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EXISTENCE, MULTIPLICITY AND UNIQUENESS
RESULTS FOR A SECOND ORDER
M-POINT BOUNDARY VALUE PROBLEM

YUQIANG FENG AND SANYANG LIU

ABSTRACT. Let f :[0,1] x [0,00) — [0, 00) be continuous and a €
C([0,1],]0,00)},and let & € (0,1) with 0 < &3 < &2 < -+ < &m_2 <
1,a:,b; € [0,00) with 0 < 3" %a; < 1 and 3°7*7%b; < 1.This pa-
per is concerned with the following m-point boundary value prob-
lem: ,
z (&) +a®)f{t,z®) =0,t € (0,1),
m—2 m—2
2 (0)= 3" b (), 2(1) = > aix(&).

i=1 i=1
The existence, multiplicity and uniqueness of positive solutions of
this problem are discussed with the help of two fixed point theorems
in cones, respectively.

1. Introductions

In this paper we consider the second order m-point boundary value
problem as follows.

(1.1) 2 () +a(t)f(t,z(t)) = 0,t € (0,1),
m—2 m—2

(1.2) 2(0) =Y b (&), (1) = Y aw(&)
i=1 i=1

where §; € (0,1) with0 <& <& < - <&pa<1.
The following conditions will be assumed throughout this paper.
(H1) as, b; € [0,00) satisfy 0 < Y772 a; < 1and 7% b < 1
(HQ) f S C([()? 1] X [0,00), [Ov OO)) ;
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(H3) a € C([0,1],[0,00)) and there exists o € [0, 1] such that a(ty) >
0.

There has been much research on the m-point boundary value prob-
lems (see e.g. [1], [2] and references therein).

Very recently in [4], Ruyun Ma and Nelson Castaneda studied the
existence of positive solutions of the m-point boundary value problem

2" () + a() f(2(t) = 0,¢ € (0,1),

m—2 m—2
T ()= b (&), 2(1) = Y aiw(&).
i=1 =1

Under the assumptions (Hi),(H3) and (Hy) f € C([0,00), [0, 00)),
an existence theorem was established when f is either sublinear (i.e.

lim, o+ @ = 00 and limg_, o f—(iz—) = 0) or suplinear (i.e. lim,_ o+ @
=0 and lim,; . f—g”—) = 00). See [4, Theorem 1].

The purpose of this paper is to give an existence result for the more
general case that f need not to be either sublinear or suplinear, and
present criteria that ensure the multiplicity and uniqueness of positive
solutions, respectively.

In section 2, we provide some background results, and state two fixed
point theorems. Then in section 3, we impose growth conditions on
which allow us to apply Krasnosel’skii’s fixed point theorem in obtain-
ing the existence and multiplicity results. Section 4 concerns with the
uniqueness of positive solution. As applications of our results, two ex-
amples are given in the last section.

2. Preliminaries

In this section, we provide some background material from the theory
of cones in Banach space.

Let E be a Banach space,K C F be a cone, and the order induced
by K on E be " <",

DEFINITION 2.1. LetX be a convex subset of E, an operator4 : X —
FE is said to be convex if

Atz + (1 —t)y) <tAz+ (1 —t)Ay
for all t € [0,1] and all z,y € X with z < y.
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DEFINITION 2.2. LetX be a convex subset of F/, an operatorA : X —
L' is said to be decresing if

Ax < Ay
for all ,y € X with z < y.

In obtaining existence, multiplicity and uniqueness results of BVP
(1.1)-(1.2), the following two fixed point theorems are crucial.

THEOREM 2.1. [10] Let X be a Banach space, and let K C E be a
cone. Assume €)1, Qs are open bounded subsets of E with 0 € Q1,01 C
Qo and let

A:Kﬂ(ﬁg\ﬂl)HK
be a completely continuous operator such that

(@) |Au|| < ||lull,u € K NI ,and ||Au|| > ||ull,u € K NOQy; or

(1) || Aull > |Jull,u € K N0 ,and || Aul] < ||ull,u € K NOQy.

Then A has a fixed point in K N (Qy \ Q1).

THEOREM 2.2. [6] Let K be a normal cone in Banach space E,
A: K — E be a convex decreasing operator, and there exists a positive
constant ¢ and nature number m, such that

6 < Af,eAl < A%, %AG < A%™mg

Then operator A has a unique fixed point z* in K, and for arbi-
trary initial zo € [0, Af] given and iterative sequence xp = AZp_1,n =
1,2,---, one has x, — x*.

3. Existence and multiplicity results

In this section, we will establish the existence and multiplicity theo-
rems for BVP (1.1)-(1.2).

It is known by [4, Theorem 1] that v € C0,1] is a solution of BVP
(1.1)-(1.2) if and only if u is a fixed point of the operator A : C0,1] —
C10,1], where

m2y, Si (s s,y(s))ds
Ay(t) = = [yt = s)als) (s, y(s))ds + 1Rl gl

+ oy, (o (1= $)a(s) (s, u(s)ds
— Y (& — s)als)f(s.y(s))ds

m—2y ‘fias y(s))ds m—
- bg?l?(bzi(f ) (1- X072 aiti))
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The above formula can be rewritten as follows
Ay(t) = (1-1¢) fo a(s)f(s,y(s))ds + ft (1 —8) a(s) (s,y(s))ds

1-t=3>7"7 az(& t) i
+ (1 Zm12az)1(1 Zm 2b) b fO f(s y ))
* T 2w L €3a(e) (ol

+ Ja(l- S)a(S)f(S y(s))ds).
A solution u of BVP (1.1)-(1.2) is positive if u(t) > 0 for ¢t € (0, 1).
As a direct consequence of Lemma 2 and Lemma 4 in [4],we have

LEMMA 3.1. Assume (Hy — Hj3) hold, let y € C[0,1] and y(t) > 0 for
allt € [0, 1], then Ay(t) satisfies
(1) Ay(t) > 0 for all t € [0,1];
(2) Ay(t) is decreasing on [0,1] ;
(3) Ay(l) = minyep ) Ay(t) > ymaxyejoq) Ay(t) = vAy(0), where
— az(l éz)
" 1 22”1 ai
Denoted by E the space C|0, 1], the norm endowed on E'is ||.|| : |||l =
maxyefo,1] [y(t)| for y € E.
Let K {y € E{y(t) > 0,Vt € [0,1], minyep 1) y(t) > 7llyll}, where

N = > 12 ai(l - &)
1- ZZlQ @
It is easy to check that K is a normal cone in E. By Ascoli-Arzela’s
theorem and Lemma 3.1, we have

LEMMA 3.2. Assume (Hy — Hs) hold, then A(K) C K and A: K —
K is completely continuous.

Denote

1= 2% e i
= (o (1 = s)a(s)ds + Ty 5 STy St biJy'a

+ ﬁm m2a (fo'(1—=&)a s)ds-{_f& (1—3s) a(s)ds)) -1
@(Z):max{f(t,w):OStSl,vlgwgl}
V() =min{f(t,2) : 0 <t < 1,4l <z <1}.

We now present our results of this section.

THEOREM 3.1. Assume (H; — H3) hold. If there exist two positive
numbers a,b(a # b), such that ®(a) < aP and ¥(b) > bP,then BVP
(1.1)-(1.2) has at least one positive solution u € K satisfying

min{a, b} < |jul| < max{a,b}.
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Proof. Without loss of generality, we assume a < bLet O = {y €
E|llyll <a},Q={y e E||yl <b}.
For arbitrary y € K N 9§24, we have

3.1)  [lAy(®)ll
= Ay(0)

_ /0 (1 - s)als)f(s,y(s))ds

—Sm2 m—2 &
=1 i=1 7t/ =1

1 m—2 &
+T;7;—12ai ; ai(/o (1—¢&)a(s)f(s,y(s))ds

1
+ /5 (1= s)a(s)f(s,y(s))ds)

1
< ®(a) /O (1 - s)a(s)ds
e -y & b et
1 m=2 & 1
+Tyjai ; az(/o (1 — {i)a(s)ds + /gz (1 — s)a(s)ds))
= ®(a)P7!
< a
= |yl

For y € K N 0%, we get

(3.2) | Ay (8|
= Ay(0)

- /0 (1= s)a(s) f(s,y(s))ds

1_221_12%& m_zb‘ 5ias 8,1y(s))ds
S - 26 JRCUER)
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1 m=2 &
+1————;7'Z__1§_G_i ; ai(/o (1 =&)a(s)f(s,y(s))ds

1
+/ (1 —s)a(s)f(s,y(s))ds)

&

1
> w(b)( /O (1 — s)a(s)ds
1-— Zz azfz
+(1_ m12az)(1 m— 2b Z /
m—2 g’
+1‘_——1;%:ﬁ ;ai(/o (I-Ei)a(s)ds+/& (1 - s)a(s)ds))
= w(p)P?
> b
= il -

From (3.1) and (3.2), we show that the condition (i) of Theorem 2.1 is
satisfied. Hence, an application of Theorem 2.1 completes the proof. [

THEOREM 3.2. Assume (H; — Hs) hold. If there exist n+ 1 positive
numbers 0 < a1 < as < -+ < @ny Such that

(Z) <I>(a2k_1) < a1 P and \I/(agk) >anPk=12,---, [ ntl ,or

(Z’l) \I}(agk_l) < agp—1P and q)(agk-) > Otzkp,k =1,2,--- [ ]
where[A] denotes the integer part of A € R. Then BVP (1.1)- 1 2) has
at least n positive solutions uy,us, -+ , U, which satisfy

g < HU’H <ak+1,k= 1,2,-- ,n.

Proof. Suppose case (i) holds. Assumption (Hj) implies @, ¥ : [0, c0)
— [0,00) are continuous, thus for every pair (o, ag4+1), there exists
(b, cx) such that ap < by < ¢ < ags1, and

n+1]
2 b

O (bak—1) = bok—1P, ¥(cop-1) = cop—1 Pk =1,2,--- ]

n+1

2 I
According to Theorem 3.1, every pair (bg, cx) gives a positive solution

of BVP (1.1)-(1.2), such that

\Ij(ka) = b2kP’q)(02k) = C?kpak = 1723 MR [

bk< ”U” <Ck,k=1727"' , T
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When case (ii) holds, we can show the conclusion is still true. This
completes the proof. O

4. Uniqueness of positive solution

In this section, we will impose growth conditions on, which allow us
to obtain unique positive solution of BVP (1.1)-(1.2) with the help of
Theorem 2.1.

Now we present the main result of this section.

THEOREM 4.1. Assume (H; — Hg3) hold, and f satisfies
(H4)f(t,.) is convex and decreasing for each t € [0, 1].

(Hs) there exists M > 0 such that f(t,0) < MP and f(t, M) > 1MQ
for all t € [0, 1],

where P is defined in section 3, and

_ Z 1a2<1_§z a(s)ds
R TR PR TR STy Zb/

1 m—2 & 1 »
+ Ty;_l%’; ; az([) (1 —¢&)a(s)ds + LZ (1-— s)a(s)ds))

Then BVP (1.1)-(1.2) has a unique positive solution u* € K.

Proof. By Lemma 3.1, we obtain
AB(t) < A8(0)

1
:/0 (1 —s)a(s)f(s,0)ds

1“15@ -
+(1_leaz)(1_ ) Zb/ a(s)f(s,0)ds

1 m=2 3
+ Tﬁ—l?ai ; ai(/o (1—¢&)a(s)f(s,0)ds

1
n /5 (1 s)a(s)f (s, 0)ds)

1
< max {f(t, 0)}(/0 (1 —s)a(s)ds

te(0,1]
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2
1- 350" ais

+(1~ '-'i_lza,)( m2b Zb/ a(s)ds

1
+ If—;nja‘ 2 @i / (1—-¢&)a(s )ds+/ (1 - s)a(s)ds)
= tm[gf]{f(t ,0)} P~
<M.

Let h(t) = M,t € [0,1], by condition (Hy4), A is a decreasing convex
operator, then

A?0(t) = A(A6(t))

A(h(2))
> Ah(1)
m— 2
_ =1 az( a s
T az)(l—z“b Zb/ M)ds

1 m—2

&i
-y e Z al /0 (1 = &)a(s)f(s, M)ds
1
+ /Ez (1 —s)a(s)f(s, M)ds)

m2a _ m—2 £
> min {f(t, M)}z %0 f@ 52 [ atras

telo,1] (1= 37 a1 -

1 m 2 £
e S o[ (1= )als)ds
1=2 0 i 31

+ /Ez (1 - s)a(s)ds))
- min {7 M)}Q”

1
> =M.
2 2M
By the decreasing of A, we have A% < Af. Hence § < %AG <A%<
A6.
According to Theorem 2.2, A has a unique fixed point; therefore BVP
(1.1)-(1.2) has a unique positive solution. O
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5. Examples and remarks

In this context, we present two examples as applications of above
results.

EXAMPLE 5.1. Let m = 3,£ = %,a = %,b =0, a(t) =1, then one can
compute P = %,7 = % Let

u, 0<u<l1
B _ 1+ 16(u— 1), I<u<?2
ftu) = f(u) = 17+ 8 (u—2), 2 <u<21

23(u — 20) +Vu —21, u>2L

Choosing a; = 1,9 = 6, 03 = 21, g = 90,we have
48
@(1)=1<1P:£,\I!(6)=17>6P:7

720
(21) = 23 < 21P = 24, ¥(90) = 233 > 90P = —.

Theorem 3.2 implies that the following three-point boundary value
problem

1 ! 1
u' (1) + fw) =0,4/(0) = 0,u(1) = Ju(3)
has at least three positive solutions, which satisfy
1<l <6< |lusall <21 < |Jus|| < 90.

REMARK 1. In the above example lim,,_,g+ @ =1 and limg;_, i(—;—)
= 23, i.e.f is neither sublinear nor suplinear, thus the conditions of
Theorem 1 in [4] do not hold. However, by Theorem 3.2 of this paper,

we obtain not only existence but also multiplicity results.

REMARK 2. When f(t,u) = f(u) and f is either sublinear (i.e.
lm,_ g+ @ = o0 and lim,_,, @ = 0) or suplinear (i.e. lim,_,q+ igf—)

= 0 and lim,_ g+ @ = 00), it is easy to check that there always exist

two positive numbers a,b(a # b) such that ®(a) < aP and ¥(b) > bP.
Then, the existence results can be obtained according to Theorem 3.1
of this paper. Hence, Theorem 3.1 is an extension of Theorem 1 of [4].

EXAMPLE 5.2. Let m = 3,§ = 1,a = 2,b = 0,a(t) = 1, f(t,u) =
f(u) =19+ e, then f is decreasing and convex, and, we can calculate
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P= %—S,Q = %&,7 = % Choosing M = 120 then

19
190 18
=1 MP=—x-—=2
F(0) =19 < 5 X 15 = 20,
190 1 1 190 18
M) = S IMQ = x 2 x — =19.
f(M)=19+e 1o >2MQ 5% 19 X 1o

By theorem 4.1, we know the following three-point boundary value prob-
lem

() 419+ ¢7 = 0,u/(0) = 0,u(1) = Ju(;)

has a unique positive solution.
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