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DIMENSION OF DEFORMED SELF-SIMILAR SETS

TAEHEE KM, JUNGJU PARK AND HUNGHWAN LEE

ABSTRACT. We generalize S. Ikeda’s results for perturbed cantor
sets showing how we get the dimensions for deformed self-similar
sets.

1. Introduction

In [5] we define deformed self-similar sets. The construction of these
sets go as follows. For more details (see [4], [5]).

Put X = [0,1]. Fix m > 2, write S = {1,2,--- ,m}* and §* =
Uz2,Sk. Consider a sequence of similarities {¢, : X — Xl|o € S*}.
Suppose that each ¢, has a contraction ratio r,, that is, |¢,(2)— ¢, (y)| =
7o |z —y| for any z,y € [0,1], where |-| is the Euclidean norm. We further
assume there exists 0 < o, 8 < 1 such that o < r, < 3 for any o € §*
and ;4,513 (X) N Biyigig_iy (X) = O if ig # 4. For brevity, we
write

Do = Py 0 Pigiy 00t 0 Piigeny

Ra =T Tiip """ Tivig iy
for any o = iyiy-- i € Sk and write |o| = k if 0 € Si. Then we obtain
an unique compact set K,

[o.9]
K=nN U &,(X).
k=1 |o|=k
We call this set K a deformed self-similar set on [0,1]. We note that
K is a generalized Cantor set since K is a loosely self-similar set ([2])
if we take r5; = r; for all o and that K is a perturbed Cantor set
([3]) if we append the following condition to the sequence of similarities
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{¢ps: X — X|o € §*}; for 0 = i1ia- - ip and T = j1J2 - - * jin, there exists
6 > 0 such that

dist(@,(X), B,(X)) > d max(ry(X), r+(X))

if i = jp(k=1,2,--- ,n—1) and i, # jn.
Now we show how to calculate the dimensions of the deformed self-
similar sets. We note that it works for perturbed cantor sets.

2. Hausdorff dimension of a deformed self-similar set

We begin to recall the definition of the Hausdorff measure and di-
mension ([1]). In this paper, we write |A| for the diameter of A. Let E
be a bounded subset of R and s > 0.

H%(E) = ;in% H3(E)
where
xX0
H{(E) = inf{>_ |Uil*: E C UU,, |Ui] < 8}

=1

The Hausdorff dimension of E is defined by
dimyE = sup{s > 0: H*(E) = oo} = inf{s > 0: H*(E) = 0}.
In [5], we define a new metric outer measure M* ;
M*(E) = lim M3(E)
where
M(E) = inf{>_ |2,(X)[* : E C Us®4(X),|o| > n}.

The following lemma tells us that we may use M°-measure to get the
Hausdorfl dimension of deformed self-similar sets.

LEMMA 1. [5] Let K be a deformed self-similar set. Then
dimgK = sup{s > 0: M°(K) = oo} = inf{s > 0: M*(K) = 0}.
For simplicity, we denote ®,(z) for ®,(X) containing z.

THEOREM 2. Let K be a deformed self-similar set. Suppose that
there exists a finite Borel measure v with supp (v) C K and d € (0,1)
such that if for any x € K

lim supM =0 foranys<d.

k=00l >k | o (Z)[®
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Then
d < dimHK.

. . v(®,(2))
PRrROOF. Since lim sup ———=
k—00|g|>k | P (2)]°

z € K, there exists n such that v(®,(z)) < |®,(z)|® for |o| > n and
x € K. For any p > 0, let
K,={z € K:|®:(z)] > p or v(®s(z)) <| Ps(x) |° for any ®,(x)}.

Then K, increases to K as p — 0 and there exists p > 0 such that
v(K,) > 0 since v(K) > 0.

For any € > 0 and some n € N with 8" < p, there exists a cover
{®s(z)|z € K,} of K, such that |o| > n and ) |®,(x)|° < M3(K,) +¢
by definition of M. Hence for given € > 0,

Mi(K)+e > Mj(K,)+¢

3 [@o(a))?
> 3 uU(@())

= 0 for any s < d and for any

v

> v ()

> v(K,).
Since € is arbitrary, M;3(K) > v(K,) > 0. Therefore M*(K) > 0 for any
s < d. This implies d < dimyg K by Lemma 1. O

THEOREM 3. Let K be a deformed self-similar set. Suppose that
there exists a finite Borel measure v with supp (v) C K and d € (0,1)
such that if for any x € K

v(®,(2))

lim sup =oo for any s > d.
k—00|g| >k | Do (Z)]°
Then
dimy K <d.
v(Ps(z))

PROOF. Since lim sup = oo for any s > d and for z € K,

k—00|g| >k | Do (2)]°
we have that |®,(x)|® < v(®,(z)) for infinitely many ¢ and any = € K.
For any p > 0, let

Cp =A{Ps () : 7 € K, |25 ()| < p and |26 (2)|* < v(Ps(2))}.
Then C, becomes a Vitali covering of K, and then by the Vitali cov-

ering theorem, there exists a countable disjoint sequence {®,, (z;)} from
C, such that M*(K \ U2, ®,,(x;)) = 0 since M*(K) < oo (see [5]).
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We see M*(E) = lim M:(E), so for any £ > 0, we take n, such that
M*(E) — e < M,, (E). And put p = o". Then for some countable
disjoint sequence {®,,(z;)} from C, with M*(K \ U2, ®,,(z;)) = 0 we
get

M*(K)-e < M, (K)

< M (K0 @o() + M (K \ | 20 ()

i=1

M3 (U @o, () + MK\ | @5, ()
i=1

< %0 If

IA

< ZV((I)Ui(mi))
= (@ (2:))
< v(R).
Since ¢ is arbitrary, we have M*(K) < v(R) < oo for any s > d.
Thus dimyg K < d by Lemma 1. O

3. Packing dimension of a deformed self-similar set

Let’s begin with recalling the packing classes for a bounded E of R
([7]). Let Co stand for the class of all countable families of disjoint balls
{Bi(z;)} with their centers z; € F and C; stand for the class of all
countable families of disjoint open balls {B;} with B; N E # 0.

For each 4, {I;,} is called C;-type é-packing of F if {I; } € C; with
|I;,,| < &, for arbitrary 4,. For s > 0, put

P?(E) = lim sup{z |L,1° : {L,} is a C;-type d-packing of E},i = 0,1
6—0

and
p{(E) = inf{3 _ P{(Ey) : Ey is bounded and E = UE,},i =0, 1.
Then pj(E) is a metric measure. Usually we call p§(E) the s-dimen-
sional packing measure of E. For any bounded E C R,
C;-DimE = sup{s > 0 : p{(F) = oo} = inf{s > 0 p{(E) = 0}.
It is well known that
DimFE = Cp-DimE = C;-DimE
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where DimF is the packing dimension of E.
Before we go to our main result, let’s put an easy but useful property
for packing measure.

LEMMA 4. [7] Let E be any subset of a bounded set K. Then
pi(E) = inf{ lim P}(E,): E,1 E},i=0,1.
n—oo

In [4], we used an auxiliary packing measure of K to get the packing
dimension of K. This goes as follows; {®,(z)} is called Ca-type J-packing
of F C K if it satisfies

(1) (z)N D, (z') =0, for any o # o’ and z,2 €E
log
log 5

(2) |lo| > n, forn >

(3) ®,(z)NE #0.
For s > 0, put

P;(E) = }ing) sup{z |®, ()] : {®s(z)} is a Co-type d-packing of E}
and
p3(E) = inf{) _ P5(Ex) : E, is a bounded and E = UEy}.

The following lemma says that we may use the above p; measure to
get the packing dimension of deformed self-similar sets.

LEMMA 5. [4] Let K be a deformed self-similar set. Then for D C K,
p3(D) < pi(D)
and s
B(D) < () (D)
where « is the number as in the introduction. In particular, we have
DimK = sup{s > 0: p5(K) = oo}.

Now we calculate the packing dimension of K by using above lemmas.
The idea is paralleling with those of Hausdorft dimension.

THEOREM 6. Let K be a deformed self-similar set. Suppose that
there exists a finite Borel measure v with supp (v) C K and d € (0,1)
such that if for any x € K

. v(®s())
f ———— = f .
A e, @y~ forews<d
Then
d < Dim K.
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ProOOF. For ¢ > 0 there exists a sequence {K,} such that K, in-
creases to K and lim Pj(K,) < p{(K) + € by Lemma 4. We note that
n—oo

there exists n, such that v(Ky, ) > 0 since v(K) > 0.

e V(®(2)
Sine i, 18, T o
is true that v(®,(z)) < |®(z)|® for infinitely many o and x € K. For

any p > 0, let
Co ={®s(2) : x € Ky,,|®s(z)| < p and v(®,(z)) < |Ps(x)|°}.

Then C, becomes a Vitali covering of Ky, and by Vitali covering
theorem there exists a countable disjoint sequence {®,,(z;)} from C,
such that v(K,, \U2, P, (2:)) = 0. Here {®,, (x;)} is Co-type p-packing
of Ky, .

Therefore

0 <v(Kn,) = v(Kn,N Q‘I)ai(xi)) + v(Kp, \ LJ1 ®o, (i)
< vJ o)
D v(®o,(2:))
D 1 @il I°
< P3(Kn,).
Hence we get 0 < v(K,,) < P§(Kp,) < nli_)ngon(Kn) < JLI%on(K")

< p{(K) + ¢ by Lemma 5. We conclude that p§(K) > 0 for any s < d
and Dim K > d. O

THEOREM 7. Let K be a deformed self-similar set. Suppose that
there exists a finite Borel measure v with supp (v) C K and d € (0,1)
such that if for any x € K

=0 forany s < d and for any z € K, it

A

. U(®e(2))
\ f —r—r = f d.
e B, @ 0 eraws
Then
Dim K <d.
Proor. Since lim inf M = o0 for any s < d and any z € K,

k—oolo|2k |Bo(T)[*
there exists n such that v(®,(z)) > |®,(x)|® for any |o] > n. Now for
p >0, let

K,={z € K:|®(z)| 2 por | P,(z) |°< v(P;(x)) for any ®,(z)}.
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Then K, increases to K as p — 0. Hence for any § > 0
P(K,) < sup{)_|®.(z)°: {®s(z)} is a Co-type 6-packing of K}
< sup{>_v(®,(x)) : {®,(x)} is a Co-type d-packing of K, }
= sup{l/(U @, (x)) : {®s(z)} is a Co-type d-packing of K,}

v(R)
Therefore we get pj(K) < limP§(K,) < (2)"limP;(K,) < (2)"v(R)

oo for any s > d by Lemma 4 and Lemma 5. This implies that Dim(K)
d.

OIN A
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