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Abstract

In this paper, a new dual-rate digital control technique for the Takagi-Sugeno (T-S) fuzzy system is suggested. The proposed
method takes account of the stabilizablity of the discrete-time T-S fuzzy system at the fast-rate sampling points. Qur main idea
is to utilize the lifted control input. The proposed approach is to obtain the dual-rate discrete-time T-S fuzzy system by
discretizing the overall dynamics of the T-S fuzzy system with the lifted control, and then to derive the sufficient conditions for
the stabilization in the sense of the Lyapunov asymptotic stability for this system. An example is provided for showing the

feasibility of the proposed discretization method.
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1. Introduction

Many industrial control systems consist of an analog plant
and a digital controller interconnected via analog to digital
(A/D) and digital to analog (D/A) converters. Owing to the
recent development of the microprocessor and its interfacing
hardware, the digital controller is popularly utilized for
controlling complex dynamical systems such as chaotic
systems [1-5] and aircrafts [6].

In practice, there are not all systems in which the A/D and
the D/A conversions are made uniformly at one single rate.
The faster D/A converter is used to take into account of the
effects of the inter-sampling behavior of the system. There are
also situations where the converse is true. For example, it is
difficult to implement antialiasing filters with long time
constants using analog technique. In such cases, it is much
easier to apply the faster A/D. Above and beyond these
causes, formulating the faster D/A or the faster A/D aries
from the hardware restrictions [7]. In both case, A/D and D/A
converters are operated at different rates. This is called as
\textit{multirate control system}.

There have been fruitful researches in the digital control
system focusing on the multirate sampling. Systems with
multirate sampling were first analyzed in Kranc [8]. Additional
researches are given in Jury [9,10], and Kalman and Bertram
[11]. More recent work on multirate systems is concerned
with e.g. system analysis and stability [12-15], optimal control
of multirate systems with a quadratic cost function [16-17],
and H . control of multirate systems [18,19]. It is noted that
these multirate digital control schemes basically work only for
a class of linear systems. For that reason, it is highly
demanded to develop the intelligent multirate digital control
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for complex nonlinear systems.

Motivated by the above observations, this paper aims at
merging the Takagi-Sugeno (T-S) fuzzy model-based digital
control and the multirate control technique for a class of
nonlinear systems. The main contribution of this paper is to
derive some sufficient conditions, in terms of the linear matrix
inequalities (LMIs), such that the digitally controlled system is
asymptotically stable at every intersampling points.
Specifically, our main idea is to utilize the lifted control input.
The proposed approach is to obtain the dual-rate discrete-time
T-S fuzzy system by discretizing the overall dynamics of the
T-S fuzzy system with the lifted control, and then to derive
the sufficient conditions for the stabilization in the sense of
the Lyapunov asymptotic stability for this system. An example
is provided for showing the feasibility of the proposed
discretization method.

This paper is organized as follows: In Section 2, the
sampled-data T-S fuzzy system is reviewed. Section 3
discusses a new multirate control of T-S fuzzy system. In
Section 4, a chaotic Lorenz system is used to demonstrate the
effectiveness of our method. The paper is concluded in
Section 5

2. Preliminaries and Problem Description

The T-S fuzzy model is described by fuzzy IF-THEN rules,
which represent local linear input-output relations of a
th fuzzy rule of a
sampled-data T-S fuzzy model with the sampling time T
governed by

R;:IF z,(¢) is about 'y and --

nonlinear system. Consider the

and z ,(#) is about I',,
THEN —%x(t)=A;x(t)+B,~u(t) )

where R, i I,={1,2,...,q}, is the

2D, he 1,={1,2,...,p), is the

#th fuzzy rule,

Ath  premise variable,
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T (i, m)e 1,x I, is the fuzzy set, and u(#) = u(kT) is
the piecewise-constant control input vector to be determined
time interval [AT,kT+ 7). . Given a pair (x(9, u(®),
Using the center-average defuzzification, product inference,

and singleton fuzzifier, the overall dynamics of this
samped-data T-S fuzzy model (1) is described by
()= 323020 (A &)+ B al8) @

where w (2(¢) = ,‘Ijlfih(zh(t)),
w{2(9)

1w i2(0)

membership of z,(® in I', Based on the PDC [12,13], we
consider the following fuzzy digital control law for the fuzzy
model (2):

R:IF z(kT)is 'y and ---

0 (z())= , and I',(z,(9) is the grade of

and z,(kT) is I,
THEN u( ) = K ;x(kT) 3

for t=[kT,kT+ T). The overall state feedback fuzzy-
model-based digital control law is represented by

u())= 330 {2(KD)K gl KT) )

Problem 1: Because the fuzzy model (2) is subject to the
sampling time T, in general, stabilizing controller at the
intersampling points do not exist. The aim of this paper is to
design the digital control law (4) such that the closed-loop
system is asymptotically stable at every intersampling points.

3. Dual-Rate Fuzzy-Model-Based Digital
Control

3.1 Fast Discretization for Continuous-Time T-S Fuzzy
System

Our proposed method of descritizing the continuous-time
T-S fuzzy system is to apply the fast discretization technique
[1] to the T-S fuzzy system. The fast discretization leads to a
dual-rate discrete-time system which can be lifted to a
single-rate discrete-time system. Specifically, the continuous
T-S fuzzy system is dicretized with fast-rate sampling
T; (= T,/n). For this discretized version, lifting the control
input so that the lifted signals correspond to the slow-rate
sampling T, results in a lified system. To maintain the
polytopic structure of the lifted system for designing the
digital fuzzy model-based controller, we utilize the following
assumption.

Assumption 1 [11] Suppose that the firing strength @ (¢)

for te{kT,, (k+1)T,) is 0 (kT ). That is
0 {)=6 (kT ) (5

<

Then, the nonlinear matrices Z“ﬁi(z( MHA,; and }:&
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6(z(H)B; of (2) can be approximated as the piecewise

constant matrices z214‘},-(z(/eTs))A ; and g‘ﬂf(z( B,

repectively.

Theorem 1 The sampled-data T-S fuzzy system (2) can be
converted to the following pointwise dynamical behavior with
a slow sampled system and a lified sampled input.

A k+11= GO ADL &)+ B(OLRD T 4] ©
where Al k}=x(kT), wulkl=u(kT), OLkl=&(2(kT),
GLOLR) = GHALRD =( Z o 141G)
HOLED =(G (LR + G 77 (OLRD + -+ + DH A 6L D),
HABUR) = 33,6 (=(kT DH 1

H;=(G;,~DA;'B, a lifted
defined as

Gr=exp(A.T),

sampled input %[%] is

LA
un =| ol
@Al
_| «G+1T)

wW((I+n—1T)

and the matrices G(6[k]) and H(G[£]) are given by

G(OLE) = GI(6LR)
HOLED) =[ GF N OLRDH [(0Lk) G2 X 6LEDH ;61K
- HAd FD]

Proof: The proof is omitted due to lack of space.ll
In the proposed discretization method, two approximations
are performed as follows:

exp (A(OLEDT ) ~G (L&D M
(GAOLE)—DA “"(6Lk) B(6L k) ~HAOLE) ®

To analyze, introduce approximation error defined by
e, =|lexp(ACHLEDT ) — G (AL KDl 5 ®

Applying Taylor series expansion from the right-hand side
gives

2
e = T%’(-Zl!—(g‘ﬁi[k]Ai) - gﬁ,«[k]A?)Jr---'
=0(T)
2
-d(5))
n
In the same manner, approximation error in (8) is

| (GABLE)~ DA " "(GLE) B(ALK) — HAGLRD)| ,
=0(T)

o)
(1n

From (10) and (11), approximation error clearly goes to
zero as n approaches the infinity.

2
(10

€3

(|



Digital Control for Takagi-Sugeno Fuzzy System with Multirate Sampling

Remark 1 In the conventional discretization method with
single-rate sampling [10,11], the approximations are also
performed at above two cases, and the approximation results
are exactly equal to (7) and (8) when n=1. Therefore, our
discretized version (6) yields smaller approximation error than
that of [10,11].

Remark 2 The proposed method needs no the fast-rate
sampling device because our discretized version yields
relatively small error for the long sampling time by virtue of
the dual-rate sampling schemes.

Corollary 1 The fast-sampled discrete-time system of

(2) is obtained as follows:

A l+11=GA0 ML N+ HL6L Dl N (12)

where of 1= (/T ) and o[ 1= 6(IT ).
Proof: When n=1 and T= T, it can be straightforwardly
proved by Theorem 1. &

3.2 Stability Conditions

In this subsection, we derive the stability conditions for the
dual-rate T-S fuzzy system (6). Consider the open-loop system
for (6).

dk+1] =G kD[ £] 13

The following theorem gives a set of conditions for
ensuring the stability of (13).

Theorem 2 The equilibrium of (13) is globally
asymptotically stable in the sense of Lyapunov stability
criterion if there exists a common positive definite matrix P
such that

GIPGE-P<0 I€l1,q] 14)

Proof: The proof is omitted due to lack of space. =

Remark 3 From Theorem 2, we know that if G A6[1) is
globally asymprotically stable, so is G(6[E]). This is very
useful property for the design of digital controller.

3.3 Design of Stabilizable Digital Controller

Our main objective is to construct the stabilizable controller
for (2) at fast-rate sampling points. We first design a
stabilizable controller for the fast-sampled discrete-time
system, and then convert the controlled system into (6).

We consider the following state feedback fuzzy control law:

ul )= 33 60K sl (1)
Then, the closed-loop system can be rewritten as
Ai+11= 3 3 0000L0(Ga+ HE )LD (16)

The following theorem provides the sufficient conditions for
the stabilization in the sense of the Lyapunov asymptotic
stability for (6).

Theorem 3 For the dual-rate T-S fuzzy system (6), the
closed-loop system under the state feedback controller law

I
(GAOLED +H LOLEDK (61 4D)

(GAOLR) +HAOLE)K £60kD) "

ul k]l =K 60K

X x[ k]
(17

is globally asymptotically stabilizable in the sense of Lyapunov
stability criterion if there exist symmetric positive definite
matrix Q and constant matrix F such that

GﬁQ"f‘HﬁF[ _Q

_Q E
l <0 i=ll, 4]

Q] <0 ijell,ql
(18)

where >k denotes the transposed element in symmetric

_Q %
[ GﬁQ‘{‘HﬁF,“"GﬁQ“’HﬁF,‘Z -

position.
Proof: The proof is omitted due to lack of space. [ ]

4. Computer Simulations

In this section, we use the results in Section 3 to discretize
the continuous-time T-S fuzzy system, which is the fuzzy
model of the chaotic Lorenz equation. The Lorenz equation is
given by

x1(9 —ox (D + ox5(2)
x3(H 21(Dx (D) — x5 ()

where ¢, 7, b>( are parameters ¢ is the Prandtl number, »
is the Rayleigh number, and % is a scaling constant). The
corresponding T-S fuzzy model of the system in (19) is
expressed as follows:

R IF x,($ is about I'y

THEN d

x](t) x](t)
xz(t)} =A1(x2(t)}
xg(t) x3(t)

Ry IF x,(#) is about I'y

x1( x1(9
THEN a xz(t)] =A,| x5(0) (20)
x3(d x3(H
where
6 —0o 0 o —¢ 0
Alz r —1 — X imin | » A2= r —1 — X 1max (21)
0 X Imin _b O X 1 max

and the membership functions are

—21(8) + % 1

X 1max — X 1min

20D =% i
X 1max — X 1min

22)

Ti(x, ()= . Tix, ()=

where I'; are positive semi-definite for all x=[xmn,
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X 1max ] =[—20,30]. K »=1[—130.0575—16.809118.1496]
First, we simulate the continuous;tjme T-§ fuzzy system.

. . . with n=4,
The inputmatrices are arbitrary chosen as
1 K =[-55.8677 —39.9455 —13.6820]
B,=B;= [0} 23) K 5 ={—55.6458 —37.7265 18.7637] (25)
0

Figure 4 and 5 depict the trajectories and the time

where preserve the controllability of the system. Figure 1  responses of the digitally controlled system. As shown in
shows the trajectory of the T-S fuzzy system of the Lorenz  these figures, the single-rate digitally controlled system is not
system with the input z(#) =10sin(10#), the parameter choice  stable in spite of obtaining the feasible gain matrices. On the
(6,7, 5)=(10,28,8/3), and initial condition x(0)=[10, other hand, the dual-rate  controllers with T,= T /2 and

-10,101 " T.= T4 stabilize the given system.

13t}

z,(t)

T4(2)
|
i
|
I
!
I
I
!
|
|

Figure 1. Trajectory of the Lotrenz system.

For the T-S fuzzy system (20) with (23), we seek to a
stabilizing dual-rate digital controller (17), where n=1, 2,
and 4. Applying Theorem 3 yields the digital gain matrices

3(8)
I
|
I
f
[
i
—1
I
|
|
f
I
i

_ L

K ,; for the sampling T ,=0.04 sec., as 0 0.2 04 06 08 ! 12
wth »=1, 1® R | 1 T T T
Ka =[—31.2155 —21.7680 —13.3059] B e D N N D N
Ko =[—30.0575 —16.8091 18.1496] S I N R DR D B
o [ 1 l
with =2, 0 0.2 04 06 0s 1 12
Ktﬂ =[_55.8677 _39.9455 —'13,6820] Time(seconds)
K p=[—55.6458 —37.7265 18.7637] Figure 2. The time resposes of the controlled Lorenz system
, (T=0.04 sec., dotted line: n=1: dased line: n=2, solid lione
with » =4, n=4)
Ka =[—105.1277 —72.8969 —14.2594] )
K, =[—105.0382 —72.2410 17.9034] Z4)
Figure 2 and 3 report that all trajectories are guided (0

to the equilibrium points at origin.

Another relatively longer sampling 7 ,=0.08sec. is
chosen so as to show the superiority of the proposed method z
to the single-rate control (n#=1) in the stabilizability. Based 4
on Theorem 3, the digital control gain matrices are obtained 2
as follows: o

wth n=1,
Ka =[—17.0985 —8.2747 —10.9188] i } -
Ka =[—14.0584 —1.2786 10.9158] alt) ~% -

with =2, Figure 3. The trajectories of the controlled Lorenz system
K, =[—31.2155 —21.7680 —13.3059] (T=0.04 sec., dotted line: n=1: dased line: n=2, solid lione

n=4).
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It is noted that the proposed method guarantees the stability
of the controlled system in much wider range of sampling
period than the single-rate digital method in which may fail to
stabilize the system especially for relatively longer sampling
period, which is major advantage of the proposed method.
This is because the proposed dual-rate control is ensured at
intersample points, whereas the other approach does not.

I T T 1 T |
z | I [ ! |
R N N
T T T T T ]
. | e |
v .2 ud 0.6 08 ! 1.2

rao(t)

W — — — - = = — = = S —

uit)

0 02l @d 0.4 a8
Tome{seconds)

Figure 4. The time resposes of the controlled Lorenz system
(T=0.08 sec., dotted line: n=1: dased line: n=2, solid lione
n=4).

Figure 5. The trajectories of the controlled Lorenz system
(T=0.08 sec., dotted line: n=1: dased line: n=2, solid lione
n=4),

5. Closing Remarks

In this paper, a new dual-rate digital control method has
been proposed for the T-S fuzzy system, and its validity has
been verified through the computer simulations. We have
formulated and solved the intersampling stability problem for
the fuzzy-model-based sampled-data system. The proposed

fast discretization approach leads to the dual-rate T-S fuzzy
system which can be lifted to a single-rate discrete-time
system. For this system, the stability conditions at the
fast-rate sampling points have been derived. Finally, for the
digitally controlled

T-S fuzzy system, the sufficient stabilization conditions in
the sense of the Lyapunov asymptotic stability have been
derived. For the given simulations, the results have shown
that the proposed

discretization method yields the smaller discretization error
than the conventional discretiozation method. It indicates the
great potential for reliable application of design of the
fuzzy-model-based digital controller.
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