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An Approximate Formulation for Scattering by
Very Thin Dielectric Scatters
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Abstract

In this paper, a novel approximate solution for scattering by a very thin planar homogeneous dielectric scatterer with
an arbitrary shape is formulated. This solution is based on a volumetric integral equation and is expressed in terms
of Fourier transform. It is shown that the obtained solution is reduced to an exact solution for an infinite dielectric
slab. For 2D, or 3D scatterers, the formulation is verified numerically. Especially for edge-on TM polarized wave
incidence a closed-form solution of backscattering from a thin dielectric half-plane is formulated, which is very accurate
for wide range of normalized surface impedance except very low impedances(| 7|<0.5).
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I. Introduction

Scattering from a very thin dielectric is a classic
research topic in electromagnetics and has found many
applications. Usually, this kind of structure has been
modeled with a resistive sheet, and for several geome-
tries of this structure, exact solutions are known'"!, For
example, solutions for scatteting from a resistive half-
plane can be obtained using the Wiener-Hopf technique
or dual integral equation formulation, which are re-
presented in terms of Maliuzhinets half-plane function.
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For other geometry such as a finite disk an exact
solution is not yet known'™. Therefore to this structure,
a numerical method such as method of moment(MoM)
or approximate analytical solutions such as physical
optic(PO) or physical theory of diffraction(PTD) to
include an edge diffraction effect should be applied.

A thin dielectric disk is widely adopted for a model
of broad leaves of a deciduous type tree®™*. To accu-
rately estimate characteristics of forest channel such as
backscattering, attenuation, etc., it is very important to
increase the accuracy of scattering from leaves™®, For
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this kind of structure two approximate solutions, volu-
metric integral physical optics(VIPO) and Rayleigh-
Gans PO, are usually used, but the accuracy of these
two PO approximations is strongly dependant on the
size and thickness of a leaf, frequency, dielectric
constants, and incidence angles, etc™. Rayleigh-Gans
PO is valid when the thickness is sufficiently small
(1 ketyJE, —sin’ 6, [<<1 | see Fig, 1). VIPO can generate
accurate results independent of the thickness, but always
approaches zero for edge-on incidence. Therefore with
increasing frequency or/and for a near-grazing incidence
case, the accuracy of the existing methods is de-
generated, and the computational complexity and the
required size of memory for numerical methods like
MoM drastically increase. Hence another analytical
solution for scattering is required.

The volumetric equivalent theorem has been well-
formulated and used intensively™. As pointed out in [8]
the volumetric integral equation has not been used with
MoM algorithm, except in the case of inhomogeneous
scatterer problems, because it requires more memory
than surface integral type formulations. However, the
integral equation has been used to obtain an appro-
ximate solution for a polarization current inside a
dielectric scatterer based on the well-known Neumann
(Born) series approach®™™: rough surface problems
UB are one such example. However, it is very hard
to formulate higher order terms using this kind of
successive approximation type of method. Hence in this
paper, another approximate solution is proposed, which
is expressed in a simple form, but contains partial
properties of higher terms of the Bom series. Therefore,
the proposed solution is valid for a wider range of
dielectric constants, and incidence angies, etc. than the
conventional approximate solutions. In Section 2, a
polarization current inside a scatterer and a resulting
electric field radiated by the current are formulated for
an arbitrarily shaped 3-D planar structure. Then in
successive Sections, the obtained solutions are verified
analytically or numerically for several structures. For
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this paper, ¢ is assumed.

1. Formulation

Fig. 1(a) shows the problem geometry in which a
very thin dielectric scatterer is located in a xy plane,
and its surface is perpendicular to z-axis. This scatterer
has a thickness of ¢, and a dielectric constant of .,
which is constant over the scattererthomogeneous).
According to the volumetric equivalent theorem, the
scatterer can be replaced with the host medium( ¢ o) and
a polarization current of J(..2), which satisfies the
following equation known as the volumetric integral
equation.

J-ki(e, -, G Jav' =ik, (e, - DE 0
where & is the free space wave number, % =1/Z,, Z
is the free space wave impedance, £ is an incident
wave, and G is the free-space dyadic Green's function”,

y{‘ -

&,

(a) Original geometry

(b) Equivalent problem after applying the volumetric
equivalent theorem

Fig. 1. Problem geometry: A very thin dielectric disk
is located in a xy plane, and its normal is
Z-axis.
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which is expressed in spectral domain as,

l[k (x-x'yk, (p-57]

G(r?') Mé‘(r ) _jjd
[hh + v,)g] N ifzs g
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where K1+ k) +kl =k and 4, V. and V- are defined

as
AR xE o e, b =hxk
|k x2|
F=lwsedsedsy 0 =Llwserpers
Here kT 7 "7, and ko"y‘.

It may be simply observed from (1) that both right- and
left-handed sides in (1) are defined only inside the
scatterer, due to the terms of & —1 and the current( 7)
itself. By substituting (2) into equation (1) and then
evaluating the delta term in (2) amalytically, the
volumetric integral equation (1) is expressed in a more
compact form like

J - Ak} (e, -1, G Jdv' = Tn, ©

where G, is the integral part in (2), and Jge is the
well-known Rayleigh-Gans PO current”™, which is

written as szz“iknYn(Er—l)AEl, and Ais a d1agonal

Csonina Lo
matrix defined as * = > TP e % As seen in (3), the

Rayleigh-Gans PO solution is the zeroth order solution
of the modified volumetric integral equation. Hence the
Rayleigh-Gans PO solution is valid when the integral
part in (3) can be ignored.

As explained earlier, 7, and Fze are defined only
inside a scatterer(see Fig. 1), which can be expressed
mathematically as

=0 (x,52)eQ

jRGj(xJJ){:O (x,32)eQ

Therefore, when taking Fourier transform to the two
currents, 7 and Jge, the infinite integral range is
inherently truncated into a finite range of Q as

J‘ j' J‘j Ik, x+k,p+, z)d .“J‘J‘ J ok x+k, y+k,z)dv, (4)

Using this observation, an approximate solution of
scattering from a thin dielectric disk will be developed.
First the polarization current can be assumed as a
function of only(x, y) and a constant with respect to
z-axis because of the assumption of the thin thickness.
Therefore, jF(xy.z)=~ F(xy0). Hence in (3) the
integral with respect to z can be evaluated using the
mid-point rule. The result is given by

L,é(?,?)j(?)dv'ztl é (x,3,0,x,5,0)-J(x,y,0)ds’

_ ——“dzkA Ly eI B
®)
where L is approximated as
B-k —kk 0
%[i.h i+ o_o_]=k1? kk B-E 0
0 0 K-k

By substituting (5) into (3), (3) is rewritten as

T k_Z < Frot Loy ik, (x-x+ !
J—té('s’_l)jjdzk](x,yy[h( O =Jrs

Using (4) the integral in the above equation is
interpreted as a convolution integral. Hence with an
approximation that the term of €. —1 extends to infinity,
the above equation can be solved analytically, and the
solution is written as

[ B T

24-L _
where 2 [1 ako ] I is an unit dyadic, and

i
@=31&-D B can be expressed explicitly as
1 a
B[k‘ —a® k)] -5k, 0
- o 1 2 .
Bi= —Bk,k, B[k‘—a:(kﬂ -8] 0
0 0 sk, ;
sk, —ak,

where D=k, (1+0k})—aulky +k2)  and k; =kl +k;]
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As explained before, the lefi-hand side in (6) can be
interpreted as Fourier transform of 7, and so just by
taking the inverse Fourier transform, a closed-form

expression of 7 can be obtained and is given by

Frooove L T g2 sk ptf 5 ihTeky) 40
J(x,y)-ZFj:!;d ke B Jne ds
Y]

It is expected that this solution may be accurate
when the size of a scatterer is large or the integral
contribution in (3) is small. For a plane wave incidence
, the surface integral term in (7)

~ W
s Eze’ex( xx+k;y+ﬂz)

is rewritten as
L Jme"("*’“’” ds' = —ik,Y, (g, ~1)A-3 j: JFRI -5

From the above representation of the polarization
current, the electric field can be calculated, and is
simply expressed especially in a far-field region as

= ke &L L 0T e e ke

E~———16:zs—r-rxrxj':[°dzk8 [ dsTge™ 5.
J‘" 5" KR E k)
T

k0

where is an unit vector to an
observation point. Due to a property of the Fourier
transform, the surface integraf in the above equation and
(7) becomes narrower in spectral domain as the size of
the scatterer increases(for an infinite scatterer, the
integral becomes a delta function). Therefore, at high
frequencies and/or for a large structure, the formulated
equations are numerically very efficient.

[I. Infinite Dielectric Slab

To verify the obtained solution (7), first, an infinite
dielectric slab is considered because an exact solution is
known for this structure™. For this case, the
formulation, (7), is exact. For simplicity, a plane wave
is assumed to be incident, but the solution can be easily
extended to a dipole excitation by the superposition
principle. For this geometry, equation (7) can be
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evaluated analytically, and the final solution can be
wiitten in terms of a polanizability tensor like 7=
~ikoty (8, ~DIFE %+ P B, 3+ P E.7] Here the in-
ddent wave is given by £ =EF+EJ+EZ  After
some algebraic manipulations, the elements of the
polarizability tensor can be obtained as

P =P k.

= R akl’

P_ =0 for h-pol. incidence @)

1 K "
=B, = T = K —ak? for h-pol. incidence

where K’ =k +E" Exact solutions™ can be slightly
modified to

> =P = %’f-‘-, P =0 for h-pol. incidence
1
P =P = 2k, , P = 2k, for v-pol. incidence

= (k' ey, (k) -kiye12 i ey ke k2

Where Al (kz + kz)e + (kz kz)e 5

Az - (8 k' o+ kv)e-x(k;—ld)tlz —(8 k- kv)et(k;*kj)zlz
rz z rz z 2

- Ly . i
Ay = (et + K, )eERIE 4 (g k) kYK g

k= Je ks ‘k;zz. Due. to the extreme thickness, the
exponential terms in the above equations can be
approximated by Taylor series expansion like

O LYY .
¢ T 2 k +k‘). For an h-pol. incident case,

therefore,
8, 2K, + (K2~ K = 2K, ~2ak]

Using the above approximation, the exact P« can be
reduced to (8). For a v-pol. incident case, the same
results can be obtained by using the same approxima-
tion. Fig. 2 shows a plot of P for a dielectric slab
with two dielectric constants, 2+/ and 20+i10 as a
function of incidence angles for the v-pol. incidence
case. For t}ﬁs calculation, frequency and thickness are
set t0 be 10 GHz and 0.2 mm, respectively.

IV. Dielectric Strip & Half-Plane

The next consideration concerns scattering from a
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(a) Magnitude
20 —r

Fig. 2. Plot of Py as a function of incidence angle
when v-polarized wave is incident on an
infinite dielectric slab with a thickness of 0.2
mm. Two different dielectric constants, &,=2+i
and 20+710 are considered. Frequency is 10
GHz.

thin dielectric strip. The geometry is shown in Fig. 3
(a). For a plane wave incidence case, the polarization
current equation (7) can be reduced to a single integral
representation as

(5. 9)% k(s - j &, A-EB ¢S sinc [(k k) }

(10)
where B is the B" with %=k, and sinc(x)=
sin(x)/x, From this current representation, an electric
field in a far-field region can be easily formulated as

; *k, W)’ S ION
e D =g 8z nkop

FxFx J'aﬂexB{lA-é, sinc[%w]sinc[ ‘2 : w]
(n

]
]

[ ]
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2 Width, wih 3
(b) Backscattering
Fig. 3. Plot of radar cross sections of a dielectric strip
normalized by wavelength ¢/ Ao as a function
of width for edge-on TM wave incidence case.
Thickness of the strip is 0.025 Ao, and the
dielectric constant is 4 +i0.4.

Unfortunately the above equation can't be evaluated
into any closed-form expression. Hence to validate the
equation numerically, examples are chosen from [13].
The thickness of the dielectric strip is set to be 0.025 Ao,
and the dielectric constant is 4 +i0.4. Fig. 3 shows
comparisons of radar cross sections(RCS) from the strip
that are calculated by this integral formulation and
MoM with pulse basis function in forward and back-
ward directions for an edge-on TM polarized incidence
case. This computed RCS is normalized by wavelength.
Fig. 4 shows a comparison of currents computed by
(10) and MoM for the same situation as the RCS
computation. For this calculation, the width of the strip
is set to be 510 and 50 Ao. For the 50 A, case only
magnitude is plotted for an easy comparison, but it is
observed that phase also is in excellent agreement.
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(b) w=50 4,

Fig. 4. Comparisons of polarization currents inside a
dielectric strip with two widths, 5 Ao and 50 Ao,
which are computed by MoM and the new
formulation for edge-on TM wave incidence
case. Thickness of the strip is 0.025 Ao, and
the dielectric constant is 4 + i0.4.

The next example is of backscattering from a thin
dielectric half-space. For this structure, exact and
approximate solutions are known [1, 14]. The problem
geiwmeiry is shown in Fig. 5, in which a dielectric
half-plane is located along a negative x-axis from the
origin. For this geometry, (7) is reduced to

. 1= . i % o el(k,,n-lf,])
Ty~ m,ﬂkoYo(e,—l)ElchA-e,Bl g
(12)

where Jiyr is a current inside an infinite slab, which is

PO current(See Section 3). The integral in (12) contains
a singularity at % =k, If evaluating the pole contri-
bution using a residue theorem, the complete PO current
is obtained. If we focus on just edge-on incidence case,
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this PO current always becomes zero. For this paper,
only the TM polarized wave is considered, which has
only a y-component and % =0, For a TE incidence
case, a backscattering by a thin dielectric is very small,
and the resistive sheet approach gives zero result.
Hence in this paper, only TM case is considered. In a
far-field region, the electric field can be written in a

= [
form like =~ Y75p " @® From (12) R0-6) can
be computed for the backscattering direction as

(zz 1): L R S
‘\2°2) 4mp=" "k, (k, —ak?)

1 2R
where %% =%, and "7 Z, is the normalized surface

impedance. The integral in the above equation can be

nnn
evaluated into a closed-from expression, and so P‘(E’E]
is rewritten as '

N 1 N Y
RlZ2|= tan —itanh
(2 2) ,,ﬁ,,z[ 7 ﬂ—i}
=-— ! tanh™! l__"
-7 ' (13)

At 1=1 the above formulation may be computed

1
analytically as 25 . An exact solution for a resistive

half-plane is -%'0'78942 ==10.1558 fence a ratio of
the new result to the exact one for the resistive
half-plane is 1.0216, which is 2 % difference. To
validate this formulation, a known asymptotic solution
for a resistive half-plane problem is used [14]. For

backscattering, P[%;’] is given by

Tz

P'(E’EJ="E%ZJ(°) (14)
ZJ(0) is represented by a contour integral including
Maliuthinets half-plane function whose definition and
approximations can be found in [1]. Fig. 5 shows a
comparison of results calculated by (13) and (14) as a
function of real 7. As seen in Fig. 5 excellent
agreement is observed. Discrepancy is increased with



An Approximate Formulation for Scattering by Very Thin Dielectric Scatters

decreasing 7 because for this region, & increases

[
10 7\
18 -

Fig. 5. Plot of backscattering(P,) from a very thin
dielectric half-plane as a function of real
n for edge-on TM wave incidence case. Two
results are compared, which are computed by
the known asymptotic solution and the new

formulation.
‘ .
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Fig. 6. Comparisons of backscattering(P;) from a die-
lectric half-plane which are computed by the
new formulation, and the asymptotic solution.
These are plots as a function of imaginary part
of 7 with a fixed real part of 0.1.

and so contribution of the integral part in the volumetric
integral equation becomes larger. For a perfect electrical
conductor(PEC) case, 7=0, this formulation is no
longer valid because only the integral contribution exists

in the volumetric equation. Fig, 6 is a plot of Pe(%’%)
as a function of the imaginary part of 7 and a fixed
real part of 0.1. As seen in Fig. 6 the new formulation
is matched well with the asymptotic results. As
expected, a larger discrepancy is observed for smaller
7. Hence (13) is a very good approximation for the
Maliuthinets half-plane function for moderate and large

[7].

V. Dielectric Disk

[ 0,
L
45 K
- - This formmlation
-o— RO I
o VIPO i
mD 10 20 30 40 80 T0 80 90
6, [Degrees]
(a) Magnitude
— MoM
ool -; gmuﬂm o
-+ VIPO
so| B
«
TO
b
0
pram
30
2,16 20 30 4080 6 70 80 90
0, Dagress]
(b) Phase

Fig. 7. Comparisons of forward scattering of Sw from
a circular disk with a diameter of A, thick-
ness of 0.2 mm, and dielectric constant of
26.6 +i11.56, which are computed by four
methods such as the new formulation, MoM,
VIPO, and Rayleigh-Gans PO. Frequency is 10
GHz.
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In this section scattering by a very thin dielectric
disk is examined. For this kind of geometry, the
formulations derived in Section 2 can be directly used.
First, scattering from a circular disk is investigated.
Generally, exact evaluation of the surface integral in (7)
is available for an ellipsoidal geometry™. When a and
b are lengths of the ellipsoid along x-axis and y-axis,
respectively, the integral can be evaluated in a closed-
form expression as

24J, (Ja’(k, -EP bk -EY)
Jaitk - By +b Gk, - k)

j- I,' e’Kl.'ﬁ)X"("; -6y 2 =

where A=mab is an area of the ellipsoid, and /:(*)
is the Bessel function of the first kirid of order 1. For

120

]
110} | - -  This formulation

-- VIPO
toof | - -R6 | e
”.V..
”....

E,., _________ e
- e j
M5 0w % ® 0 0  w
9, Degreee
(b) Phase
Fig. 8. Comparisons of forward scattering of Sw from

a circular disk with a diameter of Ao,
- thickness of 0.2 mm, and dielectric constant of
"26.6 +i11.56, which are computed by four
methods such as the new formulation, MoM,
VIPO, and Rayleigh-Gans PO solution. Frequ-
ency is 20 GHz.
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a circular disk, a=»5. Since this structure is widely
used for a model of broad leaves, for numerical
simulations a real dielectric constant of that kind of leaf
at 10 GHz of 26.6 +i11.56 is used for the dielectric
constant of the disk. The first example is a calculation
of the forward scattering from a disk with a diameter
of Ao, and a thickness of 0.2 mm. Fig. 7 shows a plot
of forward scattering of Sy from the circular disk as a
function of incidence angles. As seen in Fig. 7 two
approximate solutions such as VIPO and Rayleigh-Gans
PO solutions can't generate accurate results, but the new
formulationl has very good agreement with MoM in the
entire comparison region. Fig. 8 shows the same plots
as Fig. 7 but frequency is increased to 20 GHz. As seen

100,

I R B I R
(b) Phase

Fig. 9. Comparisons of backscatterings of Sw, and S,
from a square disk with a width of A
thickness of 0.2 mm, and dielectric constant of
26.6 +i11.56, which are computed by the new
fotmulation and MoM. Frequency is 10 GHz.
Lihes are interpolated results, and "o" and "O"
are originally calculated values.
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in Fig. 8 the new formulation is matched very well with
MoM again, The difference is less than 0.2 dB in
magnitude, and 4° in phase for the two cases.

The next geometry is a square leaf. For this shape,

RN EY 4o — oy 4y sinc E-k w, |sinc i w
II” x) 2 x 2

4

where w;, and w, are widths of the square leaf along x-
and y-axis, respectively. Fig. 9 shows a plot of back-
scattering from a square leaf with a width of A, and
thickness of 0.2 mm as a function of incidence angles.
For this calculation frequency is set to be 10 GHz. The
maximum difference between two results is less than
0.2 dB in magnitude and 4° in phase. The next exa-

(b) Phase

Fig. 10. Comparisons of bistatic scatterings of S and
Sw from a square disk with a width of A,
thickness of 0.2 mm, and dielectric constant
of 26.6 +il11.56, which are computed by the
new formulation and MoM. Frequency is 10
GHz. 8; is fixed to be 90°, and &, moves
-90° to 90° with ¢;=180°, and ¢,=45".

mination is about bistatic scattering from the same
square disk. For this computation, a wave is incident
from the negative x-axis(¢; =180") at 6, =180°(edge-on
incidence). The observation point( §5) moves from -9
0° to 90° along the diagonal direction of the disk
(9. =45"), Fig. 10 shows a plot of Su, and S, as a
function of . These figures are results interpolated
from originally calculated values at coarse points. Some
discrepancy is observed in the backward direction. This
error is caused by numerical error, because at the
direction scattering is so weak. In the opposite direction,
where scattering is strong, however, very good agree-
ment is observed.

V1. Conclusions

In this paper, novel approximate formulations for
scattering by a very thin homogeneous diclectric struc-
ture are developed. These formulations are derived
based on a volumetric integral equation and the
observation that polarization current is confined inside a
scatterer only. Using the spectral domain representation
of the free-space dyadic Green's function, the polari-
zation current inside an arbitrarily shaped thin dielectric
disk is expressed in a closed-form equation in spectral
domain. For several structures, the formulated solutions
are verified. For an infinite dielectric slab, it is shown
that the exact solution can be reduced to the new
formulation within the limit of small thickness, For 2D
and 3D problems, thin dielectric half-space and strip,
and circular and square disks are investigated. For these
kinds of geometries, far-field characteristics such as
forward, back, and bistaic scatterings are compared with
results computed by MoM. Especially for a thin
dielectric half-plane, a closed-form solution for back-
scattering is formulated for edge-on TM wave incidence
cases. This solution is compared with the known
solutions for resistive half-planes, which shows very
good agreement.
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