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WEAKLY RELAXED o-SEMI-PSEUDOMONOTONE SET-VALUED
VARIATIONAL-LIKE INEQUALITIES

BYUNG-S00 LEE AND Bok-Doo LEE

ABSTRACT. In this paper, we introduce weakly relaxed a-pseudomonotonicity and
weakly relaxed a-semi-pseudomonotonicity of set-valued maps. Using the KKM
technique, we obtain existence of solutions to the variational-like inequalities with
weakly relaxed a-pseudomorotone set-valued maps in reflexive Banach spaces. We
also present the solvability of the variational-like inequalities with weakly relaxed a-
semi-pseudomonotone set-valued maps in arbitrary Banach spaces using Kakutani-
Fan-Glicksberg fixed point theorem.

1. INTRODUCTION

Monotonicity of a defining map is very important together with continuity and
convexity in variational inequality problems, complementarity problems, optimiza-
tion problems, programming problems, equilibrium problems, game theory and so
on.

In recent years, many authors!) obtained some important generalizations of mono-
tonicity such as quasi-monotonicity, pseudo-monotonicity, relaxed monotonicity, p-
monotonicity, semi-monotonicity, etc. Recently, Verma [12] studied a class of non-
linear variational inequalities with p-monotone and p-Lipschitz maps in reflexive
Banach spaces and gave some existence theorems of solutions. In 1999, Chen [2] in-
troduced a class of variational inequalities with semi-monotone single-valued maps
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in nonreflexive Banach spaces which are monotone in the second variable and contin-
uous in the first, and obtained several existence results of solutions by the Kakutani-
Fan-Glicksberg fixed point theorem. In 2003, Fang & Huang [5] considered the ex-
istence of solutions to variational-like inequalities with generalized monotone single-
valued maps and generalized semi-monotone single-valued maps.

For set-valued case, Kassay & Kolumban [10] considered existence of solutions to
variational inequalities given with semi-pseudomonotone set-valued maps.

Inspired and motivated by Chang, Lee & Chen [1], Chen [2], Fang & Huang
[5], Kassay & Kolumban [10], we introduce weakly relaxed a-pseudomonotonicity
and weakly relaxed a-semi-pseudomonotonicity of set-valued maps. Using the KKM
technique, we obtain existence of solutions to the variational-like inequalities with
weakly relaxed a-pseudomonotone set-valued maps in reflexive Banach spaces. We
also present the solvability of the variational-like inequalities with weakly relaxed a-
semi-pseudomonotone set-valued maps in arbitrary Banach spaces using Kakutani-
Fan-Glicksberg fixed point theorem. The results presented in this paper extend
and improve the corresponding results of Chang, Lee & Chen [1], Chen (2], Fang
& Huang [5], Goeleven & Motreanu (7], Kang, Huang & Lee (9], Siddiqi, Ansari &
Kazmi [11] and Verma [12, 13]. Our proofs are similar to the proofs in Kang, Huang
& Lee [9].

2. WEAKLY RELAXED a-PSEUDOMONOTONE SET-VALUED
VARIATIONAL-LIKE INEQUALITIES

In this section, we consider weakly relaxed a-pseudomonotone set-valued variatio-
nal-like inequalities in a real reflexive Banach space E with its topological dual E*.

Definition 2.1. Let K be a nonempty subset of E. A set-valued map T : K — 2&°
is said to be weakly relaxed a-pseudomonotone if there exists a function oo: £ — R
with a(tz) = k(t) - a(z) for z € E and t € (0,1), where k is a function from (0,1)
to (0,1) with }1_{% %”l = 0, such that for every pair of points z, y € K and for every
u € T(z), we have

(u,n(y, =) + f(y,z) 2 0
implies
(v,n(y,z)) + f(y,z) > a(y —z) for some v € T'(y),
where n: K x K — E is a map and f: K x K — R is a function.
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Remark 2.1. Let E = Cp and K = {z € £y : ||z|| < 1}. Define n: K x K — £y
by 1(z,y) = («F +4})2; for & = (z:), y = (i) € K\{0} and 7(0,0) = (1)2;. Then
n(z,y) is not the difference z — y.

Definition 2.2. Let K be a nonempty convex subset of E, and T : K — 2F" and
n: K x K — E be maps. T is said to be n-hemicontinuous if for any fixed z, y € K,
the map

t— (T(z+t(y — z),n(y,z)) for 0<t<1,

is upper semicontinuous at 0t.

Definition 2.3. Let K be a nonempty subset of E, T : K —= 2F" andn: KxK - E
be two maps, and f : K X K — RU {400} be a proper function. T is said to be
n-coercive with respect to f if there exists an g € K such that
<u — uo,n(m, :L‘())) + f(xs IL'o)
lIn(z, zo)l|
whenever ||z|| — oo for all u € T(x) and uy € T(zp).

— o0

Theorem 2.1. Let K be a convex subset of E, T : K — 2E" be an n-hemicontinuous
and weakly relazed a-pseudomonotone set-valued map, and f : K x K — RU {+o00}
a proper function. Assume that

(i) for fized v € E*, z — (v,n(z, ")) + f(z,-) is convez, and

(ii) n(z,z) =0 and f(z,z) =0 forz € K.
Then the following variational inequalities (2.1) and (2.2) are equivalent.
Find z € K such that for each y € K, there ezists u € T(z) satisfying

(u,n(y,z)) + f(y,z) 2 0. (2.1)
Find z € K such that for each y € K, there ezists v € T(y) satisfying
(v,n(y,2)) + f(y,2) 2 aly — ). (2.2)

Proof. By the weakly relaxed a-pseudomonotonicity of T', (2.1) implies (2.2).
Conversely, let = be a point of K such that for y € K with f(y,z) < co there

exists v € T(y) satisfying (v,n(y,z)) + f(y,z) > a(y — z).
Put y; = (1 —t)z + ty, t € (0,1), then y € K. It follows that

(v, n(ye, @) + f(ye, ) = a(ye — @), for some v, € T(yy).
Since a(y: —z) = a(t(y—z)) = k(t)a(y — z), by the conditions (i) and (ii) we have

t ((ve, n(y, 2)) + (¥, %)) 2 k(t)a(y — ).
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Hence

k(t)

(ve, n(y, 2)) + fly,z) > —~ oy - 2).

Since T is n-hemicontinuous and weakly relaxed a-pseudomonotone, by letting t — 0

we have

(u,n(y,2)) + fy,2) > 0

for some u € T(z) and for all y € K with f(y,z) < co. When f(y,z) = +oo,
the inequality (u,n(y,z)) + f(y,z) > 0 is trivial. Therefore z € K is a solution of
(2.1). 0

Remark 2.2. Theorem 2.1 generalizes Fang & Huang [5, Theorem 2.1], Kang, Huang
& Lee [9, Theorem 2.1], Verma [12, Theorem 2.1] and Verma [13, Theorem 2.1].

Definition 2.4. Let K be a nonempty subset of a vector space E. A set-valued
map T : K — 2F is said to be a KKM-map if for any finite subset N of K, we have

co(N) C U T(x).
€N
Theorem 2.2 (Fan-KKM Theorem: Fan [4]). Let E be a topological vector space,
K C E an arbitrary subset, and T : K — 2F o KKM-map. If all the sets T(z) are
closed in E and at least one of them is compact, then ({{T(z) : z € K} is nonempty.

Theorem 2.3. Let K be a nonempty bounded closed convex subset of a real reflexive
Banach space E. Let T : K — 2E" be an n-hemicontinuous and weakly relazed o-
pseudomonotone map with nonempty compact values, and f : K x K — RU {400}

a proper function. Assume that

(i) for fizted v € E*, z — (v,n(z, ")) + f(z,-) is convez, weakly lower semicontinu-
ous,
(ii) n(z,y) + n(y,z) =0 and f(z,y) + f(y,2) =0 forz, y € K, and
(i) @ : E — R is weakly lower semicontinuous.

Then problem (2.1) is solvable.

Proof. Define a set-valued map F : K — 2F as

F(y) = {z € K|{(u,n(y,z)) + f(y,z) > 0 for some u € T(z)} fory € K.
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Then F' is a KKM-map. In fact, suppose that there exist {y1,¥2,...,yn} in K and
n

ti > 0 with >~ t; = 1 such that
i=1

n n
y= tiwi & |JF(w)-
i=1 i=1
Then for all v € T'(y)
(U»ﬂ(yi,y» + f(yi’y) < 0’ 1=1,2,... y L.
It follows that

0=

—~

v,n(y,y)) + f(y,y)
oo S (B

ti ((v,(yi, v)) + F¥5,9))

IA
M: /\

1

AN
(=R

which is a contradiction.
Define another set-valued map G : K — 2F by

G(y) ={z € K : for some v € T(y), (v,n(y, 7)) + f(y,2) = a(y — z)}

for y € K. Then by the relaxed a-pseudomonotonicity of T it follows that G is also
a KKM-map. On the other hand, let {z3} be a net in G(y) converging weakly to z.
Then for some vg € T(y),

(%ﬂ?(y,xﬁ)) + f(y>mﬁ) 2 a(y - 1133) for B el
Hence T'(y) is compact, so that we may assume that {vg} converges to some v € T'(y).
Since z — (v,n(:,z))+ f(-, z) is weakly upper semicontinuous, and « is weakly lower
semicontinuous, we have

(v,n(y,z)) + f(y,2) >

((vﬁ’n(y)xﬂ)) + f(yawﬁ))

im ((vg, 1(y, zp)) + f(y,zp))

v

lim
B
im a(y — z3)

B
a(y — z).

v

IV
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It follows that z € G(y) and G(y) is weakly closed for all y € K. Since K is
bounded closed and convex, K is weakly compact, so G(y) is weakly compact in K
for each y € K. It follows from Theorem 2.1 and Fan-KKM theorem that

(] Fy)= () Gly) #0.
yeK yeK
Hence there exists an z € K such that for each y € K, there exists u € T(z)
satisfying
(u,n(y,2)) + f(y,2) > 0.
O

Theorem 2.4. Let K be a nonempty unbounded closed conver subset of a real
reflezive Banach space E. Let T : K — 2F" be an n-hemicontinuous and relazed
a-pseudomonotone set-valued map, and f : K x K — RU {400} a proper function.
Assume that
(i) for fitedv € E*, x — (v,n(z,)) + f(z,-) is convez, weakly lower semicontinu-
ous,
(ii) n(z,y) + n(y,z) =0 and f(z,y) + f(y,z) =0 forz, y € K, and

(iii) a: E — R is weakly lower semicontinuous.

If T is n-coercive with respect to f, then problem (2.1) is also solvable.

Proof. Let B, = {y € E : |ly|| < r} and consider the following problem;
Find z, € KN B, such that for each y € KN By, there exists u, € T(x,) satisfying
(ur, n(y, wr)) + f(ya xr) > 0. (2'3)
By Theorem 2.3, problem (2.3) has a solution z, € K N B,. Choose r > [zo]|
with zg in the coercivity condition of Definition 2.3. Since z¢9 € K N By, we have
uy € T'(z,) satisfying
(ur,n(20, 2r)) + f(z0,27) 2 0.

Moreover

(ur,n(zo,zr» + f(anCEr)
- (ur - Uo,n(fb‘r, $0)> + f(anmr) + (Uo,n(mo, xr»

< — (- — w0, (@1, 20) + F(a0,25) + ol I(ar, o)
e e )

for ug € T(xp).
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Now if ||z,|| = r for all r, we may choose r large enough so that the above
inequality and the n-coercivity of T with respect to f imply that

<U1~,77($0,Z‘r)) + f(anx'r) <0,
which contradicts
{ur, n(z0, %)) + f(z0,2r) 2 0.

Hence there exists r such that ||z,|| < r. For any y € K, we can choose ¢ € (0,1)
small enough such that z, +e(y — z;) € K N B,. It follows from (2.4) that

<Ura"7(xr + 5(y - xr), xr)) + f(xr + E(y - wr)axr) >0

for some u, € T(z,). By the conditions (i) and (ii), we have

(ur,n(y, 2.)) + f(y,27) > 0.

Thus z, € K is a solution of (2.1). O

Remark 2.3. Theorem 2.3 and Theorem 2.4 generalize the known results in Fang
& Huang (5], Hadjisavvas & Schaible [8] and corresponding results in Goeleven &
Motreanu (7}, Kang, Huang & Lee [9], Siddiqi, Ansari & Kazmi [11] and Verma [13].

3. WEAKLY RELAXED a-SEMI-PSEUDOMONOTONE SET-VALUED
VARIATIONAL-LIKE INEQUALITIES

Chen [2] considered the following variational inequality (P-1) for a semi-mono-
tone single-valued map A : K x K — E*, where K is a bounded closed convex subset
of E**, the second dual of a real Banach space E.

(P-1) Find an z € K such that

(A(z,z),y—z) >0 forall ye K.

And then, very recently Fang & Huang [5] considered the following generalized
variational-like inequality (P-2) for a semi-monotone single-valued map A : K x
K — EB*.

(P-2) Find an z € K such that

(A(z,z),n(y,2)) + f(y) — f(z) 20 forall yeK,

where : K x K — E** is amap and f: K — RU {oo} is a function.
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In 2000, Kassay & Kolumban [10] considered the existence of solutions to the
following variational inequalities (P-3) and (P-4) for semi-pseudomonotone set-
valued maps A : K x K — 2% where K is a nonempty convex subset of E*.

(P-3) Find an z € K such that

sup (u,y—z)>0 forall ye K.
u€A(z,z)

(P-4) (Minty-type problem)
Find an element z € K such that

sup (u,y—z)>0 forall ye K.
uEA(y;z)

They showed that (P-3) and (P-4) are equivalent, and they obtained the exis-
tence results which generalizes the corresponding results for semi-monotone single-

valued maps.

In this section, we consider the existence of solutions to the following variational-
like inequality for a weakly relaxed a-semi-pseudomonotone set-valued map A :
K x K — 2F" where K is a nonempty closed convex subset of E**;

Find z € K such that for each y € K there exists u € A(z, z) satisfying

{u,n(y, z)) + f(y,z) 2 0. (3.1)

Definition 3.1. Let n: K x K — E** be amap and f : K x K — R be a function.

Let K be a nonempty subset of E**. A set-valued map A : K x K — 2%° is said to

be weakly relaxed a-semi-pseudomonotone if the following conditions hold;

(a) for each fixed w € K, A(w,-): K — 2E" is weakly relaxed a-pseudomonotone,
i. e., there exists a function a : E** — R with a(tz) = k(t)a(z) for 2 € E*,
where k : (0,1) — (0,1) is a function with %1_{1(1) Egﬂ = 0, such that for every pair

of points z, y € K and for every u € A(w, ), we have
(u,n(y,z)) + f(y,2) 20
implies
(v,n(y,z)) + f(y,z) > a(y —z) for some v € T(y).

(b) for each fixed y € K, A(-,y) is completely continuous, . e., for any net {zz} in
E** such that 25 — o, every net {vg} in E* with vg € A(wg,y) has a convergent
subnet, of which limit belongs to A(zg,y) in the norm topology of E*, where —

denotes the weak* convergence in E**.
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Theorem 3.1. Let E be a real Banach space and K a nonempty bounded closed con-
vez subset of E**. Let A: K x K — 2E be a weakly relazed a-semi-pseudomonotone
set-valued map, and f : K x K - RU {+00} a proper function such that

(i) for fizedv € E*, x — (v,n(z, ))+f(z,") is linear, weakly lower semicontinuous,

(ii) n(z,y) + n(y,z) =0 and f(z,y) + f(y,2) =0 forz, y € K,
(ili) o : E** — R is convex, weakly lower semicontinuous, and
(iv) for each x € K, A(z,-) : K — 2F" is finite dimensional continuous.

Then problem (3.1) is solvable.

Proof. Let F C E** be a finite dimensional subspace with Kp := K N F # (). For
each w € K, we consider the following problem;
Find zg € KF such that for each y € K, there exists up € A(w, o) satisfying

(’U,(), 77(3/,500)) + f(ya .’EO) > 0. (32)

For each w € KF, since A(w,-) is weakly relaxed a-pseudomonotone and con-
tinuous on a bounded closed convex subset Kr of F', by Theorem 2.3, the problem
(3.2) has a solution z,, in Kp. If we define a set-valued map T : Kp — 2%F as

follows;
T(w)={z € Kp: for y€ K there exists u € A(w,z) such that

(u,n(y, 7)) + f(y, ) 2 0},
then T'(w) is nonempty, since z,, € T(w). By Theorem 2.1, T'(w) is equal to the set

{z € Kp: for y € Kp there exists v € A(w,y) such that
(v,n(y,x)) + f(y,z) > a(y — :I))}
By conditions (i), (ii) and (iii), T : Kp — 2KF has a nonempty bounded closed
and convex set-values, and T is upper semicontinuous by the complete continuity of
A(-,y). By the Kakutani-Fan-Glicksberg fixed point theorem, T has a fixed point
wg in K, i. e., for each y € K, there exists u € A(wp, wp) satisfying
('U,, n(ya 'l.l)(])) + f(y’ ’LUO) 2> 0. (33)

Let F = {F : F is a finite-dimensional subspace of E** with Kr # 0} and, for
FeF,

Wp = {.’L’ eEK: (U,ﬂ(y,iv» + f(yam) > a(y - .’I)) for Yy e Kr and
for some v € A(z,y)}.
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By Theorem 2.1 and (3.3), we know that Wy is nonempty and bounded. Since
the weak* closure Wr of Wg in E** is weak* compact in E** for any F; € F
(i = 1,2,...,n), we know that W5, C \Wg, so {Wr : F € F} has the finite

1 )

intersection property. Therefore it follows that
() Wr #0.
FeF

Let z € [ Wr. We claim that for each y € K, there exists u € A(z, z) satisfying
FeF
(u,n(y,z)) + f(y,z) > 0. Indeed, for each w € K, let F € F be such that w € Kp

and z € K. There exists a net {zg} in W such that zzg — z. It follows that

(vg, n(y, zg)) + f(y, zp) > aly — zp)

for all y € K and for some vg € A(zg,y). Hence we have

(v,n(y,z)) + fy,x) > ay - z)

for all y € K and for some v € A(z,y) by using the complete continuity of A(-,y)
and the assumptions on f, 7 and a. From Theorem 2.1, for each y € K, there exists
u € A(z,z) satisfying
(u,n(y, 2)) + f(y,z) 2 0.
g

Theorem 3.2. Let E be a real Banach space and K a nonempty unbounded closed
conver subset of E**. Let A : K x K = 2F" be a weakly relazed a-semi-pseudo-
monotone set-valued map, and f : K x K — R U {400} a proper function such
that

(i) for fized v € E*, z+ (v,n(z,")) + f(z,-) is linear, lower semicontinuous,
(ii) n(z,y) +n(y,z) =0 and f(z,y) + f(y,z) =0 for z, y € K,
(iii) o : E** — R is convez, weakly lower semicontinuous,
(iv) for each z € K, A(z,-) : K — 2F" is finite dimensional continuous, and
(v) there exists an zg € K such that
im (u,n(z,20)) + f(x,z0) >0
llzl| o0

for all z € K and for all u € A(z,xz). Then problem (3.1) is solvable.

Proof. Denote the closed ball with radius r and center at 0 in E** by B,. By
Theorem 3.1, there exists a solution z, € B, N K such that for each y € B, N K
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there exists u, € A(z,,z,) satisfying

(ur,n(y, ) + f(y,zr) 2 0.

Let r be large enough so that z¢ € B,, therefore there exists u, € A(z,,z,) such
that

(ur’ n(a"Oa -'177')) + f(mOa xr) .>_. 0.
By the condition (v), we know that {z,} is bounded. So we may suppose that
Zy —~ z as r — 00. It follows from Theorem 2.1 that for each v, € A(z,,y)

(v, n(y, z)) + f(y, %) > aly — z,)

forally € K.
Letting r — oo, we have for all v € A(z, y)

<'U, n(y,l‘» + f(ya "L') 2 a(y - .’L‘)

forally € K.
Again by Theorem 2.1 we have for y € K, there exists u € A(x, z) satisfying

(u,n(y,z)) + f(y,z) 2 0.
O

Remark 3.1. Theorems 3.1 and 3.2 improve and generalize Chen {2, Theorems 2.1-
2.6], Fang & Huang [5, Theorems 3.1 and 3.2] and Kang, Huang & Lee [9, Theorems
3.1 and 3.2], respectively.
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