION 1. [5] Let (X, 7) be a fuzzy topological space. A mapping
¢ : I* — I* is called an operation on IX if for each u € I*X\{0},
int(p) < p¥ and 0¥ = ) where u¥ denotes the value of ¢ in . The class
of all operations on I is denoted by Or(x,r)-

DEFINITION 2. [5] Let (X, 7) be a fuzzy topological space. A partial
order “<” on Oy(x ) is defined by “p; < ¢ if and only if for each

p € IX, u1 < u®? where o1, @ € Orx,r-

DEFINITION 3. [5] Let (X, 7) be a fuzzy topological space and let ¢
be an operation on IX. ¢ is called a monotonous operation if for each
p, p € I and p < p, then pu? < p?.

DEFINITION 4. Let F : X — Y be a fuzzy multifunction from a
fuzzy topological space X to a fuzzy topological space Y and let ¢, ¥
be operations on IX, IV, respectively. Then it is said that F is fuzzy
lower (upper) py-continuous multifunction if for each z. € X and for
each fuzzy open set 4 <Y such that z. € F~(u) (z. € F*(u)), there
exists an open fuzzy set p < X containing z. such that p¥ < F~(u¥)
(respectively, p¥ < F*(u¥)).

The following table gives us the list of fuzzy lower and upper @i)-
continuous multifunctions with operations ¢ and .

The definitions of fuzzy @-continuous, fuzzy strongly #-continuous,
fuzzy almost strongly 6-continuous, fuzzy weakly 6-continuous, fuzzy
super continuous, fuzzy §-continuous multifunction are considered for
fuzzy multivalued setting from [3, 7], [4, 6], [7], [7], [6] and [2, 10],
respectively.

The definitions of fuzzy continuous, fuzzy weakly continuous, fuzzy
almost continuous multifunction are considered from [8, 9], [8] and [§],
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respectively.
Operations Fuzzy lower pi-con. fuzzy upper P-con.
l.op=yv=1 f. 1. con. f. u. con.
2. p=4,p=cl f. 1. weakly con. f. u. weakly con.
. p=9p=cl f. 1. f-con. f. u. f-con.
4, p=c, v =1 f. 1. str. #-con. f. u. str. #-con.
5. p=c,v=intocl f L al str. f-con. f. u. al. str. f-con.
6. p=intocl,y=cl f 1 weakly #-con. f. u. weakly #-con.
7. p=1, ¢ =intocl £ 1 al. con. f. u. al. con.
8. p=intocl, =1 f. L super con. f. u. super con.
9. p=v=1intocl f. 1. 4-con. f. u. d-con.

DEFINITION 5. Let (X, 7) be a fuzzy topological space and let (z¢ )
be a net in X. (z2)) is called p-converges to z. if for each open set u
containing ¢, there exists an index ag € J such that 2 € u? for all

a > oag. We will denote by x?a #, Te.

We know that a net (zZ ) in a fuzzy topological space (X, 7) is called
eventually in the fuzzy set p < X if there exists an index o € J such
that 2 € p for all a > ay.

The following theorem give us the characterizations of fuzzy lower
and upper @i-continuous multifunction.

THEOREM 6. Suppose that F : X — Y is a fuzzy multifunction from
a fuzzy topological space X to a fuzzy topological space Y and ¢, ¥
are operations on IX, IV respectively. The following statements are
equivalent.

i-) F is fuzzy lower (upper) piy-continuous,

ii-) For each z. € X and for each fuzzy open set u <Y such that z. €
F~(u) (xe € F*(u)), there exists an open fuzzy set p < X containing
. such that F*(1 — u¥) <1 — p¥ (respectively, F~(1 — p¥) < 1 — p¥),

iti-) For each z. € X and for each net (¢ ) which p-converges to x.
in X and for each fuzzy open set p in Y with . € F~(p) (z. € F*(p)),
the net (z2) is eventually in F~(p¥) (respectively, F*(p?)).

Proof. (i)« (ii). We know that F~(1 —u) =1 — F*(u) for any fuzzy
set 4 <Y. From here, we obtain it.

(i)=-(iii). Let z2 be a net which ¢-converges to z. in X and let p be
any fuzzy open set in Y with z. € F~(p) (z € F*(p)). Since F is lower
(upper) @y-continuous, it follows that there exists an open set pu < X
containing z. such that u? < F~(p¥) (respectively, u¥ < FT(p?¥)).
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Since zg LA Z¢, it follows that there exists an index ag € J such that
z2 € p¥ for all @ > ag. From here, we obtain that z& € p® < F~(p¥)
(respectively, z& € u? < F¥(p¥)) for all @ > ag. Thus, the net (z2)
is eventually in F~(p¥) (respectively, F*(p?)).

(ili)=>(i). Suppose that (i) is not true. There exists a point z. and
an open set u containing z. with z. € F~(u) (respectively, z. € F*(u))
such that p? £ F~(u?) (respectively, p¥ £ F*(u¥)) for each open fuzzy
set p < X containing z.. Let z, € p¥ and z., ¢ F~(u¥)(respectively,
ze, ¢ F*(u¥)) for each open fuzzy set p < X containing z.. Then

for the neighborhood net (z.,), z., % 2., but (zc,) is not eventually
in F~(u¥)(respectively, F*(u¥)). This is a contradiction. Thus, F is
fuzzy lower (upper) pi-continuous multifunction. O

EXAMPLE 7. Let F : X — Y be a fuzzy multifunction from fuzzy
topological space (X, 7) to fuzzy topological space (Y,v). The following
statements are equivalent with operations ¢ = 1, ¥ = ¢l.

i-) F' is fuzzy lower (upper) weakly continuous,

ii-) For each z. € X and for each fuzzy open set x <Y such that z, €
F~(u) (ze € F*(u)), there exists an open fuzzy set p < X containing
¢ such that F*(1—cl(p)) < 1— p (respectively, F~(1—cl(u)) < 1-p),

iii-) For each z. € X and for each net (z2 ) which converges to z. in
X and for each fuzzy open set p in Y with z. € F~(p) (z. € F*(p)),
the net (22 ) is eventually in F~(cl(p))(respectively, F+(cl(p))).

THEOREM 8. Suppose that F : X — Y is a fuzzy multifunction from
fuzzy topological space (X, T) to fuzzy topological space (Y,v). Let o1,
w2 be operations on IX and let 11, ¥ be operations on IY . If p1 > s,
Y1 < g and F is fuzzy lower (upper) p191-continuous, then F' is fuzzy
lower (respectively, upper) ypa1pa-continuous.

Proof. Clear. |

By using the above theorem, we obtain that the following diagram
for any F': X — Y is a fuzzy multifunction from fuzzy topological space
(X, ) to fuzzy topological space (Y,v).

f. 1. strongly 6-con. = f. 1. super con. = f. 1. con.
\ 4 \
f. 1. almost str. f-con. = f. 1. §-con. = f. 1. almost con.
4 4 \
f. 1. f-con. = f. 1. weakly f-con. = f. 1. weakly con.

The above diagram is true for the fuzzy upper continuity.
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REMARK 9. The following examples show that the above implications
are not reversible.

EXAMPLE 10. Let X = {z,y} with topologies 1, = {X,0, p} and
73 = {X,0, u} where the fuzzy sets p, u are defined as

p(z) =0,3, p(y)=0,6
u(w) =0,7, “(y) =0,4.

A fuzzy multifunction F : (X, 1) — (X, ) given by z, — F(z.) =
{zc} is upper (lower) almost continuous, upper (lower) almost strongly
f-continuous and upper (lower) d-continuous, but it is not upper (resp.
lower) continuous, upper (resp. lower) strongly 6-continuous and upper
(resp. lower) super continuous.

If the fuzzy sets p and p are defined as p(z) = 0,6 = p(y) and
p(z) = 0,4 = u(y), then the fuzzy multifunction F is upper weakly
continuous, but it is not upper weakly 8-continuous.

EXAMPLE 11. Let X = {z,y} with topologies 1 = {X,0,0,7,p A
n,pVn} and 7 = {X, 0, u} where the fuzzy sets p, 7, u are defined as

p($) =0,3, p(y) =0,6
n(z) =0,5, n(y) =0,5
p(z) =0,3, u(y)=0,6.

A fuzzy multifunction F' : (X, ) — (X, ) given by 2. — F(z.) =
{z.} is upper continuous, but it is not upper super continuous.

If the fuzzy set p is defined as p(z) = 0,3 and p(y) = 0,4, then
the fuzzy multifunction F' is upper weakly continuous, upper weakly
#-continuous and upper #-continuous, but it is not upper almost contin-
uous, upper d-continuous and upper almost strongly #-continuous.

If the fuzzy set p, n and p are defined as p(z) = 0,5, p(y) = 0,4,
n(z) = p(z) = 0,3 and n(y) = pu(y) = 0,5, then the fuzzy multifunction
F is upper almost continuous, but it is not upper §-continuous.

ExXAMPLE 12. Let X = {z,y} with topologies m = {X,0, p,n} and
12 = {X, 0, u} where the fuzzy sets p, n, p are defined as

p(z) =0,4, ply)=0,4
n(z) =0,2, n(y)=0,1
pw(x) =0,4, pu(y)=0,4.
A fuzzy multifunction F : (X, 7) — (X, 72) given by z. — F(z.) =
{z.} is upper super continuous and upper §-continuous, but it is not
upper strongly @-continuous and almost strongly 6-continuous.
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If the fuzzy set n and p are defined as n(z) = 0,5, n(y) = 0,6 and
pu(z) = 0,5, u(y) = 0,4, then the fuzzy multifunction F is upper weakly
f-continuous, but it is not upper #-continuous.

ExXAMPLE 13. Let X = {z,y} with topologies 1 = {X,0,p} and
2 = {X,0, u,n} where the fuzzy sets p, 1, n are defined as

p(x) = p(y) = 0,3, p(z) = u(y) = 0,7, n(z) =nly) = 0,4
A fuzzy multifunction F': (X, 1) — (X, 72) given by

, 0<e<0,
Te — F(z:) = . e<0,3
p, 0,3<e<1

is lower weakly #-continuous, lower super continuous and lower d-contin-
uous, but it is not lower §-continuous, lower strongly #-continuous and
lower almost strongly #-continuous.

If the fuzzy set p is defined as p(z) = 0,6 = p(y), then the fuzzy mul-
tifunction F' is lower #-continuous, lower weakly continuous and lower
weakly 6-continuous, but it is not lower almost strongly 6-continuous,
lower almost continuous and lower 4-continuous.

EXAMPLE 14. Let X = {z,y} with topologies 1 = {X, 0, p,7,£} and
7o = {X,0, u,n} where the fuzzy sets p, 4, £, u, n are defined as

p(x) = py) =0,6, ~(z)=7(y) =04,
Ex) =¢€(y) =0,3, p(z)=npnly) =01,
n(z) =n(y) = 0,4.

A fuzzy multifunction F : (X, 71) — (X, 72) given by

<
2o — F(z) = w 0<e<0,3
o, 0,3<e<1

is lower continuous and lower almost continuous, but it is not lower
super continuous and lower §-continuous.

If the fuzzy set p and 7 are defined as p(z) = 0,5 = p(y) and n(z) =
0,5 = n(y), then the fuzzy multifunction F' is lower weakly continuous,
but it is not lower weakly #-continuous.

THEOREM 15. Suppose that F' : X — Y is a fuzzy multifunction from
a fuzzy topological space X to a fuzzy topological space Y and ¢, 1 are
operations on IX, IV | respectively. If {n, : o € ®} is an open cover for X
and F = F |y, is a fuzzy lower (upper) ¢i-continuous multifunction for
all « € ®, then F is a fuzzy lower (upper) ¢iy-continuous multifunction..
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Proof. Let . € X and let 4 <Y be a fuzzy open set such that z. €
F~(u). Since {ny : @ € ®} is an open cover for X, it follows that z, €
Moo for a ag € @ and then zc € F~(u)Ana = F |, (1). Since F [, (1)
is a fuzzy lower p1y-continuous multifunction, it follows that there exists
an open fuzzy set p such that . € pAn,, and (p A1y, )? < F l;ao (u¥).
We obtain that (p A neg)¥ < F l;ao (¥) = F~(u¥) A ey < F~(u¥).
Thus, F is a fuzzy lower yi-continuous multifunction.

The proof of the fuzzy upper yi-continuity of F is similar to the
above. O

DEFINITION 16. Suppose that (X,7), (Y,v) and (Z,w) are fuzzy
topological spaces. If F : X — Y and F» : Y — Z are fuzzy multi-
functions, then the fuzzy multifunction F; o Fy : X — Z is defined by
(Fy 0 F1)(zc) = Fa(F1(ze))-

THEOREM 17. Let (X,7), (Y,v), (Z,w) be fuzzy topological spaces
and let o, 1, ¢ are operations on IX, IY | I respectively. If F] : X = Y
is fuzzy lower py-continuous multifunction and Fy : Y — Z is fuzzy
lower v¢-continuous multifunction, then F, o Fy is a fuzzy lower @¢-
continuous multifunction.

Proof. Let z. € X and let p < Z be a fuzzy open set such that
xe € (Fy 0 F1)™ (). From the definition of F; o Fy, we have z, € (Fy 0
Fi1)~(p) = Fy (Fy (). Since zc € F| (Fy (1)), it follows that there
exists a yo € Fy (u) such that z. € F| (yo). Since Fp is fuzzy lower
Y¢-continuous multifunction, it follows that there exists an open fuzzy
set p <Y containing y, such that p¥ < F; (u®). From here we obtain
that z. € Fy (p) and Fy (p¥) < F7 (Fy (u®)) = (Fy o F1)~(u®). Since
ze € FT (p) and F is fuzzy lower ¢1-continuous multifunction, it follows
that there exists an open fuzzy set 7 < X containing z. such that
n? < Fy (p¥). Thus, from F; (p¥) < (Fy o F1)~(u?) we obtain that
1% < (Fy o F1)~(u?).

It shows that F5 o F) is the fuzzy lower p¢-continuous multifunction.

DEerINITION 18. Let (Y,v) be a fuzzy topological space and let ¢
be an operation on IY. (Y,v) is called fuzzy 9-hyperconnected space if
u¥ =Y for all fuzzy open set p # 0.

THEOREM 19. Suppose that F' : X — Y is a fuzzy multifunction
from a fuzzy topological space X to a fuzzy topological space Y and ¢,
4 are operations on IX, IV | respectively. IfY is fuzzy 1-hyperconnected
space, then F' is fuzzy lower (upper) pi-continuous multifunction.
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Proof. Let . € X and let u < Y be a fuzzy open set such that
ze € F~(p). Since Y is fuzzy y-hyperconnected space, it follows that
u¥ =Y. Hence for all open fuzzy set p containing z., p¥ < F ~(u¥) =
F=(Y) = X. Thus, F is fuzzy lower pi-continuous multifunction.

The proof of the fuzzy upper y-continuity of F' is similar to the
above. |

DEFINITION 20. Suppose that F : X — Y is a fuzzy multifunction
from a fuzzy topological space X to a fuzzy topological space Y. The
fuzzy graph multifunction Gp : X — X xY of F is defined as Gp(z.) =
{ze} x F(ze) (8]

DEFINITION 21. Take X = [[ X4 Let (J] Xa,7) be a product

acJ acJ
space and let 1 be an operation on IX and on /X« for all o € J. ¥

is called a productive operation if ( [] pa)? < J] u¥ for all IT ta <

aclJ acJ acJ

I Xa, pa < X, for a € J.
acJ

THEOREM 22. Suppose that (X, 1) and (Y,v) are fuzzy topological
spaces and ¢, 1 are operations on IX, IV, respectively. Let F: X — Y
be any fuzzy multifunction and let Gg : (X,7) — (X X Y,7') be graph
function of F and let ¢ be a productive operation on I"*Y. If G is
fuzzy lower (upper) @iy-continuous, then F is fuzzy lower (upper) pi-
continuous.

Proof. For the fuzzy sets vy < X, n <Y , we take

)0, if z¢~
(v x n)(z,y) = {n(y), if 2y

Let . € X and let u <Y be a fuzzy open set such that z. € F~ ().
We obtain that z. € GL(X x p). Since fuzzy graph multifunction Gr
is fuzzy lower p1-continuous and % is a productive operation, it follows
that there exists an open fuzzy set p < X containing z. such that
p? < Gr((X x p)¥) < Ga(XY x w¥) = Gp(X x p¥). From here,
we obtain that p¥ < F~(u¥). Thus, F is fuzzy lower wy-continuous
multifunction.

The proof of the fuzzy upper pi-continuity of F' is similar to the
above. O

THEOREM 23. Suppose that F' : X — Y is a fuzzy multifunction from
fuzzy topological space (X, T) to fuzzy topological space (Y,v) and ¢, 9
are operations on IX, IV | respectively. Let Gr : (X,7) — (X XY, 7 xv)
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be graph function of F' and ¢ be a productive operation on I**Y and
let X xY be fuzzy v-hyperconnected space. Gp is fuzzy lower (upper)
©y-continuous multifunction if and only if F is fuzzy lower (upper) @i-
continuous multifunction.

Proof. The proof is obvious from Theorem 19 and Theorem 22. O

THEOREM 24. Suppose that (X, 7) and (X4, 7o) are fuzzy topological
spaces where o € J and ¢ is operation on IX and v is an operation on

IX« for each a € J. Let F: X — [] X, be a multifunction from X to
acd
the product space || X, and let P, : [[ Xoa — X4 be the projection
acJ aeJ
multifunction for each o € J which is defined by Py((z4)) = {za} and ¢

Il Xo
be a productive operation on Ie<’ | If F' is fuzzy upper pi-continuous
multifunction, then P, o I is fuzzy upper ¢i-continuous multifunction
for each a € J.

Proof. Take any ag € J. Let z. € X and let po, < Xq, be a
fuzzy open set such that z. € (Pa, © F)"(ltay). We know that z. €
(Pay o FY* () = F* (P (ew)) = F* (g 11 Xe). Since F s fusay

aFag
upper @y-continuous multifunction, it follows that there exists an open
fuzzy set p < X containing x. such that p¥ < F*{((ua, x [ Xa)?¥) <
aFag
F¥(uho x I1 X&) = Fr(uby x I Xo) = F (P4 (ubs) = (Pag ©
aFtag aFog

F)*(u¥,). It shows that P,, o F is fuzzy upper @y-continuous multi-
function.

Thus we obtain that P, o F' is fuzzy upper gi-continuous multifunc-
tion for each o € J. O
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