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GENERALIZATION OF WATSON’S
THEOREM FOR DOUBLE SERIES

YonG Sup KiM, ARJUN K. RATHIE,
CHAN BONG PArRK AND CHANG HYUN LEE

ABSTRACT. In 1965, Bhatt and Pandey obtained the Watson's the-
orem for double series by using Dixon’s theorem on the sum of a
3F3. The aim of this paper is to derive twenty three results for
double series closely related to the Watson’s theorem for double
series obtained by Bhatt and Pandey. The results are derived with
the help of twenty three summation formulas closely related to the
Dixon’s theorem on the sum of a 3F5 obtained in earlier work by
Lavoie, Grondin, Rathie and Arora.

1. Introduction

The generalized Kampé de Fériet function introduced by Srivastava
and Panda [5] is defined and represented in the following manner:

(ap) : (bg); (ck)
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where, for convergence,
Ap+tg<l+m+1l,p+k<l+n+1,|z]<oo, |yl <oo,or
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(iyp+g=l+m+1,p+qg=1+n+1, and

2|77 + [y <1, ifp>1
max{|z|, |y|} < 1, ifp<l.

(1.1) reduces to the Kampé de Fériet function [3] in the special case

g=kand m=n.

In 1965, Bhatt and Pandey [2] obtained the Watson’s theorem for
double series by using Dixon’s theorem on the sum of a 3F, with unit
argument.

In 1994, Lavoie, Grondin, Rathie and Arora [ 4 | generalized the
Dixon’s theorem which is given in the next section and they have ob-
tained twenty three results closely related to the Dixon’s theorem. In
the same paper, they have obtained a large number of limiting cases of
their results.

The aim of this paper is to derive twenty three results for the double
series, in the form of a single result, closely related to the Watson’s
theorem for the following double series obtained earlier by Bhatt and
Pandey [2]:

(1.2)

2:1;1
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a1,z : by;b)
1 1,1
5(1 + a1 +az),2b; +2b) : —; —
_T(T(b1 +b + DTS + 3a1 + 2a2)0(5 — $a1 — Lag + by + b))
(301 + 3)T(za2 + 3)0(5 + b1 + b — a1)T(F + b1 + b — Jag)”

2. Results required

The following results will be required in our present investigation.
Transformation formula [1]:
a,b,c

1]
efl

_ D(en(H(s)
“T(@)(s+bI(s+c)*?

3Fy

@1) e—a,f—a,s

s+bs+c

where s=e+ f —a—b—c and Re(s) > 0.
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l4a—-b+il+a—c+i+j 1}
_272H (14 a—b+)l(1+a—c+i+ I ‘%_%)
Ma—2c+itj+Dla-b—c+i+j+1)
T (c—3(i+3j+i+34])

Generalized Dixon’s theorem [4]:
(2.2)

a,b,c
3Fy

T(5)(c)
y {A- _I‘(%a—c—i—g—l-[lﬂ;l})l“(;a—b—c-}—l-ki—k[%D
" T(la+ HI(a-b+1+ [&])
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" I'(la)T %a—b+§+[“1])

fori =0,+1,4+2,+3 and j = 0,1,2,3. AlsoRe(a—2b—2c) > —2—2i—].
[x] is the greatest integer less than or equal to 2 and its absolute value
is denoted by |z|. The coefficients A; ; and B, ; appear in the tables at
the end of the paper.

3. Main result

The result to be proved is
(3.1)
al,a2:b1;b1
2:1;1
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DS - i+ g+ [ADT(R - - E+ 5+ () }
”r(b1+bg+%— SOP(by + by — % — & 4 4 4 [i])

+B

fori=-3,-2,-1,0,1,2 and j =0,1,2,3.

The coefficients A; ; and B; ; can be obtained from the tables of A;;
and B;; given at the end of this paper by replacing a by 2b; +2b] —a; +7,
bby 3 — a1 + fa + %i andcbyb1+b’1—%a,1—%a2+%i+j+%,
respectively.

4. Derivation

First we shall prove that

C1,C2: —,—
_ F(Cl)F(C2)F(Cl +co—ay —ap— by — bll)
I(a1)T(cy +c2 —ag —a2)T(c1 +c2 — a1 — by — b))

/
€1 —aj,c2 —a1,C +c2 —ay —az — by — by;

|1

c1+cz—a1-a2,c1+c2fa1—bl—b’l;

(4.1)

x 3Fy

PROOF. By noting (@)m+n = (@ + m)n(a)m and starting with (1.1),
the left hand side of (4.1) is

_ i i (@1)m+n(82)m4n (b1)m (B))n

(C]_ )m+n (C2)m+nm!n!

_ i i (a1 + m)n(ar)mlaz + m)n(az)m(b1)m (b1)n
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—_ i (a’l)m a2)m bl)m Z a1 + m),, as + m)n(bl)n

(c1)m(c2)mm! (c1 + m)n(ca + m),n!

i (a1)m(a2)m(b1)m P a1 +m,az +m,bj .
= 2
(c1)m(cz)mm! c1+m,co+m
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Now using the second fundamental transformation formula (2.1), we get
_ Z m(b1)m
mlc2) mm'
F(01 + m)I'(c2 + m)T'(c1 + c2 — a3 — ag — bY)
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/
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x 3Fy
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F(Cl)F( 2)1-‘(01 +cy—ay—as — b/)
(al)I‘(cl e —ay — b, )F(Cl +c—ay — az)
N (@2)m (b1)m
X Z:Og:om'(cl-i—cQ—al —b)m
(e1 —a1)n(ca —a1)n(cr +c2 —a1 —ap — by)n
(C1 +cCcy—a1 — bll + m)n(cl +c—ay — ag)nn!'

But it is easy to see that

(cy+co—a1—by +m)(c1 +c2—a; — b))

=(c1 + c2 — a1 — by + n)m(c1 + c2 — ag — bY)n.
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a21b1
X2F1 , |1
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Using the well-known Gauss’s theorem [1, p. 2}, we have

- L(c)T(c2)T (1 +¢2 — a1 —ag — by)
F(al) (Cl +c2—ay — b1)F(Cl +c2—a; — a2)
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So we arrive at the right hand side of (4.1). This completes the proof of
(4.1). O

Now, in (4.1), if we take ¢; = 2b +2b} +j and ¢; = %(1+a1 +ag +1),
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then for ¢ = 0,£1,£2,+3 and j = 1,2, 3 we have

!
ay,az : by; by

2:1;1
F2:O;O I17 1

o1 .
2b1+2b'1+],§(1+a1+a2+z):—;—

_ T+ +)TG+9 +F+3)
TT(a)T(2by + 20, — % —Z + L+ + 1)
LT +by =% — G +5+)+5)
Tr+b -G +2+i4+5+1)
2by +2b) +j — a1, A,by + b +j+ B

><3F2 ‘1
2b; +2b7 +j+ B,by +b) + A

_ (—a1+az2+i+1) _ (—ai1—azx+i+1)
where A = = and B = A

Now the 3F5 on the right-hand side can be evaluated with the help

of generalized Dixon’s theorem (2.2) and after some simplification, we
arrive at the desired result (3.1).

For ¢ = 5 = 0, we get a known result due to Bhatt and Pandey’s

formula (1.2).

1]
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