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Turbo Decoding for Precoded Systems over Multipath
Fading Channels

Qing Zhang and Tho Le-Ngoc

Abstract: A combined precoding and turbo decoding strategy for
multi-path frequency-selective fading channels is presented. The
precoder and multi-path fading channel are jointly modeled as a
finite-state probabilistic channel to provide the multi-stage turbo
decoder with its statistics information. Both a priori and a posteri-
ori probabilities are used in the metric computation to improve the
system performance. Structures of the combined turbo-encoder,
interleaver, and precoder in the transmitter and two-stage turbo
decoder in the receiver are described. Performance of the proposed
scheme in fixed, Rician and Rayleigh multi-path fading channels
are evaluated by simulation. The results indicate that the combined
precoding and two-stage turbo decoding strategy provides a con-
siderable performance improvement while maintaining the same
inner structure of a conventional turbo decoder.

Index Terms: Fading channels, precoding, turbo codes.

I. INTRODUCTION

Equalizer is an essential component in broadband commu-
nication systems over multi-path fading channels. For appli-
cations in which knowledge of the channel can be known by
the transmitter, Tomlinson-Harashima (T-H) precoders [1]-{4]
have been often used instead of decision-feedback equalizers
(DFE) in the receiver in order to avoid performance degrada-
tion due to the well-known error propagation effects of the DFE.
Turbo codes [5] can approach the Shannon’s limit. Turbo decod-
ing concept has been applied to design turbo-equalization tech-
niques for communications systems over inter-symbol interfer-
ence (ISI) channels [6], [7] and multi-path fading channels [§].
Since the precoder substitutes the DFE, this turbo-equalization
approach is not applicable to communications systems using
precoders. In [9]-[11], the iterative decoding algorithms have
been investigated for the binary precoding systems over par-
tial response magnetic channel. But these iterative algorithms
are not suitable for the coded systems using T-H precoding and
modulo operator over severe ISI channels. The modulo operator
is required to constrain the transmitted power; however, it highly
complicates the encoding and decoding processes [5].

This paper considers a turbo decoding algorithm for T-H pre-
coding systems using modulo operator over multi-path fading
channel. The modulo operation is used to find and subtract a
unique best sequence so that the transmitted signal always falls
in a limited amplitude range. At the receiver, the transmitted
symbols are recovered by another modulo operator. Applica-
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tions of turbo codes to systems using precoders need a better
combination of the turbo encoder-decoder (codec) and precoder
in order to improve the system performance. An optimal re-
ceiver should take into account all the states of the turbo en-
coder, precoder and multi-path channel, which is practically
prohibited due to the high complexity. In this paper, a chan-
nel state associated with the modulo operation is introduced for
the precoding so that the precoder and channel can be jointly
modeled as a finite-state probabilistic channel. Turbo decoding
techniques for the finite-state channels have been proposed in
[12] and [13]. However, it will be shown that these techniques
are not suitable to the precoding systems. Alternatively, a two-
stage turbo decoder using both a priori and a posteriori prob-
abilities is presented for turbo codes in precoding systems over
multi-path channels.

The rest of the paper is organized as follows. In Section II, the
system model is discussed. A finite-state probabilistic channel is
presented for the precoding system in Section III. The proposed
multi-stage turbo decoding scheme is described in Section IV.
Section V discusses the simulation results on performance eval-
uation. The conclusion is given in Section VI.

II. SYSTEM MODEL

The block diagram of the proposed scheme combining
two-stage turbo decoding and equalization using precoding is
sketched in Fig. 1. The proposed scheme uses the quadrature
amplitude modulation (QAM) for bandwidth-efficient transmis-
sion. For simplicity of explanation, we take a quatenary phase-
shift keying (QPSK) system as an example in the following dis-
cussions.

The information bits are first encoded by two parallel concate-
nated convolutional codes with intetleaver I. The overall code
rate of the turbo code is 1/2. Another interleaver ‘7’ is used to
break up the encoding memory before QPSK modulation. The
transmitter is assumed to have perfect knowledge of the multi-
path fading channel impulse response,

Ny
he(t) = > hES(t —iT),
i——Nf

where T is the symbol duration, and N, and Ny are the number
of taps in pre-cursor and post-cursor, respectively.

We consider both fixed and random h’s. For this, the channel
coefiicients h{’s are assumed to be random variables with Rician
distribution,

T x? + A? TA
0= oo [T 0 (5)

where Iy(-) is the zero-order Bessel function of the first kind,
and A%/2 and o2 are the powers of the direct-path and scattered-
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Fig. 2. Block diagram of the precoder.

path components, respectively. The Rician fading channel is
characterized by the Rician factor, defined as

A2

The particular cases with K = oo and 0 correspond to the fixed
and Rayleigh fading channels, respectively.

At receiver, the whitening matched filter (WMF), imple-
mented by a feed-forward equalizer (FFE), is used to elimi-
nate pre-cursor coefficients of h%(¢) [3]. The overall impulse
response of the multi-path channel and WMF can be repre-
sented as an equivalent discrete-time channel model, k(D) =
ho+hiD™! +hyo D2 + ... In practice, the coefficients of this
equivalent channel can be measured at the receiver by sending

a short training sequence before each data block. These coeffi-
cients are then relayed back to the transmitter for precoding. As
in [8], we consider the special case of a channel with coefficients
of equal phase, i.e., h; = |h;] e?® . For coherent reception, the
phase can be omitted in discussion.

£s shown in Fig. 2, the precoder is composed of a feedback
filter with impulse response ;.1 |h;| D~¢ and a modulo-4 oper-
ator to restrain the peak value of the transmitted signal. Equiva-
lently, the modulo-4 operation is to find an unique best sequence
of 2(D) = zg+2z1 D~ + 22 D~2 + . . . and subtract 4z(D) from
the output of the feedback filter such that the transmitted signal
is confined in the square [—2,2) X [—2, 2). The values of zj, are
compiex with integer real and integer imaginary parts.

III. TORBO DECODING

The outputs of the WMF comprise the real and imaginary
parts, indicated by I and Q in Fig. 1. For square M-ary QAM
signaling, these two components are statistically independent
and identically distributed (i.i.d). Therefore, we can consider
one of the components for the sake of simplicity in explanation.
Denote the coded sequence by ¢(D) = ¢g + ¢y D71 +--- +
cxD™% + - with ¢, € {1, +1}, the real signal of the outputs
of the WME, at time £k, is expressed by [4]

T = ¢ — 42k + N,

where ny is the sample of additive white Gaussian noise with
variance o?. After de-interleaving, the sequence of (¢ —
4z;) mod 4 is still in the space of the turbo code. Neverthe-

less, because of the modulo operation, each transition branch
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in the trellis of the encoder is replaced by a number of parallel
branches corresponding to the different integer values of 2. The
modulo-type decoder searches for the most likely branch among
those parallel branches, using the branch metric function given
by

mlcg) = rnza,x{—— Jri — (e — 4z)|2} ;2 € {0,£1,£2,---}.
ey
The exact number of values taken by z depends on the spe-
cific multi-path channel. Our statistical evaluation by simulation
indicates that the value of z is rarely beyond {—1, 0, +1}. Re-
garding z as a channel state, the combination of precoder and
channel can be modeled as a finite-state probabilistic channel.
This kind of channel is characterized by the probability distri-
bution of the channel state and the transition probability be-
tween the successive states. These probabilistic parameters of
the channel state z can be utilized by the maximum a posteriori
(MAP) algorithm in turbo decoding to improve the performance
of precoding systems.
Let s’ and s denote the previous and present states in the trel-
lis, respectively. Given a received sequence T, the soft-output of
the MAP decoder, at time k, is defined by [5]

Price/m) =Y ar_1()V(rk, s, 9)Be(s),

’

2

S

where o(-) and 3(-) are the forward and backward probability
functions, y(r, ', s) represents the transition probability from
s’ to s, expressed by

Yre, s, )
1

= max
z {\/27r0

where the probability Pr(z) represents the probability distri-
bution of channel state z, reflecting the probabilities of paral-
lel transitions between s’ and s. For log-MAP algorithm, the
branch metric function becomes

e~ (e — 42
202

e — (e — 42)?
202

exp

PT(Z)} )

m(ci) = mgx{ +1n <Pr<z>>} @

Given this metric function, the turbo decoder can work properly.

Also, for the coded systems over the finite-state channels,
the decoder can employ a ‘superstate’ structure combining the
encoder and channel states to achieve optimal decoding [12].
However, the ‘superstate’ structure exponentially increases the
decoding complexity. For turbo codes, the coded bits have to
be transmitted in a proper order to facilitate the construction of
the ‘superstate’. Furthermore, it is not applicable to the punc-
tured turbo codes. In {13], the approach to decoding over finite-
state Markov channels is using the recursive estimation of the
channel state. Nevertheless, the recursion is vulnerable to er-
ror propagation and the decoding performance seriously suffers
from unreliable estimation. Our simulation results show that the
recursive estimation performs even worse in precoding systems.
For example, to achieve a BER of 103, the error probability of
the channel state estimation must be 10~5 or better.
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Fig. 3. Channel-state transition diagram.

IV. TWO-STAGE TURBO DECODING

Obviously, the characteristics of the finite-state channel
model for precoding systems depend on the channel in-
puts.  The probability of transition to the current chan-
nel state is determined by the starting state of the precoder
and the previous channel inputs. Given the previous inputs
(Ck—p, -+ »Cr—2, ck—1) and the current input ¢y, the conditional
probability of transition from the state z;_, at time (k —p) to the
current state 2y, is denoted by Pr(2k/zk—p; Cks Ck—15 " * » Ck—p)»
where p is the number of observation symbols. At the receiver,
the channel states can be recursively estimated by using the
knowledge of the starting state z;_,, and channel input estimates
(/C\k——m T 7/C\k—27/c\k—1a/c\k:) -

The state transition diagram for the introduced Markov
channel is shown in Fig. 3 with the assumption of z €
{=1,0,1}. The arrow lines in this diagram represent the tran-
sition from the state z;_; to the state z; and each line com-
prises two transition branches denoted by the transition prob-

abilities Pr(zi/zx—1,cx = +1) and Pr(zg/zx—1,c = —1)
corresponding to the inputs of ¢ = +1 and ¢, = —1, respec-
tively.

The transition probability distribution Pr(z/zx—p, Ck, Ck—1,

-, Ck—p) is greatly affected by the channel impulse response
h(D) and can be statistically obtained at the precoder. These
statistics can be utilized by the dgcoder as a priori informa-
tion to improve the system performance. Since the error-
propagation of the channel state seriously degrades the pre-
coding system performance, it is necessary to dilute the de-
structive effect of unreliable estimation of z_,. For this rea-
son, the probability Pr{zy/zk—p, CksCk—1, " sCk—p) 1S av-
eraged over the random variable zg_,. Furthermore, the
value of p should be large enough to weaken the depen-
dence of z; on z;_p. In other words, the a priori statistic
Pr{z/ck,cr—1,+- ,Ck—p) is utilized in turbo decoder instead
of Pr(zi/2k—p, Cks Che1s" "+ »Ch—p)-

As previously mentioned, the probability Pr(z) reflects the
probabilities of the paraliel branches between two successive
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Table 1. Statistic probabilities of Pr(z/ck, cg—1,Ck—2)-

| ckch—1Ck—2 | log-Pr(z = —1/ck, cr_1,ck—2) | log-Pr(z = 0/cy, ck_1,ck—2) | log-Pr(z = +1/ck, ci—1, ck—2) |
000 —3.536 —2.360 -k
010 —-2.992 —2.581 -
001 —3.533 —2.346 -
011 —4.843 —2.138 -
100 - —2.143 —4.906
110 - —2.346 —3.505
101 - —2.605 —2.935
111 - -2.371 —3.530

*: *-’ indicates the log-probability tends to negative infinity.

states. However, because the channel state z is related to the
channel inputs, given the observation of the previous channel in-
puts, the joint probability Pr(z, ¢k, ck—1," "+ ,Ck—p) is a more
appropriate measure for the branch transition probability. There-
fore, in addition to Pr(z/ck,ck—1, - ,Ck—p), the estimate of
Pr{ck—p, -+ ,Cr—2,Ck_1, C) is also needed to derive the joint
probability Pr(z, ¢k, ck—1,-- " ,Ck—p). A much more reliable
estimate can be provided by the decoder itself to enhance the
system performance [7] using a two-stage scheme. As shown
in Fig. 1, the first-stage decoder uses the statistic Pr(z/c) as a
priori information in metric calculation defined by

—~lrk — (cx — 42)|?

—Hn(Pr(z,ck))}

mick) :mzax{

202
=m?X{‘|Tk - ;2162_ 42)|* +InPr (z/ck)Pr(ck))}
zmzax{—irk _(écakz; )" +In (Pr @/ck)Pr(“)(ck)>}.,

&)

where Pr(®(cy) is the a priori probability of channel inputs
and Pr(® (¢, = +1) = Pr(®) (¢, = —1) = 1/2 for uniformly
distributed binary source. The first-stage decoder provides the
second-stage decoder with the reliable a posteriori probabilities
of Pr(¢; = +1) and Pr(¢; = —1). As shown in Fig. 1, the
second-stage decoder uses both a priori statistics and a posteri-
ori information in the metric function given by

m(ck)

—|re ~ (cr — 42))? \
:mgx{ 5,2 FIn(Pr(z, ck, C—1," -,ck_p))}
— max —|ri — (cx — 42)|?

z 202

+n(Pr(z/ck, k-1, Ck—p)) H Pr(ck_i)}

=0
— — —4 2
~ ma.x{ Irk (Ck Z)l

202

HIn(Pr(z/ck, ch1," Ch—p)) Pr(“)(ck)HPr(ck_i)}.
=0

(6)

Note that the a posteriori probability Pr(c) is not used in

the metric function because Pr(cy) contains the soft-input in-
formation and the use of Pr(¢y) leads to the repeated use of the
soft-input information in decoder.

Since the error events in turbo codes are bursty, the soft-
output of SISO decoder must be interleaved to spread the burst
errors over the entire date frame prior to the state estimation.
For this reason, an interleaver is employed between the turbo
encoder and the precoder at the transmitter as shown in Fig. 1.

It can be seen that the proposed two-stage turbo decoding
makes use of the existing turbo decoding algorithm. It uses both
the a priori and a posteriori information in soft-input compu-
tation, which does not change the inner structure of turbo de-
coder. Furthermore, the proposed two-stage turbo decoding can
be sequentially processed with only one single turbo decoder.
In other words, in terms of hardware implementation, the com-
plexity of the proposed two-stage turbo decoder is not much
higher than that of the conventional decoder. The small addi-
tional hardware complexity is for the decoding control. Sequen-
tial processing of two-stage turbo decoding implies twice longer
in decoding process.

V. SIMULATION RESULTS

The performance of the combined turbo decoding and equal-
ization using precoding is evaluated by simulation for multi-path
fading channels.

The punctured turbo code has the component 4-state convo-
lutional code with generator matrix [1, 1—%]. The length
of the information data frame is 1024 bits. The turbo decoder
consists of two SISO decoders using max-log-MAP algorithm.
The number of iterations of turbo decoding is fixed at 5 since
further iteration results in negligible performance improvement
[5]. The interleaver ‘7’ is a random interleaver.

Before sending each data block, the impuise response h(D)
of the equivalent discrete-time channel model is produced by the
channel estimator using minimum mean-square-error (MMSE)
DFE technique. Then, the precoder is built on the basis of A(D).
Meanwhile, a statistics generator in the receiver gathers and
stores all the statistic information needed in the turbo decoding.

We consider a three-path fading channel with a T-spaced
power profile of [0.407, 0.815, 0.407]. Fig. 4 shows the per-
formance of a precoding system using different turbo decod-
ing strategies over this fixed frequency-selective fading channel.
The conventional turbo decoding using (1) has the worst perfor-
mance (indicated by “conventional””). With the knowledge of the
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Fig. 4. Performance of precoded systems using different turbo decoding
schemes in a three-path frequency-selective fading channel.
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Fig. 5. Effects of interleaving on performance of the precoded system
using 2-stage turbo decoding scheme with p = 5 in a three-path
frequency-selective fading channel.

a priori probability Pr(z) in (2), the performance of the turbo
decoding can be improved, e.g., by 0.4dB at BER = 1074,
For illustration, Table 1 shows the characteristics of this chan-
nel in terms of the logarithm of the conditional probabilities
Pr(z/cg,cx—1, - ,ck—p). The proposed two-stage turbo de-
coding provides a performance improvement of 1dB to 1.5dB
(at BER = 10™%) as the number of observation symbols in-
creases from p = 2to p = 5.

For reference, the performance of the ideal (but unrealistic)
case, in which z(D) is perfectly known by the turbo decoder,
is also included in Fig. 4. It indicates a gap of 1.5dB between
the ideal performance and that of the proposed two-stage turbo
decoding scheme with p = 5.

The effectiveness of the interleaver v between the turbo en-
coder and precoder is examined by simulation. Fig. 5 shows the
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Fig. 7. Performance of precoded systems using different turbo decoding
schemes over a three-path Rayleigh fading channel.

performance of a precoded system using the proposed two-stage
turbo decoding with p = 5 over the same three-path fading chan-
nel with and without the interleaver 7. The interleaver offers a
performance improvement of about 0.2dB at BER = 10—4.

We also examine the effects of random fading channel on the
system performance. The same three-path frequency-selective
fading channel with random tap coefficients as previously dis-
cussed in Section II is considered. Fig. 6 indicates the per-
formance of a precoding system using different turbo decoding
strategies over a three-path Rician fading channel with K = 10
dB. The two solid curves show the performance of the proposed
two-stage turbo decoder with p = 2 and p = 5 while the dashed
curve represents that of the conventional one-stage turbo de-
coder using (1). The proposed two-stage turbo decoder with
p = 5 provides a performance improvement of more than 1dB
at BER = 10~%. Similar performance results are obtained in a
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three-path Rayleigh (K = 0) fading channel as shown in Fig. 7.

VI. CONCLUSIONS

We proposed a combined precoding and multi-stage turbo
decoding scheme for precoding system over multi-path fading
channel. The precoder and the multi-path fading channel are
jointly modeled as a finite-state probabilistic channel to provide
the a priori and a posteriori information used in the turbo de-
coding to improve the system performance. Simulation results
show that the proposed turbo decoding can considerably im-
prove the performance of the precoding system over multi-path
fading channels while maintaining the inner structure of turbo
decoder.

REFERENCES

[11 H. Harashima and H. Miyakawa, “Matched-transmission technique for
channels with inter-symbol interference,” IEEE Trans. Commun., vol. 20,
no. 4, pp. 774-780, Aug. 1972.

{2] M. Tomlinson, “New automatic equalizer employing modulo arithmetic,”
Electron. Lett., vol. 7, no. 5/6, pp. 138-139, Mar. 1971.

[3] G.D. Forney and M. V. Eyuboglu, “Combined equalization and coding
using precoding,” IEEE Commun. Mag., pp. 25-34, Dec. 1991.

[4] A. K. Aman, R. L. Cupo, and N. A. Zervos, “Combined trellis coding
and DFE through Tomlinson precoding,” /EEE J. Select. Areas Commun.,
vol. 9, no. 6, pp. 876884, Aug. 1991.

[5S1 C. Berrou, A. Glavieux, and P. Thitimajshima, “Near Shannon limit error-
correcting coding and decoding: Turbo-codes (1),” in Proc. IEEE ICC’93,
vol. 2/3, May 1993, pp. 1064-1071.

[6] C. Douillard et al., “Iterative correction of inter-symbol interference:
Turbo-equalization,” European Trans. Telecommun., vol. 6, no. 5, pp. 507—
511, Sept-Oct. 1995.

[7] A. Roumy, L. Fijalkow, and D. Pirez, “Joint equalization and decoding:
Why choose the iterative solution?” in Proc. IEEE VTC’99, pp. 2989—
2993.

[8] A.Masoomzadeh-Fard and S. Pasupathy, “Combined equalization and dif-
ferential detection using precoding,” IEEE Trans. Commun., vol. 45, no. 3,
pp. 274278, Mar. 1997.

[91 A.Ghrayeb and W. E. Ryan, “Concatenated code system design for storage
channels,” IEEE J. Select. Areas Commun., vol. 19, no. 4, pp. 709-718,
Apr. 2001.

{10] N. Ehtiati, A. Ghrayeb, and M. R. Soleymani, “Improved interleaver de-

sign for turbo coded intersymbol interference channels,” in Proc. IEEE

VTC 2003, Orlando, Florida, USA, Oct. 2003.

L. McPheters, S. W. McLaughlin, and K. R. Narayanan, “Precoded PRML,,

serial concatenation, and iterative (turbo) decoding for digital magnetic

recording,” IEEE Trans. Magn., vol. 35, no. 5, pp. 2325-2327, Sept. 1999.

J. Garcia-Frias and J. D. Villasenor, “Turbo decoders for Markov chan-

nels,” IEEE Commun. Lett., vol. 2, no. 9, pp. 257-259, Sept. 1998.

A.J. Goldsmith and P. P. Varaiya, ‘“Capacity, mutual information, and cod-

ing for finite-state Markov Channel, ” IEEE Trans. Inform. Theory, vol. 42,

no. 3, pp. 868-886, May 1996.

[11]

[12]
[13]

Qing Zhang received the B.S. degree and M.S. de-
gree in radio and electrical engineering from Wuhan
University, China, in 1988 and 1991, respectively, and
the Ph.D. degree in eletrical engineering from South-
east University, China, in 1994. From 1995 to 1998,
he was a Research Engineer in Shanghai Telecom In-
stitute, China. From 1998 to 2000, he was a Research
Fellow at Department of Electrical and Electronic En-
gineering, Nanyang Technological University, Singa-
pore. From 2000 to 2002, he was a Post-doctoral Fel-
low at Department of Electrical and Computer Engi-
neering, Concordia University, Canada, and then with Department of Electrical
and Computer Engineering, McGill University, Canada. Since 2003, he is with
Advantech AMT, Inc., Montreal, Quebec, Canada. His research interests include
trellis-coded modulation, turbo code, equalization, spread-spectrum communi-
cations, xDSL, and FPGA/VHDL implementation.

Tho Le-Ngoc obtained his B.Eng. (with Distinction)
in Electrical Engineering in 1976, his M.Eng. in Mi-
croprocessor Applications in 1978 from McGill Uni-
versity, Montreal, and his Ph.D. in Digital Communi-
cations 1983 from the University of Ottawa, Canada.
During 1977-1982, he was with Spar Aerospace Lim-
ited as a Design Engineer and then a Senior Design
Engineer, involved in the development and design
of the microprocessor-based controller of Canadarm
(of the Space Shuttle), and SCPC/FM, SCPC/PSK,
TDMA satellite communications systems. During
19821985, he was an Engineering Manager of the Radio Group in the De-
partment of Development Engineering of SRTelecom, Inc., developed the new
point-to-multipoint DA-TDMA/TDM Subscriber Radio System SR500. He was
the System Architect of this first digital point-to-multipoint wireless TDMA sys-
tem. During 1985-2000, he was a Professor the Department of Electrical and
Computer Engineering of Concordia University. Since 2000, he has been with
the Department of Electrical and Computer Engineering of McGill University.
His research interest is in the area of broadband digital communications with
a special emphasis on Modulation, Coding, and Multiple-Access Techniques.
He is a Senior Member of the Ordre des Ingénieur du Quebec, a Fellow of the
Institute of Electrical and Electronics Engineers (IEEE), and a Fellow of the En-
gineering Institute of Canada (EIC). He is the recipient of the 2004 Canadian
Award in Telecommunications Research. Since 1985, he has been a consultant,
Technical Advisor, Chief Architect, and Chief Scientist to several companies in
communications.




