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ON COMPLETE CONVERGENCE OF WEIGHTED SUMS
OF ¢-MIXING RANDOM VARIABLES WITH
APPLICATION TO MOVING AVERAGE PROCESSES!

J. 1. BAEx!, H. Y. LianGg?, Y. K. Cuor® anD H. I. CHUNG!

ABSTRACT

We discuss complete convergence of weighted sums for arrays of ¢-mixing
random variables. As application, we obtain the complete convergence of
moving average processes for ¢-mixing random variables. The result of Baum
and Katz (1965) as well as the result of Li et al. (1992) on #id case are
extended to ¢-mixing setting.
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1. INTRODUCTION

Let {X,] n =1,2,...} be a sequence of random variables. Hsu and Robbins
(1947) introduced the concept of complete convergence of {X,}. A sequence
{Xr} of random variables is said to converge completely to a constant c if

o0

ZP([Xn —c¢|>¢€)<oo forall € >0.

n=1
Moreover, it was proved that the sequence of arithmetic means of independent
identically distributed (7#id) random variables converges completely to the ex-
pected value if the variance of the summands is finite.

Received October 2003; accepted March 2004.

tThis paper was supported by grant NO. 2001-042-D00008 from Korea Research Foundation.

1School of Mathematics and Informational Statistics and Institute of Basic Natural Science
and School of Business Administration, Wonkwang University, Iksan 570-749, Korea (e-mail :
jibaek@wonkwang.ac.kr)

*Department of Applied Mathematics, Tongji University, Shanghai 200092, China (e-mail :
hyliang83@hotmail.com)

3Department of Mathematics, Kyungsang National University, Jinju 660-701, Korea



272 J. I. BAEK et al.

This result has been generalized and extended in several directions and care-
fully studied by many authors (see Pruitt, 1966; Rohatgi, 1971; Hu et al., 1989;
Gut, 1992; Wang et al., 1993; Kuczmaszewska and Szynal, 1994; Hu et al., 1999;
Ahmed et al., 2002). Li et al. (1992) also had obtained the result on complete
convergence in #d random variables.

The concept of ¢-mixing was introduced by Ibragimov (1962). It is well
known that ¢-mixing variables include ¢id, m-dependent, 1-mixing variables, and
¢-mixing variables are used in many practical questions. So, the notion of ¢-
mixing has been received considerable attention recently. We refer to Ibragimov
(1962) for fundamental properties, Ibragimov and Linnik (1971) for the central
limit theorem, Roussas (1988) for a nonparametric estimation, Peligrad (1985,
1993) for an invariance principle and asymptotic results, Hu (1991) for a law
of the iterated logarithm, Liu et al. (1998) for the law of large numbers, Chen
et al. (2003) for the law of iterated logarithm, Prakasa (2003) for the moment
inequality for supremum of empirical processes. The purpose of this paper is to
discuss a general conclusion for complete convergence of weighted sums for arrays
of ¢-mixing random variables. As application, we obtain that the famous result of
Baum and Katz (1965) from 4id case to ¢-mixing array case. Also we discuss the
complete convergence of moving average processes for ¢-mixing random variables,
which extends the result of Li et al. (1992) in iid setting.

This paper is organized as follows. In Section 2, we provide some lemmas,
which will be used in the proof of our main theorem and in Section 3, we derive
the complete convergence for arrays of ¢—mixing random variables under some
suitable conditions. In Section 4, we obtain a result on complete convergence of
moving average processes.

Finally, a < b means a = O(b) and C will represent positive constants whose
value may change from one place to another, for z > 0 the symbol [z] denotes the
greatest integer in z, and for a finite set A the symbol A denotes the number of
elements in the set A.

2. PRELIMINARIES

This section will be contain some background materials which will be used in
obtaining the main results in the next section.

DEFINITION 2.1 (Ibragimov, 1962). Let {X,| n > 1} be a sequence of ran-
dom variables on a probability space (Q,F,P). Let F* = o(X;, n<i<m), 1<
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n <m < co. We say that {X,| n > 1} is ¢-mizing if

¢(n) = sup sup |P(B|A) — P(B)| — 0 as n — oo.
meN {AeF]",P(A)#0,BEFS.,,}

LEMMA 2.1 (Ibragimov, 1962). Let p, ¢ > 1 with p~' + ¢~ = 1. Suppose
that ¢ and 1 are measurable with FF and F{2 ... Moreover, suppose that E|P <
oo and E|n|P < oo. Then

|E€n — EEEn| < 2p(n)) 2 EVP|E[P EY/|n|e.

LEMMA 2.2 (Shao, 1993). Let {Xy,|n > 1} be a ¢-mizing sequence and S, =
> h=1 Xk, n > 1. If there exists o sequence {Cpn} of positive numbers such that

max ESi2 < Chy,
1<ikn

then for any q > 2, there exists C = C(q,¢(:)) such that
12 q/2 |9
E max |Si[! < C(Cy" + E max | X:]7).

LEMMA 2.3 (Burton and Dehling, 1990). Let Y o2 a; be an absolutely co-
nvergent series of real numbers with a = 3.2 a;, b =32 la;|. Suppose

® : [—b,b] — R is a function satisfying the following conditions:

oo

(i) @ is bounded and continuous at a.
(ii) There exist § > 0 and C > 0 such that for all |z| < 6, |®(z)| < Clz|.

Then,
1 & i+n
nlggoﬁ Z <I>( Z aj> = &(a).
i=—c0  Nj=itl

REMARK 2.1. Taking ®(z) = |z|9, ¢ > 1, from Lemma 2.3 we have

[e9) i+n q
.1 q
lim — E E a;| =lal%.
n—oo 1 R
1=—00 ' j=i+1

3. MaAIN RESULT

THEOREM 3.1. Let {Xn;| ¢ > 1,n > 1} be an array of ¢-mizing random
variables with EXp; = 0 and P(|Xpi| > z) = O1)P(|X| > z) foralli > 1, n > 1
and £ > 0. Let {an;| i > 1,n > 1} be an array of constants such that

sup |ani| = O(n™") for some r >0 (3.1)
i>1
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and

Z lani| = O(n®) for some a € [0,r). (3.2)

Let B be such that o+ f # —1 and fir § > 0 such that (a/r)+1 < § <2, and
s=max(l1+ (L +a+p)/rd). I

E|X|" < oo and »_ ¢"/*(m) < oo, (3.3)

m=1

then

Z aniXni

>z—:> < oo foralle > 0.
=1

Znﬁp<

PROOF. Note that the result is of interest only for § > —1. Moreover, since
6 > afr +1, we have that a — (6 — 1) < 0.
We can assume, without loss of generality, that

o0
suplanil = ,n—r, Z ‘anzl = na, — 1= by, |ani| <1
i>1 p |anil

and
Iy = {i|(nk)" < |am-|"1 = byl < (n(k+ 1))}, k>1, n>1. (3.4)

Note that by (3.4) U;=; Inj = N for all n > 1, where N is the set of positive
integers. Note also that for all j > 1, n > 1,

k
> HIn; = #{i € N| b < (n(k + 1))} := §4ns,
Jj=1

and for all K > 1, n > 1, by (3.4), we have

nAnk
'I'L > Z |a”IL’L|— Z Ibml - k‘+1))

€A 1€ AL
and hence
» k
BAnk < 1ot (k+1)" and > Blnj = f4nk <no+ (6 +1). (3.5)

j=1
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Using EX,; = 0, we get that
o0

o o]
> NEani Xpil (JaniXnil < 1)| = > ElaniXnil’|ani Xnil '~ I(|ani Xni| > 1)

00
< ZE|aani|6I(!anani| > 1)

=1

(o 0]
= " anil® i B|1 Xnil I(|ani Xni] > 1)
1=1

< suplani*™ 3l BIX1(X] > 1)
i=1
< n*"OVE|X|* = o(1) asn — oo. (3.6)

Note that

Xni

)

(sup]am mI > 1) + ZnﬁP (' ZameI |am ml < 1 I

n=1 i=1

wlm
N’

Hence, it suffices to show that I; < oo and Ir < oo.
To prove I; < oo, using (3.5), we get

o0 o
I <) 0P P(laniXn > 1)
nozol 1,o=ol
=Y 0> P(|Xni| > bni)
n;l 1.0:01
< ZnﬂZP(IXI > bus)
<ZMijmwwn
< Znﬂz #1,5) Z Pk <|X[M <k+1)

n=1 j=1 k=nj

< znﬂ ZP(k < XM <k +1)notT ([g] + 1)r

n=1 k=n
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<<Zn5 otr,, Zkr k‘<lX|1/T<k+1)
k=n

k
< Zk’P(k SIXIMT<k+1)) neth
k=1 n=1
oo
< Y keHPITHP(E < XM < K+ 1)
k=1
< E|X|MEeH5+D/T < o0 by (3.3).

To prove I3 < o0, we need only to prove from (3.6) that for all € > 0,

oo
L :=Zn3P<

n=1

00
Z ananiI(lananil < 1)_EananiI(lanani| < 1)’ D 5) < 00.
=1

Note that, by writing &,; = an; Xpil(|ani Xni| < 1), we obtain from Lemma, 2.1
and Y.%°_, ¢!/2(m) < oo that

m m ) 2
niXm' niini|l > - m’Xm'I m’Xm' >
1Ssrlnqs)ooE {;(a I(Jani Xni| < 1)) E;(a (la | < 1))}

m m—1 m

= sup [ZE(fni—Efm)QvL?Z > E{(sm—Efm)@m—Efm)}]

1<k<oo | ;00 s=1 t=s+1

3 E(&n — Etpi)?

552 {Z (s = 00

+2Z > 292t - 5)EVA (6 S—Egns)ZEl/’”’(ém—Ew}
s=1 t=s+1

1<k<00

= sup {ZE(gm Eép;)?

m

+4 Z oY2(1) Z EM?(Ens — Bns) B (Enips) — Esna+s>)2}

sup lz E {m - Egm)

1<k<oo i1

m m—{

1/2 1/2
+4 Z ‘/’1/2(1){ Z E(éns - Efns)z} { Z E(ﬁn(l«l—s) - E&n(H—s))z} ]

=1 s=1 s=1
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sup {Z E §m - E&m + 42 ¢1/2 Z E(gns - E§n3)2}

- 1<k<oo

=1 s=1
<C s E ni E ni 2
< 1311:500 {; (& &ni) }
o0 o0
<O B(Em) = O3 BlaniXnil (lani Xna] < 1)),
i=1 i=1

So, according to Lemma 2.2, we have for M > 2,

o0 00 M
I; <Y Z'ﬂﬁE Z ameI |a'm ml < 1) E(ananiI(la’nan’i' < 1))
n=1 i=1
00 M/2
<y nf { (ZEla%andZI(!amel < 1)>
n=1 i=1

+iE|ananilMI(|aani| < 1)}
= I3 f1I4.
In order to prove I3 < co and Iy < co, we need to verify that
E|0ni Xnil(|aniXni| < 1)| € Elan; XI(|ani X| < 1)| + P(lan: X| > 1). (3.7)
In fact,
B ani XpilI(|ani Xni| < 1)
= /01 zdP(|an; Xni] < 7)

= —/1 TdP(|an; Xni| 2> z)
0

1 1
- / P(|am-Xm-| Z m)dx}
0 0

1
— —P(lapi Xp| > 1) + / P(lani Xns| > 5)dz. (3.8)
0

= {wP(lam'Xm'l > 1)

Similarly,

1
ElaniX|I(laniX| < 1) = =P(Jani X| > 1) +/ P(lan: X| > 1)dz,
0
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which, together with (3.8), follows (3.7).
Next, we will use the fact: for any n > 1,

o0 o0 n o0 o0
Enﬂ{ > P(lanX| > 1)} <> 0Py P(lanX| > 1) < o0
n=1 i=1 n=1 =1

We now verify I3 < oo. Taking M large enough such that M > (8 + 1)/(r(d
1) — a), we have

o0

M2
I; K Znﬂ<z iEleaI“aniXI < 1)))

i=1
00 ) M/2

+> nf ( > P(|aniXnil > 1))
n=1 i=1
o0 o0

M2
< Znﬂ(z |am-|5E|X|6) +C
n=1

i=1

oo M/2
< Zn5<sup|am|5 IZIG il E|X| ) +C
n=1

=1

<« Y (T UneEI XYM 4 C

ot

< ) nftMarl-1) 4 € < co.

As to I, we have

o0
I < Z ﬁz > BlanXMI(janX| < 1)+ Zl z_;P(|am~X| > 1)
1=

j=1i€A,;
o0 oo
< Znﬂ () (ng) "M EIX|MI(1X| < (n( +1))") + C
=1 i=1
oo
< Zn S M) )™ Y. EIXMI(k< X1V <k+1)+C
j= 0<k<(n(j+1))
oo
< Zn > (#1n5) () "MZE|X|MI k<|X|'V"<k+1)+C
j= k=0
n(j+1)
+ Znﬁz bni)(ni)™™ S EIXIMIk <XV <k+1)+C
n=1 j=1 k=2n+1

= I+ Ig + C.
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Note that for all m > 1, we have

0
" =33 il 2 zufm(n j+1)
z:l Jj=1i€l,;
> oo
Z(Mn])(’ﬂ J+))" Z uInJ n(j+1)"" ( G+ 1))r(M_1).
j=m iom
So,
x0
S ) (ng) ™M « nomrMNgymr (M),
j=m

Hence, by choosing M > 1+ (a+ 8 +1)/r, we have

fos) 2n
Iy « Y nPror=UNBIXIMI(k < XM < k+ 1)
n=1 k=0

o0 o0
<Y N pfterMELE X MI(k < XM <k +1)
k=1 n=[k/2]

o0

& Y RPN R XMk < XM < B+ 1)
k=1

& E|X|HHeAB+)/r < o0,

00 00
<Y n® > > () ) MEIXMI(k < X7 <k +1)
n=1 k=2n+1j>k/n—-1

<Y nf 3 o) (E) EIXMI(k <|X|M" <k+1)

n=1 k=2n+1

[e ] o0

=Y nfte Y prMDEIX Mk < XV < k+1)
n=1 k=2n+1
oo [k/2]

< Y nPrep T MDEIXIM Ik < | XM < k+1)
k=2 n=1

[ e]

& Y gPretlrMEN B XMk < XM < B+ 1)
k=2

< E'X'1+(ﬂ+a+1)/r < oo.
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Let 1 <t < 2, p> 1. As application, in Theorem 3.1, taking 8 = p — 2,
ani = n'/t for 1 < i < n and ay; = 0 for i > n, then we obtain the following
corollary.

COROLLARY 3.1. Let1 <t <2, p>1, and let {Xpi|l1 <1< n, n 2>
1} be an array of ¢-mizing random variables with EXn; = 0 and P(|Xni| >
z) = O)P(|X| > z) foralli > 1, n > 1 and z > 0. If E|X|* < 0o and
®©_ ¢/%(m) < oo, then

i nP~2p (

n=1

> 6n1/t) <o foralle>0.

i=1

REMARK 3.1. When X,; = X; for 1 <i < nand {X;|i > 1} is a sequence
of i#id random variables, Corollary 3.1 becomes into the famous result of Baum
and Katz (1965).

4. CoMPLETE CONVERGENCE OF MOVING AVERAGE PROCESSES

In this section, we present one result about the convergence of moving average
processes which follows from Theorem 3.1. The result is the extension on the ¢-
mixing setting of the result of Li et al. (1992) in 4d case.

THEOREM 4.1. Assume that {Y;| — 0o < 1 < oo} is a sequence of ¢-mizing
random wvariables with EY; = 0 and P(|Y;| > z) = O)P([Y| > z) for all
i>1and z > 0. Let {a;| — 00 < i < oo} be an absolutely summable sequence
of real numbers and X = Y0 aiiYi, k> 1. If E|X|6+2t < oo, where

1<t<?2, (B+2)t#1,8>-1,andd #/2(m) < oo, then

o0 n
ZnﬁP([ ZXkl > en!/t) < 0o for all e > 0.

Proor. Let X,; = Y; and an; = (l/nl/t) Yhe1 itk foralln > 1, i > 1.
Then (1/n/t) 0 Xx = 32 _ . aniXni. By Lemma 2.3, since a = 332 a;
and b = Y22 lai|, we have that sup;>|ani| < b=t and 350 lani| <

C|n|'~1/t. The result follows by Theorem 3.1 with o = 1 ~1/t, r = 1/t and
t<é<2 0O
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